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A many-body pseudopotential for a hard-sphere system which is mathematically equivalent to the 
boundary conditions imposed on the wave functions is obtained as a generalization of Huang and 
Yang’s binary pseudopotential, and the lowest order term of the ground state energy resulting from 
the triple collision is calculated for the Bose system. Instead of the direct perturbational treatment 
of the pseudopotential, the use of the ,-representation for the Bose system is proposed and the ground 
state energy is calculated in this representation. It is shown that the energy thus calculated is of the 
form of an expansion in powers of (pa*)1/2, where p is the average density and a the hard-sphere 
diameter, which is in agreement with Lee and Yang’s conclusion drawn from the binary collision 


expansion method. Some discussions associated with the roton spectrum of liquid He‘ are given. 


$1. Introduction 


In order to treat the hard-sphere interaction, Huang and Yang’ have proposed the 
method of the pseudopotential and calculated the energy eigenvalue and the wave function 
of the many-body system in a form of the power series of the hard-sphere diameter a. 
The same method has been applied by Huang, Yang and Luttinger’ to the theory of 
the virial expansion and of the Bose-Einstein condensation of an imperfect Bose gas. The 
great merit of such a method consists in being able to transform the problem for the 
hard-sphere system into a form where the usual perturbational calculation can be applied 
of which use is impossible for the original form of the potential function. In spite of 
these successes, however, there can be pointed out two difficult points in Huang and 
Yang’s original treatment of the pseudopotential. One of them is found in their neglect 
of the triple and higher order collision terms. Since the triple collision term is estimated 
to be of the order a‘ by a dimensional analysis, it is not possible to calculate exactly the 
terms of order a‘ by their pseudopotential. Another difficulty lies in the direct perturba- 
tional treatment of the pseudopotential. According to Huang and Yang the ground state 


energy E, of N Bose particles is given by 
ee ee st be es i} 
ae V Pare ott cae ) 


up to the terms of order a°, where V(=L*) is the volume of the system, C and € are 
numerical constants. If one keeps the density p=N/V constant and makes N tend to 
infinity, the above expression diverges as N‘”. Of course, such a behaviour of the energy 


is inconsistent with the usual property of the macroscopic system that the energy per 
particle does not depend on the particle number explicitly, provided that the surface effects 
are neglected. f 

The divergence difficulty mentioned above was noticed by Lee, Huang and Yang” 
themselves and an expression for E,/N having the correct volume dependence was obtained 
with an explicit consideration of the eigenvalue problem for the pseudopotential. A some- 
what different approach to the problem was undertaken by Brueckner and Sawada,” which 
is essentially identical with that given by Brueckner and Levinson” in their general theory 
of many-body systems with strong interactions, and the peculiar features of the Bose 
system giving rise to the perturbation divergence were clarified. Brueckner and Sawada’s 
method is powerful not only in avoiding the divergence difficulty but also in dealing with 
the condensed system where the “binary” pseudopotential introduced by Huang and Yang 
seems to be no longer valid. It may be desirable, however, to be able to deal with the 
system at high densities by means of the pseudopotential method. For this purpose, it 
is necessary to find a many-body pseudopotential including the many-body collision terms 
besides the binary one, since the triple or higher order collision terms are expected to be 
important for the condensed system. In this paper we shall undertake to find such a 
many-body pseudopotential. 

In § 2 we shall consider a generalized pseudopotential for the two body system and 
in § 3 the pseudopotential for the many-body system which is mathematically equivalent 
to the boundary conditions imposed on the wave functions will be given. In § 4 the 
expressions correct up to the terms of order a‘ will be given and the lowest order term 
of the ground state energy resulting from the triple collision will be calculated for the 
Bose system. In § 5 we shall show that the /”,-representation for the Bose system developed 
by Bogolyubov and Zubarev” is appropriate for dealing with the pseudopotential, because 
this representation leads to the result that E,/N has the correct volume dependence. The 
_ phonon spectrum will be obtained and compared with one deduced by Landau. It will 
turn out that the theoretical spectrum cannot account for the roton spectrum. Some 


comments on the pseudopotential method associated with this problem will be given, 


§ 2. Generalized pseudopotential for the two body system 


The explanation of the physical and mathematical concepts of the pseudopotentials 
has been thoroughly given by Huang and Yang and will not be repeated here. We 


mention here, however, that the investigation of the following equation 


(VP? +k?) g=f(x) ) 
(2°71) 
¢(r=a) =0 


and of the singular properties at r=0 of the solution © provides a key to find an exact 
pseudopotential for the many-body system. 

The physical meaning of eq. (2:1) will best be visualized if we consider the cor- 
responding boundary value problem in the electrostatics. The appearance of f(x) on the 
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right in eq. (2-1) means that there is a charge distribution —f(x)/4z in the vacuum 
space and the boundary condition at r=a is equivalent to the presence of a perfect 
conducting spherical shell of radius a, As is easily recognized new multipole induced by 
the charge distribution will appear at r=0 in addition to the multipole already present 
in the vacuum space, in order to make the potential vanish at r=a. Since the perfect 
conducting shell has the shielding properties that the electric field cannot enter into this 
shell, the induced multipole will be determined only by the situations inside the shell. 
It is easy to find this multipole, because the solution of the inhomogeneous equation 
(2-1) is easily found. 
Next consider the following two body equation 


Vile 2h) Po =f(x,, x2) ' (232) 
0 ape, x a. (2-3) 


If we eliminate the coordinates of the center of mass, eq. (2:2) is reduced to the form 
of eq. (2-1). The general solution of the differential equation (2-2) is a sum of the 
solution, /,, of the corresponding homogeneous equation (f(x,, %,) =0) and the particular 
solution, Y,, of eq. (2:2). The solution satisfying the boundary condition eq. (2-3) 
is given by 
P= +8, (2-4) 
=> Ajx,1,me"* {cos Or ji (kr) — sin 0,n, (k,1) } bee (6, ) (225) 


K,l,m 


K,l,m 


at) oe age, (0, .@) Jar hari (k,.r!) 2, (kr) —m (hk, 1!) jc (kr) } -frezzm 1), (2-6) 


where 
tan 0,=j,(k,.a) /m(k,a) , (2-7) 
k2=k?— (K?/4), (2-8) 


7 


and 


, is 
foram (1) =e | aX’ a! etme (X!+ 2, XI NYE 9). (2-9) 
In these expressions X is the coordinate of the center of mass (=4%,+4%,/2), 
(r, 0, ~) the polar coordinate of the relative coordinate x=x,—%X,, 9, the phase shift 
for the hard-sphere potential, Yim (O, g) the spherical harmonics, j; spherical Bessel func- 
tion, n, spherical Neumann function, and A,x,,,,s are arbitrary constants to be determined 
by the boundary conditions besides eq. (2:3). The integration d/2’ in eq. (2-9) extends 
over the entire solid angles keeping the magnitude of x’ at r. 
The sums >} in eqs. (2:5) and (2-6) extend over all values of (n,, m), 13) by 
® 


which K is defined as 
K= (27/L) (n,, Ng» n3) (2 10) 
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where n,, mo, m; are -tintegers. In eq. (2-8) k, represents the magnitude of the wave 
vector for the relative motion. 

Now consider the limiting case r=0. As is seen from eqs. (2-5) and (2-6) r=0 
is the singular point of the functions /, and Y,. This corresponds to the presence of 
the multipole at r=0. Before entering into the detailed investigation of the singular 
properties, we mention some remarks about the dependence of fxz(r) on 7. In § 3, 


we shall put 
Tima x)=— >) 0,/7+k)? C1, 2,--N) (2-11) 
n=+1,2 


where (1, 2,:--N) is the wave function of the N-body system. Regarding / as a 


function of coordinates 1 and 2 alone, we expand it in the sets Faskaricade MIR ( (82): begat iy 


LP za oS Cm Ngee (4, ©) Rein (r) Af} 4,- rs -N) (2 ' 12) 


K,l,m 


where A(3, 4,---N) is some function of the coordinates except 1 and 2. We assume 
here that the Rx ;,(r) is a sum of a term regular at r=O and a term singular at the 


same point and that their dependences on r are characterized by 


regular term=r1' X (power series in even powers of r) 


(he) 


singular term=r~‘~' X (power series in even powers of r). 


We shall write these properties symbolically as 
Ream) =r" 1 +rP47'+ +) +r 4+rPtr't---), (2-13) 
Then with the help of eqs. (2:9) and (2-11) we have 


r 


mi(bet) | dr! s(t) fram!) =" (1 pete) ty Pate oy 


a 


(2-14) 
and 


r 


;! (k,1) | dram (h!) fain (2) =r (14+ P+A+4---)4r°1+rP4r-). (2: 15) 
These, together with (2-4), (2-5) and (2-6), justify our assumption, eq. (2-13). 

From eqs. (2-14) and (2-15) we have 
a Pa Ansme®* sind, (br) Yim (8s $) (2-16) 


a 


P > pee Yim (9, ) m(k,1) jar kr? jr (kt") fram (1) (2-17) 
0 


as r->0. 


Therefore as an equation including multipoles at r=0 we have 
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PEATE DE) B= fai") 4967) S) Anime * sind, AFUE y, 4, 9) 


K,i,m ey 2+2 


—40 Ps cae Ey, 1m (4, ) ja ies dha (k,.1’) Freism (r’) (2 5 18) 
0 
where use has been made of the following equation 


2442) {n.(b7) Yim(O, 9} =20() ITD" yo, @) (2-19) 


yada +1 yet? 


which was proved by Huang and Yang.” 

The elimination of the arbitrary constants Ax,,,’s from eq. (2-18) leads to the 
pseudopotential for the generalized two body equation (2:2). For this purpose it is 
convenient to define Y.,,, in the following manner 


F xim() = | dxdgexn (X4, X—= ) vit, 9). (2:20) 


From eqs. (2:14), (2-15) and (2-20) we have 


: 1 Olin. ete Ge 
A ™m ae <a ve 3f,™. 
K,1,m9 (7) cosd,  (2l4 1)! BE 0(r) Ayal (r K,t,m) 


k, Smale (vy oot 
cosO, (2/—1)! Or’! 


ge fav rm (be') fram) | (2-21) 


where for /=0 we should put 


1 o7-1 


Rie oe MeO em) 
Substitution of eq. (2:21) in (2-18) leads to 


UV 240 2+2k) PV =f(x,, %) +0(r) PP +0 (1) Ko f (2°23) 
where 


te |x,—x,| ? 


tan d a+r) Oa, . 
ee agi ecesi ire ae Bh 2): ae 


eke 


Koa 2>1 (2/+ ip Jarier Pe Q 2) a 
0 


tand,  (2/-+1)"! oe [ro farin hang nl 2) | (2-25) 
22 rk? .(27—1)! Or2-1 p y t Kl 


and 


6 R. Abe 


l iK+ X at 
Dey. 2) aa) sae Zon #) || 4x/doremx 
m=—l 
vs,(0, gt (x42, xv), 2-26 
ita (O!, gE (X= ) (2:26) 


This is an equation for the pseudopotential for eqs. (2-2) and (2-3). The 
pseudopotential thus obtained is also shown to be the sufficient condition for the function 
to vanish at r=a. 

In eq. (2:23) Py is the pseudopotential for the binary collision obtained by Huang 
and Yang. Kj, is an integral operator defined by eq. (2-25) and K,»f gives the multipole 
induced by the charge distribution f. As is seen from eq. (2:25) Kyf is essentially 
determined by the charge distribution inside the sphere of radius a, indicating the shield- 
ing properties of the perfect conducting shell mentioned at the beginning of this section. 

From eq. (2:26) it follows that 


2 e1 (5 2) ra eae Graal (4, ~) = Oy Ky Oni ra aS 6 (4, @) ° 


This implies that 2, is a projection operator for the motion of the center of mass and 
Z 
for the angular momentum. The sums >} in eq. (2:26) may be transformed with the 


m=—l 


use of the additional theorem of the spherical harmonics. Such transformations, however, 
will not be needed in the following discussions. 
In closing this section we wish to consider the dependence of K,, on a. Such a 


consideration will be necessary in § 4. If fx, in eq. (2-23) is constant, the /-th term 
of K,, is proved to be of the order a’** by noting that tand,~ (k,a)”"', ie, 
Kio~a’*™* | fa.2,m=const,). (2-27) 
On the other hand if fy,,,, is of the form expressed in eq. (2:13) we have 
Kyowa’ +a +e (feam~t as 70). (2-28) 


Hence, in general, we can consider K,, is of the order a’. 


§ 3. Pseudopotential for the many-body system 


Consider N hard-spheres in a box of volume V. The Schrodinger wave equation is 
v 
21 Ve Tk) P= (Sea) 


where b°k*/2m corresponds to the energy eigenvalue per particle. eq. (3-1) must be 
solved under the boundary condition 
F=0 at |x,—x,|=a 


in addition to the ordinary one (e. g. the periodic boundary condition). If we extend 
the definition of the wave function to the entire 3N-dimensional configuration space by 
a requirement that eq. (3-1) is also satisfied inside the hard-spheres, then the terms 
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corresponding to the multipole at r;,;=|%;—Xx,;|=0 must be added to the right side of 
eq. (3-1). Hence we have 


N 
> VP P+R) EF = S10 (1,;) Pg F + D0 (3) QF (3t2) 
‘= <j ; t<j 


where P;; is the pseudopotential for the binary collision defined by eq. (2-24) and Q,, 
is one corresponding to the higher order collisions which will be determined below. 
Write eq. (3-2) in the following form 


9 ° ‘ NOT 2) N 
(VF 2+72+2k) 0 = Pane CG 2ERY PH a? (rez) (Par + Qree) 


Ot) Pl Ola) 0.2%; (3.;3)) 
(1,2) 
where > means that the pair (12) is excluded from the summation, The comparison 


of this equation with eq. (2-23) leads to 
(1,2) 
f(x, 5 X)) = — 2s Ctr) Ue PS (rez) (Pre + Qua) Pie (3-4) 
m1 ,2 b< 
Then it follows 
(1,2) 
Qis Lp Kp f=Kyi— 23 Vie R) F SYA (raz) (Pr + Qrz) } Ly 
nl ,2 k<l 


from the condition that the wave function must vanish at |x,—x,|=a. Or, taking 1, 2 


for general i, j we have 
ee Dy GD. 
Q4= —K;; > Us aH ie K;, pa O (rye) Pra PRO (rx2) Qui > @ 5) 
nt, 4 <1 


which is an equation to determine Q;;. As mentioned in § 2, K;,; is an integral operator 
and therefore eq. (3-5) leads to an integral equation for Qi; which is solved by an 
iteration procedure. As will be shown in § 4 the inhomogeneous part (the first and the 
second terms) in eq. (3:5) is of the order a‘, so that the iterated terms are of the 
higher orders (at least of the order a° by eq. (2:28)). Hence the third term in eq. 
(3-5) can be ignored as long as the terms up to a’ are concerned. 

Here we encounter a question whether the second term in eq. (3-4) changes the 
dependence of frim(7) on 7, because only the first one was taken into account in eq. 
(2-11). The answer to this question is as follows. 

From eqs. (3-2) and (3-5) we have 

Qi;= Ki; eV g+-2k) — K,,0 (145) (P.,+ Q;;) : (3°6) 


Therefore the operator Q,, refers only to the pair (ij) like P;;, Hence it follows that 
all operations in the second term in eq. (3-4) do not change the dependence of frinm® 
on 7, since the pair (12) is excluded from the summation. 

Above expression for Q;; is ‘simpler than in eq. (3-5) at a glance, yet the calcula- 
tions can be carried out rather easily by means of the latter, For this reason we shall 
employ Q;; expressed in eq. (3-5) in the following discussions. However, if one wishes 


to carry out the calculations in the second quantization formalism, one is needed to 


employ eq. (3-6) rather than eq. G~5). 
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§ 4. Pseudopotential correct up to the order a‘ and the ground state 
energy resulting from the triple collision for the Bose system 


In the previous section we have obtained the pseudopotential for the higher order 
collisions. If it were possible to solve the eigenvalue problem for eq. (3-2) under the 
ordinary boundary condition only, the solution should yield an exact energy eigenvalue 
and an exact wave function in the region having the physical meaning, 1. e., outside each 
hard-sphere. 

Here we shall proceed with Huang and Yang, treating the pseudopotential as a 
small perturbation and expanding the physical quantities in powers of a. The pseudo- 
potential up to the order a (correct up to the order a’ for the energy) has already been 
obtained by Huang and Yang. The same could be calculated to any desired orders 
according to our method. However, we shall confine ourselves to the terms up to a’ and 
principally deal with the Bose system. 

We shall first consider the binary pseudopotential. The phase shift appearing in eq. 
(2-24) is given by 0,=—k,a for the S-state and hence we have 


tan0,/k,= —a— (k,?/3) a? +0 (a’) = —a— (a°/3) {RP — (K?/4)} + O(a’). (4-1) 


The contributions from the P-state vanish, since the P-wave scattering is forbidden for 
the Bose system, which is also seen from the definition of 2, in eq. (2:26). The 
terms corresponding to larger /-values can be neglected because their contributions are at 
least of the order a’. Hence the consideration of the term /=0 is sufficient. For the 
S-state we have 


O (143) [14g = 270 (x,—%,). 
Therefore, from eq. (2:24) it follows 
0 (743) P,,= 870 (x%;—4%;) {a+ (a°R’/3)} (0/0r;;) (45 12x o(t, J)) 
ra 
— (27a*/3) 0 (x;—x,) >i K°(9/9r.5) (rj Pee, PD ) (4-2) 


which is correct up to the order a‘, In this expression the operator A(i, j) = >)2xo(i, j) 
K 

can be taken as unit operator. This will be proved as follows: from eq. (2:26) we 

have 


(j) x! 


A(i, j v= _\dorp Cee exits <= ah 
DD pe ( > =F 2 ? , xX 2 ? )- (4 3) 


This equation implies that the operation of A(i, j) on Y is nothing but to take an 
FES average keeping the center of mass at rest. Hence the relation A(i, j)=1"s 
trivial for the case when % does not include the pair (ij) or includes the pair (ij) 


only, since we are considering the S-state. If Y is a function of the coordinate i and 


[(Aj), we have 


Ai, {)P (i, 1) = Sa (ky, hy) ete Xt the: (sin hy re5/2) / (her s5/2) 
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expanding Y(i, /) into the Fourier series, i.e., Gi, 1) = Sja(k,, k,) expi(k;-x,+k,-x,). 


From this equation it follows that 
0 (x;—%;,) (0/0r,;) (r,,4(, LyPRe, OY) =0(x;—X,) >4(k;, kz) etke-ae+ ily %, 
=0 (x;—x;) (9/0r,,;) (750 Gal) 


which means A(i, j) is equivalent to unit operator, 


Next we shall consider Q;;. Neglecting the third term in eq. (3:5), we have 
= 9 9 GP N 
Q5= Sed ee > Vee) +K;, a i) (rx2) Pra 
nt, 5 k<l 


With the help of eq. (2-27) it follows that the contributions from the terms [=> 2 in 
K;; can be neglected, since the wave functions in the unperturbed system are regular at 
Y..= 

i a Hence the consideration of the term /=0 is sufficient as in P;;, The perturbed 
function singular at r,,=0 is at least of the order a and therefore it is permitted to put 


jor) =1_and .n, (kv) =—1/kr 


in eq. (2-25). Again the equivalence of A(i, j) to unity can be proved as previously 
done. Hence, with the help of eq. (2-22) we have 


Ped 


K,,=— 2 are ie pha 2 {drat Vij (4:4) 


0 0 45 0 


which should be interpreted as an integral operator. From eqs. (3:2), (4:2) and (4-4) 
we have 


N 


3 OP+E) THE +H (4-5) 
where 
H,=41a>}0 (x,— x,) : oh spa ae k S10 (x; =a) = 
i#j Or; i<j re 
0 a 

@ 9 (4 X;) eS t= 233 (rj 2x0, j)) (4-6) 

t#i x Or,; 
and 


H,=22 318 (x,—x,) (aiyted- ary) > Pete) 


tj “e 


t44 


' ‘ Gd) 0 
—167°a 319 (% — %,) far, (153-4743) ee a) he Thy (4"7) 
i CL 


Here H,, corresponds to the pseudopotential for the binary collisions, H, to that for the 
higher collisions. It is noted, however, that H, does not correspond to the purely triple 
collisions, since it includes the term like 0(%,—4%,) or 0(%,—%») 0 (x,—%,) corresponding 


to the binary collision of 1,2 or to the two independent binary one of 1,2 and of 3,4, 


10 Re Abe 


besides the term like 0(x,—x,) 0(x,—%,) which represents the triple collision of 1,2 and 
3, Hereafter, however, we shall call H, as corresponding to the triple collisions. 

The lowest order term in eqs. (4-6) and (4:7) is the first in eq. (4-6) which is 
just the same as was treated by Huang and Yang.’ For the ground state the perturba- 


tional treatment of this term under the periodic boundary condition yields 


Ee tee (4-8) 
N 
F=p+ap,+- (4-9) 
where 
Pyo=V- oo (4-10a) 
$,= >) F (1:3) Dos (2: 10b) 
i<j 
as ik: (x; ) 

47 (2 J 1 257 
IEG) = SS} and F(r) ~>——+ ’ 4-11 
i) = he F cow: Mamereeaie O 


Here the terms correct up to a which are necessary in the following calculations are 
given. 

We wish now to calculate the contributions arising from H,. Multiplying eq. (4-5) 
by 4, and integrating over the coordinates of all particles, we have 


e 


N= | Hyde + \% H,¥ dz, 
Let the second term on the right be Nk,, i.e., 
Nki= (Yo HP) = | gH. de. (4-12) 


Substituting eq. (4-9) in this expression we have 


Nk? = — 167° a'N(N—1) (N—2) /3V?— 327° a N(N—1) (N—2) 
x {Po0 (%,— Xp) \ (112— P49) dryyA(1, 2) 0 (x,—4%,) F(7x) Dots (4-13) 
0 


where the operator A(1, 2) is written down explicitly. It is noted that the second term 
on the right represents the contribution from the cluster of particles 1, 2 and 3. From 


the defining equation for A(1, 2), eq. (4-3), and eq. (4-11), we find 
Nk? = — 647° a* N(N—1) (N—2) /37?. (4-14) 
Or, if we define the corresponding energy as E,, we have 
E,/N= — 327° a‘? (N—1) (N—2) /3mV2 — 327° ah? p2/3m (4-15) 


which is the energy due to the triple collisions. 
On the other hand the second and the third terms in H,, also give the contributions 
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of the order a‘. The contribution from the third is easily proved to be zero and that 
from the second becomes 


{ho 47a k°/3 ao (x; —%y) (0/0143) tag Po} = 167° a" N(N—1)*/3V". (4-16) 
i#) 
Adding this to the value given by eq. (4-14), we have 
—1672a'N(N—1) (3N—7) /3V? (4-17) 


as the total Nk’ except for the contributions from the first term in eq. (4.6). ~The 


corresponding energy is therefore 
— rath? 0? /m (4-18) 


per particle. It is noted that this energy is essentially identical with that given by the 
second term in eq. (4-13), i.e., the energy corresponding to the collision of three 
particles forming a closed cluster. In eq. (4-18) the appearance of a’ is consistent with 
the suggestion given by Huang and Yang" that the triple collision energy is at least of 
the order a’. 

In closing this section we wish to mention some remarks about the contributions to 
the pseudopotentials from the terms of the higher order angular momentum. As is easily 
recognized, for the D-state P,, and Q;; are of the same order a’. The larger / becomes, 
the lower the order of Q;;. For instance for the G-state we have P,;~a and Qij~a'. 
Hence it follows that for the large angular momentum the triple collision is more important 
than the binary one, which is not improbable from the physical point of view. For the 
particle pair with the larger angular momentum has a farther distance of closest approach, 


thus the chance for the binary collision will be diminished. 


§5. The ground state energy and phonon spectrum in the 
oj, representation 


In § 4 we have calculated the ground state energy by a perturbational procedure, 
except for the contribution from the lowest order term in the pseudopotential. It is not 
appropriate, however, to treat this term by a perturbation method, for the energy thus 
calculated has not the correct volume dependence as was mentioned in § 1. We wish to 
show in this section that the /,-representation developed by Bogolyubov and Zubarev” 
is useful to avoid this difficulty. The phonon spectrum will also be calculated in this 
representation. 

One reason why the /7-tepresentation has not been applied hitherto to a system 
of hard-spheres lies in the divergence of the Fourier component of the corresponding 
potential function. On the other hand the pseudopotential has a definite Fourier component 
and enables one to apply the (,-tepresentation to the hard-sphere system. 

If we retain only the first term in eq. (4-6) the Schrodinger wave equation becomes 


— (8/2m) SVE + (2rab™ /m) S18 (x, —%4) P +P) =EV (Gans) 
/ a t+) 
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where 


{PM (27ab?/m) Se (x; x;) ‘9 (0/Or,;) : (5 ‘ 2) 


ij 

In order to carry out the computation it is convenient to neglect the term Pie tor 
a time. Then eq. (5-1) represents the Hamiltonian of particles interacting with the 
potential of the 0-function type, and the /,-representation can be applied. It turns out, 
however, that the energy thus calculated is divergent. Next we shall take account of the 
contribution from the term P//. It can be shown that this contribution becomes ©, 
also.. However, when two terms are added together, the total energy is no longer diver- 
gent, since the term P’/ leads to a subtraction procedure which yields the cancellation of 
the divergence arising from the two terms. 


From eq. (5:1) it follows that the potential function V(x) is given by 
V (x) =47abh? 0 (x) /m (5.3) 


of which Fourier component is 


r 


v(k) = \ V (x) e—ik-xdx=4zab?/m. (5-4) 


Therefore with the help of eq. (2-15) of reference (6) the ground state energy 
E, is given by 


E,= (N*/2V)¥(0) + (1/2) 2318 (k) = Ok /2m) — (N/V) vk) § (5-5) 


where E(k) is the phonon energy defined by 


E(k) = V# kev (k) p/m-+ (8 k2/2m)? (5-6) 
or, 
E(k) = (6°/2m) V 2k2R+K (5-7) 
where 
k= 8740. (5-8) 


From eqs. (5:4), (5-5) and (5-7) we have 
E, = 2z7abh? oN /m-+ (6?/2m) pe {(1/2) Vk +28 R— (B/2) — (k?/2)}. (5-9) 


If we replace the sum > by an integral above expression diverges, as expected. Although 


there may be several ways to compute the contribution from P’, here we shall choose the 
following procedure. The wave function correct up to a was given by eq. (4:9). Using 
this result we compute the expectation value of P’, Up to the.order a’ this leads to 


(FPP) = (2mab? N*/m) {450 (a4) — 2s) M2 F! (rn) Gy) 
From eq. (4-11) it follows 
Bh) =F (tp) = (48 /V) Set Ce 
k 


as T1y>0. Therefore we have 
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(PP!) = (270° b? N?/m) (42/V?) >) 1/h?= (6?/2m) (ki /4) S31/k. (5-10) 
7 i 
Adding this to eq. (5-9) we have 


E,=2nabyN/m-+ (b°/2m) 31 { (1/2) VB ke — (B/2) = (&3/2) + (&/ 42) }, 
k 


(5 -41.1,) 
or, replacing the summation by an integration we have 
27ab? oN 128 (ea*)'? 
ae jit RE is Ba? 
: m 15V2 ( ) 


which is identical with a result given by Lee, Huang and Yang” with the explicit investi- 
gation of the eigenvalue problem of the pseudopotential. The coefficient of ((/a’)'” is 
exact, since the correction term due to the triple collision is of the higher orders, as we 
have shown in § 4, and that due to the phonon-phonon interactions is also of the higher 
orders, as we shall show below. 

The ground state energy expressed in eq. (5-5) corresponds to the unperturbed energy 
of a system of the independent phonons. If the interaction between phonons is taken 
into account the perturbed energy must be added. Its expression has already been given 
by Bogolyubov and Zubarev (eq. (4-20) of reference (6)). An exact calculation of this 
term based on the phonon spectrum given by eq. (5-7) is extremely tedious, yet its 
dependence on the physical quantities can be seen without any detailed calculations. 


The perturbed energy is something of the form 


re 


E,~ (N/p®) (6?/m) \ \ (Ke, hey)?/V B+ 2k2 Rd? ke, d? hep. 


If we measure the wave vector in units of k, we have E,~ (N/¢*) (6?/m) ky ~ (ab? N/m) 
(va®). In the same manner the next order term is shown to be (ab? N/m) (ea*)*” X 
(constant). Hence, with the help of eq. (4:18), eq. (5-12) may be remedied as 

27ab* 0 iy 128 (ea’)' 


E./ N= ZS 
m \ 15V72 


+ (a—4n) (pa) +P (pay --} (5-13) 


if the phonon-phonon interaction and the triple collision are taken into account. Here a and 
8 are numerical constants. This expression clearly shows that E,/N is no longer dependent 
on N explicitly. Furthermore we see that the expansion (5-13) is in powers of (oa ye; 
which is in agreement with Lee and Yang’s conclusion’? drawn from the binary collision 
expansion method or Lee, Huang and Yang’s conclusion” drawn from the explicit conside- 
ration of the eigenvalue problem. 

It is interesting here to compare the excitation energy spectrum given by eq. (5-7) 
with one deduced by Landau® from the low-temperature properties of liquid He’. 

For small k(k<k,), #' can be neglected compared with 2k, k’ and we have 


E (k) = (b?/2m) (2k,)'k, 


which is a linear function of k. This corresponds evidently to the long-wave excitations 


in liquid He*. Then the sound velocity is given by 
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= (26/m) V zap. 


The substitution a=2.4A and the values of liquid He’ leads to c,=129 m/sec which 


is about a half of the experimentally observed value. 
As k becomes larger, E(k) is no longer dependent on k linearly and the sound velocity 


depends on the wave number explicitly ; in other words the sound wave becomes dispersive. 


Its expression is given by 


c(k) =c¢,(1 +R /4Ry + visa.) 


up to the term of order k*. On the other hand, for liquid He* the corresponding ex- 


pression is given by Landau and Khalatonikov” and takes the form 


CU) 2k ee) 


Pe OTE al 0 acne. 


Comparing these two expressions, we see that the theoretical c(k) can not account for the 
positive value of 7 in liquid He’. 

Furthermore we see that the theoretical E(k) cannot account for the roton spectrum 
in liquid He’, since E(k) given by eq. (5-7) is a monotonic function of the wave 
number. At the same time, the form factor function S(k), which can be calculated by 


the use of Feynman’s'” relation, is also monotonic, as is seen from the following equation 
S(k) =k/ oA eT a 


In actual liquid He’, however, S(k) obtained from the X-ray scattering experiments shows 
the characteristic, nonmonotonic behaviours. 

From these considerations it follows that the excitation energy spectrum obtained by 
the pseudopotential method is no longer valid for the short-wave excitations, though it can 
predict the existence of phonon states in the long-wave regions. One may attempt to 
improve the spectrum by taking account of the higher order collision terms. This may 
be carried out by considering the term H,, eq. (4-7), and by neglecting the differential 
operators as we have done from eq. (5-3) to eq. (5-7). Since H, represents the many-body 
potential rather than the two-body potential, it may be transformed into the phonon-phonon 
interactions in the (,-representation, together with the alteration of the excitation spectrum, 
However it seems that the improved spectrum is also monotonic, since the potential is of 
the 0-function type of which Fourier component is constant and not oscillating. 

In order to clarify these points, it may be instructive to reconsider the meaning of 
the pseudopotential. As Huang and Yang’ have pointed out, the pseudopotential cor- 


responds to the multipole expansions of surface charge induced on the 3N-dimensional 


ce tree i 


To make the understanding easier, it seems appropriate to use the analogy with 
the electrostatics. Consider a trivial problem to find the electrostatic potential when the 
sphere of perfect conductor is charged. If we confine ourselves to the spherical symmetric 
solution it is simply e/r, where e is the constant, r the distance from the origin. This 
solution has, of course, the meaning outside the sphere and the potential should be constant 


inside, owing to the surface charge distributed on the sphere. (Fig. 1 curve 4), Now, 
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the above solution is clearly identical with the Potential 
potential due to the point charge e at the origin, 
as far as the outside of the sphere is concerned. 
This charge is distributed on the surface of the 
sphere in the case of curve 4. 

Returning now to the pseudopotential, we 
see easily that the pseudopotential corresponds to 
the curve B, since it includes the term 0(r) 
corresponding to the point charge at the origin. 
Then it may be inferred that the pseudopotential 
corresponding to the curve A can be constructed, 


which includes the term 0(r—a) instead of O(r). 


In electrostatics the surface charge is given by 
the jump of 9( potential) /Or across the surface. a E 
The same may be applied to the hard-sphere Fig. 1. The potential due to the spherical 
system, with the potential replaced by the wave conductor of radius a. A corresponds to 
function #, i.e., the surface charge is given by the surface charge, B to the point charge. 
the discontinuous value of 0% /dr at r=a. Further % may be constant (=0) inside the 
hard-sphere corresponding to the fact that the potential is constant for r<a in the electro- 
statics. Then we may infer that the surface charge becomes larger as the density increases, 
for the wave function is confined to the smaller regions and OW /dr at r=a+0 becomes 
larger in order that Y should be normalized. 

Now, let the surface charge be S0(r—a), which replaces the point charge O(r), and 
substitute this in eq. (5-4) with V(x) =Sd(r—a). This leads to 


v(k) =47Sa’ sin ka/ka, 
and hence E(k) becomes, with the help of eq. (5-6), 
E (k) = (#?/2m) kv S! (sinka/ka) +k (5-14) 


where 
S!’=167mpa’ S$ /b’. 


From the reasoning we have mentioned above, it is expected that S’ is the increasing 
function of the density. 

Now, E(k) expressed by eq. (5-14) has the remarkable properties that it is the 
oscillating function of k, contrary to E(k) given by eq. (5-7).. At low densities, S’ is 
small and hence the term k overcome the oscillating term, which yields rather a monotonic 
behaviour of E(k). However, at high densities the oscillating term is expected to be 
comparable to the term k2, and hence the nonmonotonic behaviour of E(k) is pipecceds 
In this way the roton spectrum of liquid He‘ can be explained at least qualitatively. 

From the above discussions, one may infer easily that the “surface charge pseudo- 
potential ”’ is suitable for the investigations of the spectrum in the short-wave regions, 


: Abe ap. ; 
where the “ point charge pseudopotential seems to be no longer valid. 


R. Abe 


rt 
lon 


The reasoning discussed hitherto seems to be highly tentative; however it is not 
impossible. to construct the “surface charge pseudopotential’ in the more exact and 


systematic way. This will be discussed in a forthcoming paper. 


Acknowledgement 


The author wishes to express his sincere thanks to Professors A. Harasima and H. 
Ichimura for valuable discussions and also to Professors T. D. Lee, K. Huang and C, N. 


Yang for showing him their manuscript before publication. 


References 
1) K. Huang and C. N. Yang, Phys. Rev. 105 (1957), 767. 
2) K. Huang, C. N. Yang and J. M. Luttinger, Phys. Rev. 105 (1957), 776. 
3) TT. D. Lee, K. Huang and C. N. Yang, Phys. Rev. 106 (1957), 1135. 
4) K. A. Brueckner and K. Sawada, Phys. Rev. 106 (1957), 1117, 1128. 
5) K. A. Brueckner and C. A. Levinson, Phys. Rev. 97 (1955), 1344. 
6) N. Bogolyubov and N. Zubarev, J. Exp. Theor. Phys. U. S. S. R. 28 (1955), 129. 
7) T. D. Lee and C. N. Yang, Phys. Rev. 105 (1957), 1119. 
8) L. Landau, J. Phys. 5 (1941), 71. 
9) L. Landau and I. Khalatonikov, J. Exp. Theor. Phys. 19 (1949), 637. 


e 
is) 
er 
re) 


. P. Feynman, Phys. Rev. 94 (1954), 262. 


7, 


Progress of Theoretical Physics, Vol. 19, No. 1, January 1958 


Two-Pion-Exchange Nuclear Potential 
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The adiabatic nuclear potential involving the exchange of at most two pions is derived, the self- 
pimesic field of each nucleon being taken into account. Numerical values of this potential are calculated. 
The limit of the applicability of this potential is examined, and as a result it is found that this 
potential can be used in the region of the inter-nucleon distance x=0.7 yp“! (y7!: pion compton wave 
length). 

From the analysis of the two-nucleon phenomena, we find that the quantitative agreement of the 


theory with experiments is much improved. 


= 


§ 1. Introduction 


The pion-exchange nuclear potential has been extensively studied by many authors. 
However, previous derivations of pion potentials have been based more or less on the 
perturbation expansion. Hence any satisfactory treatment has not been made so far on 
the radiative correction. 

The use of the dispersion relation has made it possible to correlate virtual pion- 
nucleon scattering with real scattering. Hence the effect of self-pimesic field of each 
nucleon can be treated exactly.” In Sec. 2 of this paper, numerical values of this potential 
will be presented. In Sec. 3, the limit of validity of our result will be investigated, 
by considering the approximation adopted, and by comparing with the previous two-pion- 


exchange potentials, -In the last section, we shall compare our result with the experimental 


data on the two-nucleon phenomena. 


§2. The evaluation of the potential 


The nuclear potential is given as follows :” 


V=V AV spp t+ Vaps t+ Ves» (1) 
pr 
y,=f  (2'2*) (6%) (o*- p) <— 
47 x 
x! — Le 
ema! ving { (oo?) +5.(1+—= ae )f Sie (2) 
AGT ess x x x 
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Fig. 1. Triplet even state 
“OPEP” means one-pion exchange potential with f?/47=0.08, 
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Fig. 2. Singlet even state 
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where f is the renormalized coupling constant, ©,;(p) is the total cross section in the 


pure J=3/2, I=3/2 state, a; is the scattering length* in the pure [=1 ‘2 state, and 


0.05 


—0.05 


— 0.10 


Fig. 3. Triplet odd state 


* In our expressions, the si f th i i i 
: gn of the scattering length is opposite to that defined by Fermi 
Phys. Rev. 75 (1949), 578. od gata 
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K (x) is the modified Hankel function of order i, In these expressions, the terms propor- 
tional to f* are fourth-order terms of perturbation theory (TMO potential). As to the 
evaluation of (3), (4), the outline of the calculation will be found in Appendix 1. 


Results are shown in Figs. 1, 2, 3 and 4 and Table 1. In these curves, the S-wave 
contributions are rather small as compared with the P-wave part for x2 0,7 (see Fig. 5). 
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Fig. 4. Single odd state 
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Fig. 5. S-wave contribution 
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i i erin 
In these figures f?/47 is taken as 0.08. The total cross sae o,, and the scattering 


lengths a; are derived from the phase shifts given by Anderson :° 
OL2484pa _ & O9S2 70m 
1+0.7700p? 1.9427—o 


\ 
tan 03. = 


,= — 0.0865, 


dj== 40,1950, (6) 


Table 1. Character of the potential (for x20.7) 


Triplet even central attractive (weak) 
tensor | attractive (strong) 
Singlet even attractive (strong) 
Triplet odd central attractive (strong) [for outer region, repulsive (very weak) | 
tensor | repulsive (weak) 
Pe: 55 ee "7 ei ocx: 7 anes a ae 
Singlet odd repulsive 


§ 3. Merits of the present potential over other ones 


We have calculated two-pion-exchange potential by using the total cross section of the 
pion-nucleon scattering for P- and S-waves. This potential corresponds to the expression 
of perturbation theory plus the correction of the self-pimesic field of each nucleon. 

The P-wave part of this correction was also obtained by Klein and McCormick” and 
by Sato.” Henley and Ruderman,” previously, estimated the effect of the pion cloud. 
They also derived the potential relating to the pion-nucleon scattering. Unfortunately, 
they could not obtain good result, because they used an inadequate approximation similar 
to the Tamm-Dancoff method for the scattering matrix. Another derivation of the nuclear 
potential relating to the pion-nucleon scattering was performed by Hasegawa and Nogami.” 
They obtained the potential using the phase shifts of the pion-nucleon scattering calculated 
from the intermediate coupling theory. Their results are similar to ours qualitatively except 
for the central part of the triplet even state. 

Another potential” following the F.S.T. method” has the form of a quotient of 
the “normal” part (expanded up to f") to the “ probability” part (expanded up to f?). 
If the whole expression is further expanded in powers of the coupling constant, it is seen 
that the potential contains the terms of iteration of the ladder type owing to the 
“ probability” part. They used the perturbation expansion both in the denominator and 
in the numerator, As the Born approximation for the pion-nucleon scattering is not 
justified, it would be preferable to use the result of the pion-nucleon scattering for the 
two-pion-exchange part. 

In our calculation, the number of virtual pions exchanged between the pair of 
nucleons is limited up to two. It is expected that the effects of the three or more pion 
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exchange are 7 small in the outer region, because in the energy region up to about 
500 Mev inelastic Process has very small cross section. It has also been estimated that 
the three-pion-exchange potential has rather small contribution for x >'0.6~0.7. 

Before entering into the discussion of recoil effect, let us make a short remark on 
oy pair terms. The previous conclusions" including pair suppression are that the con- 
tributions of the one- and ‘two-pair terms of the fourth order potential are negligibly 
small for x>0.7. However, the previous calculations did not contain the large 7 spin 
independent terms of our V sp and V,,,, but contained only the small + spin dependent 
terms of ours. Therefore, the effects of the pair terms are not necessarily negligible, 
particularly for the charge singlet state. 

The other approximation we took is the neglect of nucleon recoil. Static approxima- 
tion justified for the low energy pion phenomena is applicable for pion-nucleon scattering 
below several hundered Mev, while it may be in discord with experiment for two-nucleon 
problem at lower energy region. In order to be justified to use the adiabatic approxima- 
tion, it is necessary that the kinetic energy of nucleon is smaller than the total energy of 


the exchanged pion : 
— (4/M) /w=(E—V) /w<1, 
This leads to the condition 
V/p<. (7) 


As seen from Figs. 2 and 4, at x-0.7 this condition breaks down for the central part 
of the charge triplet states. Therefore, in such cases, the potential based on the static 
approximation may not be applicable. 

The recoil correction was estimated by Sato et al. on the assumption p*/M? <1." 
Their result shows that, besides the appearance of spin-orbit coupling, the recoil effect 
increases rapidly at x 0.7, although it is vanishingly small for x2 1.5. 

As they stress, recoil effects are not completely negligible in the region where the 
two-pion exchange potentials are of appreciable magnitude. We must consider this effects 
for states of weak potential such as the central part of the triplet even state. However, 
it should be remembered that their calculation does not contain any effect of pion cloud. 

As a summary of this section we would conclude that our potential, which includes 
the effect of pion cloud, is a definite improvement over previous ones in the region x 20.7. 
However, for the central part of the triplet even state, which is very weak, other effects 


might become important. 


§ 4, Check of the potential with two-nucleon phenomena 


It has alreaey been shown clearly in S™ that the pion theory of nuclear forces truly 
reflects the nature. The outer part of the potential due to the one-pion-exchange process 
has been quantitatively established by the comparison of its consequences with experimental 
data at low energies. At the same time, properties of the two-pion-exchange potential 
have been shown to be in qualitative agreement with experimental data at low and high 
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energies up to 100 Mev. Then the next question should be how quantitatively the two- 
pion-exchange potential reproduces the experimental data. Unfortunately, up to pow the 
two-pion-exchange potential was not uniquely given when various methods are applied to 
the derivation. 

It may be interesting to answer the above question assuming our two-pion-exchange 
potential, since it includes exactly the effects of the self-mesic field of each nucleon. The 
answer that will be given below is summarized as follows : The quantitative agreement 
with low and high energy data assuming our potential is much more satisfactory than 
assuming any other ones. In other words, our potential leaves all key points for the 
verification of the pion theory of nuclear forces as they were in the discussions in S, while 
our potential removes some weak points where the agreement between the theory and the 
experiment was only qualitative. 

Discussions below will be developed on the basis of the results of S. The inter- 
nucleon distance is divided into three regions, I (x21.5), Il (1.52% 20.7) and 
MiGs 01e 


A. Low energy phenomena 
1. Triplet even state 


It was shown in S that if and only if the one-pion-exchange potential in the outer 
region I has the coupling constant f°/47~0.08 and if the tensor potential in the region 
II is negative, a good fit to the deuteron data can be obtained. 

In the triplet even state the two-pion-exchange part of our potential is weak and, in 
particular, its tensor part is vanishingly small. Therefore our potential with f°/47~0.08 
reproduces all deuteron data quantitatively. 

Conversely, when our potential is assumed to be completely exact in the outer region 
x1, the pion-nucleon coupling constant can be determined according to the argument 
developed in S. When only the one-pion-exchange potential was assumed in the outer 
region x >1, the coupling constant was determined as f?/47=0.075+0.010. Because the 
central part of our two-pion-exchange potential is not very strong, the value f?/47, when 


our potential is assumed, is little changed from the above value, and is estimated as 


f?/47=0.076+0.010. 
2. Triplet odd state 


i 


A recent work showed that when the effect due to the vacuum polarization established 
in the quantum electrodynamics is taken into account for the phase shift analysis of p-p 
scattering data, the resultant *P-wave phase shift is reduced appreciably,” Namely *0,= 
—0.11+0.02° at E,,,=3.9 Mev when the vacuum polarization effect is neglected and 
—0.07+0.02° when it is taken into account. 

As discussed in S, the negative P-wave phase shift is a consequence of the fact that 
there appears a hump of the potential outside the pion range which is characteristic of 
the pion theory of nuclear forces. Namely, (i) the one-pion-exchange potential with 
f’/47=0.08 gives a negative contribution of —0.16° to *0,, and (ii) a short range 
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attractive potential due to the two- 


5 3 
tion to °0,. 


pion-exchange processes gives a small positive contribu- 


i : 15) : 
n the previous work,’ a nice agreement between the theory and the apparent ex- 


erimental res i) ° oe Se “s 

P ult °O,, 0.11” was obtained because the positive contribution (ii) was 
0.02~ Oo i : . . 

= aes ibeethe two-pion-exchange potential known at that time (the TMO 

otential’ or Brueckner an ; 1D) ow 

P oe ; d Watson’s one’) was assumed. However, when the vacuum 

polarization effect is taken into account, the contribution (ii) must be larger, that is, 

+0.07~0.09°. 

The characteristic feature of our two-pion-exchange potential in the triplet odd state 
is that the central part is strongly attractive, while the tensor part is weak. As can be 
seen from Fig. 3, the central part is two or three times stronger than that of the TMO 
potential. Therefore our two-pion-exchange potential gives a contribution (ii) of 0.05~ 


0.1° when it is cut off in the region III and can, in consequence, reproduce °0,,= —0.07 
Oru?” 


3. Singlet even state 

The discussion in S shows that in the presence of the one-pion-exchange potential 
with f°/42z~ 0.08 in the outer region x1, the experimental data (summarized in Table 
2) cannot be reproduced without assuming a strong attractive force in the region II. 
Although this strong attractive force is consistent with the prediction by the two-pion- 
exchange potential independently of the method of its derivation, the quantitative agree- 
ment was not so satisfactory as in the triplet even state. On the contrary, our two-pion- 
exchange potential gives a nice quantitative agreement as discussed in detail below. 


The experimental data are summarized in Table 2. 


Table 2. Experimental data in the singlet even state.1*) 
All figures are in unit of 107! cm. 


scattering length ‘a effective range !r, 
(n—p) —23.690.06 (n—p) 2.1~2.8 
Gp) 13 ~=20 (p—p) . 2.5~2.85 


First, a fictitious assumption shall be made that the static pion-theoretical potential 
is valid even in the inner region X) <x <1, where x, denotes the radius of a hard core. 
Table 3 shows that our potential with f*/47~0.08 gives a precise agreement with the 
experimental data if it were to be valid even in such an inner region as 1 ee 0y 
When the same analysis is made assuming the TMO potential, however, the agreement 
is not so satisfactory. Namely, (i) when f° /47=0.08 and %,=20.35",, 4=— 23.7 X10 
prmende 2.2610" cm, “f, 18. too small.* (ii) When a reasonable assumption 

va 
. ~ —13 : = 
%,<0.6 is made, a large effective range, ‘7, >2.5X10~ "cm, requires Aalarge coupling 
constant, f°/47 >0 10,’ which is incompatible with the deuteron data as discussed before. 
s : 


It is to be noted that if any other form of the cut-off function is assumed inside x, 


* Jy, and xo were obtained by an interpolation for Table 2b of reference 16. 
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Bs 1 
such as the straight cut-off or the zero cut-off, the resultant ‘r, becomes smaller and, 
consequently, the above discrepancies become larger. When other types of two-pion-exchange 
potential are assumed as above, the quantitative agreement becomes worse. Thus it may 


be concluded that our potential is preferable to the other ones. 


Table 3. Theoretical results of our potential, when its validity is assumed for x=> x9. 


f/4a | xo(1/p) 3q(107}8 cm) 1,,(10-8 any 
0.08 | 0.49 23569 | 2.59 

| 
0.08 | 0.50 = 14.35 | 2.73 


The same conclusion is obtained when, instead of the fictitious assumption made 
above, the interaction in the inner region (x1) is replaced by a phenomenological square 


well potential as was done in S: 
V=the pion-theoretical potential with f?/47=0.08 for x= 1, 
=V, (a constant) for 1 x2 a, 
= for 2x, (8) 


Results when our potential is assumed in the outer region x > 1 are summarized in Table 
4. It can immediately be concluded that a strong attractive force represented by VY, must 
be present in the region between the pion range and a half of it. Just the similar 
conclusion was obtained in S when the one-pion-exchange potential with f°/47=0.08 was 
assumed in the outer region as well as when the TMO and other pion-theoretical potentials 
were assumed, In order to make a quantitative comparison, it is convenient to define a 
ratio R of the pion-theoretical potential to the phenomenological one, 


jie. value of the pion-theoretical potential at x=1 


V, when the same potential as in the numerator is assumed for x > 1 


Table 4. Parameters of Eq. (8) for our potential that reproduce '¢ and 'r, 
SS 


la (107!3 cm) Tre (LO em) xo. (1/) Vy (yw) 
—14.15 2:50) 0.09 = 0:26 

2.65 0.26 — 0.44 

2.85 0.46 S097, 

=-23.0) 2.50 0.25 — 0.46 

2.65 0.40 = OLAS) 

2.85 0.59 celles 

—_—_——-n eee ee eee 


For our potential we can easily see that R=1~4. For the TMO potential R>4 and 
for the one-pion-exchange potential R>20. At first sight, it might seem reasonable that 


R> 1, since the pion-theoretical potential rapidly decreases due to its singularity as x0, 
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However, as was discussed in S, it is the attractive force around the pion range that 
serves to make 'r, as large as the experimental value. Hence the result R>4 for the 
TMO potential means a quantitative self-inconsistency that if the TMO potential were 
valid in the outer region x1, the same potential must be at least a few times larger 
than itself around x~1. For any other two-pion-exchange potentials than the TMO 
potential, the quantitative agreement is poorer and therefore the quantitative self-inconsistency 
of the two-pion-exchange potential is removed only by our potential giving R=1~4, This 
is due to the fact that our two-pion-exchange potential is much stronger around the pion 
range. 

Summarizing the above discussions it may be concluded that our potential is preferable 
to the other two-pion-exchange potentials in that the former can precisely reproduce the 
experimental data without any self-inconsistency. 

However, since such a strong attractive potential was not expected to be present in 
S, some conclusions obtained there have to be re-examined, which will be discussed in 
Appendix 2. 

4. Singlet odd state 

Discussions shall be omitted since no information is available on potential in the 


singlet odd state at low energies. 


B. Intermediate and high energy phenomena 


The preceding discussions about the low energy phenomena show that the outer part 
of our potential with f° /4=~0.08 reproduces all experimental data precisely. However, 
as the energy of the two-nucleon system goes higher, we are forced to limit ourselves 
only within qualitative discussions. The properties of the pion-theoretical potential were 
discussed up to E,,,~100 Mev in S and was found that they fit the experimental data 
fairly well. As far as qualitative features are concerned, our potential is quite similar 
with the TMO as well as the other pion-theoretical potentials. Hence it can be expected 
that our potential also gives a fairly good fit to the experimental data up to 100 Mev. 
So in the present section only two comments supporting our potential will be made below. 

1. p-p scattering at 18.2 Mev 

Our potential with f?/47~0.08 is in quantitative agreement with p-p scattering data 
at 18.2 Mev. 

In S the data was analysed by assuming a potential of the form 


V=the one-pion-exchange potential with f?/47=0.08 for pte 
=Voe+V or $12 Lota tena: (9) 
(Voce and Voy are two constants) . 


The results are shown in Table 41 As can be seen from Fig. 3, the tensor part of , 


our potential is equivalent to Vy, between the straight and zero cut-off. Then it must 


be investigated whether the central part of our potential is equivalent to Voc in Table 5. 


A numerical comparison tabulated in Table 6 shows that our potential can reproduce the 


p-p scattering data quantitatively if a suitable cut-off in the region III is assumed, 
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Table 5, Parameters of the potential of Eq. (9) fitting 
the p-p scattering data at 18.2 Mev.) 


Vor ; a pie Voo (w) Pod, 
zero cut-off (Vg7=0) . | —0.29—~ — 0.47 
straight cut-off (Vor7=V7(x=1)) —0.20~ — 0.36 
twice the straight cut-off (Vg7=2V 7(x=1)) —0.10~—0.27 


[°70) Ke ON i x? 4° dx 
Table 6. A ratio R/=—-° Gio SS calculated, where V‘c) is the central part 
[Yoo VI 1x2 j.2dx 


of our two-pion exchange potential and VS is that of the one-pion-exchange potential. 7,=j, (kx), 


where & is the wave number in unit of at 18.2 Mev. When R/=1, our two-pion-exchange potential 


is equivalent to Vg~ in the Born approximation. 


Vou (pe | R’ 
a oe : ae bes 
xy = 0.6 | xy =0.8 xo=1.0 
—0.20 i 0.6 | 0.4 
— 0.47 | 


2. n-p polarization at 98 Mey 

The TMO potential was found to be in disagreement with the n-p polarization ex- 
periment at 98+3 Mev as was recently reported.”” The polarization cross section can be 
expanded in terms of sin@ P,(cos@), where P; is the Legendre polynomial. The dis- 
agreement of the sign of the first term between the experiment (1.17+0.11, the latest 
values*) and the theory (—0.2 by the TMO potential) may be significant since it is 
more sensitive than the n-p angular distribution to the detailed features of the potential 
in the triplet odd state. The first coefficient depends sharply on the *P-wave phase shifts 
which are under strong influence of the two-pion-exchange potential. A strong attractive 
central force in the triplet odd state has a trend to make the first coefficient positive and 
so our potential might be preferable to the other pion-theoretical potentials.’ However, 
it would be premature to conclude something definite about the first coefficient assuming 
our potential without comprehensive and detailed investigations because (i) at such high 
energies the interaction may not be correctly described by the static approximation and 
(ii) the first coefficient also depends complicatedly on the inner interactions in the triplet 
even state. 

The discussions of the present section may be summarized as follows: The quantita- 
tive agreement of the theory with the experiment is much improved if our two-pion- 
exchange potential is assumed. In particular, all low energy data are reproduced perfectly 


by the outer part of our potential. This may be due to the fact that our potential 
includes the effects of the pion cloud exactly. 


* Private communication from P. Hillman and G. H. Stafford. [G. H. Stafford, C. Whitehead and 
P. Hillman, Nuov. Cim. 5 (1957), 1589]. 
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Appendix 1. The outline of the evaluation of Eqs. (3) and (4) 


Differentiating with respect to y and z, and equating y=z—=x, we obtain the follow- 
ing k-integrals : 


I oo e = : hee dk é “ a 1 Reade 
ed a+) (t+)? 9 G+P) J (otdD (FY 


—oo 


(A-1) 


Ge =a, 223 waa) 


In the complex k& plane, the integral can be replaced by an integral along the cut from 
the upper branching point i (meson mass=1) to the infinity 100, 


Taking 
k=i+sre", 
oF e+ g S$4+2°—Ap em ad n Tings “yy 
ey ee GPF 2 ; =2'6 


J¥842(t+2e+R) (poe) RS Or 


eV 2+2(2+1)"e rds 
(F42242?) (S428 +12) 


o 
co 9% 
lige = Ee \ 


After s-integral, the integrals in (3a) are evaluated numerically. No cut-off function is 
employed in the calculation. 


Such a step leads us to the results, Figs. 1 to 5. 


Appendix 2. Some consequences of a strong attractive force 
in the singlet even state 


In the singlet even state our two-pion-exchange potential predicts a very strong- 
attractive force even outside the pion range. Since the discussions in S and reference 22 
were made without anticipating such a strong attractive force, some conclusions obtained 
there have to be re-examined. 

From the discussions made in 4, it can be easily understood that all qualitative 
conclusions obtained in the previous works remain valid. For example, it remains true 
that the properties of the pion-theoretical potential are as follows ‘ ne te pia aexclatee 
potential with f°/47~0.08 in the region I and a strong attractive force in the region 
II consistent with the two-pion-exchange potential. , 

Then two quantitative conclusions should be case eth ee ws 
a lower limit of f?/47, 1. e., f?/4z > 0.07. Its reasoning was that if f°/47< 0.07, R>10. 


Since our potential is sronger than the other two-pion-exchange potentials, R is reduced 
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by a factor of about 4, and the above reasoning rejecting smaller values of f*/47 may 
not be justified. However, since R>1 leads to a quantitative self-inconsistency as discussed 
in 4, A. 3 it may be reasonable to conclude that f*/47 > 0.07. 

The other conclusion was that there must be a strong repulsive interaction in the 
region x 0.2 that pushes the wave function outward, resulting in ‘yr, as latge as the 
experimental value. For our potential the above conclusion should not be strictly applied, 
since the outer attractive force may make 'r, larger. However, as can be seen from 
Tables, 3, and 4, it may also be reasonable to predict hard core like repulsion in the inner 


region, 
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The multipole mixing and half-lives of gamma transitions of cdd mass nuclei are studied in the 
rate earth region. The relatively large E2/M1 ratios observed in rotational transitions are found to 
be consistent with the strong coupling model. Many long-life transitions have been found between 
different rotational families. Some of them are explained by using Nilsson’s wave functions in spheroidal 
potential. 


Si. Introduction 


Maltipole moments of 7-transitions in many nuclei have been determined by the 
measurements of angular correlation, internal conversion, Coulomb excitation, etc., and 
many interesting cases of multipole mixing have been observed, most of them being of 
M1+E2 type. According to Weisskopf’s formula’, M1 transition probabilities are much 
larger than E2 one in disagreement with experiments, and some of these discrepancies in 
medium weight nuclei have been qualitatively explained by the J-forbiddenness of M1 
transitions. 

_ In heavy nuclei, especially in the rare earth region, we have tried to account for 
this type of mixing and some other examples in terms of the strong coupling collective 
model, 

The appearance of rotational spectra in heavy nuclei with large electric quadrupole 
moments is widely known. The available data on 7-transitions in these nuclei are mainly 
concerned with transitions between levels belonging to one and the same family, which 
are characterized by strong E2 components associated with the collective motion of nucleons 
in the nucleus. The collective motion is such as to deform a nucleus into a spheroid, 
which rotates adiabatically, giving rise to a rotational spectrum. These deformations are 
also associated with large electric quadrupole moments and fast E2 transitions as observed 
in these nuclei. 

In the case of odd mass nuclei, M1 components are also present in transitions within 
a family, and they are important in analyzing the wave functions BA the extra particles 
moving outside the even-even core. We present in §3 the available data to show 


that the intensity of these M1 components is qualitatively consistent with the strong 


coupling collective model. 2 | 
Only a little is known at present about transitions between levels belonging to different 
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families. This is due mainly to energy relations and partly to weak branching ratios for 
the 7-transitions to levels belonging to different families, or partly to the difficulties of 
Coulomb excitations. These 7-rays are expected to be valuable probes to know many 
properties of the excited states other than those informed by transitions within a rotational 
family. The available data on half-lives of these /-transitions are compared with single 
proton values in § 4 where the qualitative features are also discussed. 

Before the experimental indications are presented in the following sections, it seems 
convenient for us to recall briefly the outline of the strong coupling collective model as 


far as y-transitions are concerned, in order to facilitate the analysis of empirical informa- 


tions. 


§ 2. Theoretical transition probability* 


The transition probability for radiation of multipolarity 4 and of frequency w is 
given by 
E STL) 17 @ wc 
I (@, A) =- : _( — B(A), 1 
oe ICE se “ 
where the reduced transition probability B(/) can be expressed in terms of the reduced 


matrix element of the multipole operator ‘))i 


B(A) = |¢f | 


Mile» |. 
Fae tilt >| (2) 


In calculating the transition probabilities, the special nuclear models are required to 
evaluate the expression (2), and for order-of-magnitude estimates, a single proton is often 
conveniently assumed to be responsible for the transition, The single proton value”: 
thus calculated has been found to be in fair agreement with experiments though consider- 
able fluctuations are always to be expected. One has, however, noted systematically higher 
values of the E2 transition probability in the rare earth region, often 100 times as large 
as the single proton prediction. Bohr’s strong coupling model” can well account for this 


situation. In this model the multipole operator Yi(/, 4) is written in the form 
MA, 4) =>) DY (4) MY, »), (3) 
v 


where @ is the Euler angle giving the orientation of the nucleus, DY (4) is the matrix 
of the 24+ 1 dimensional representation of the rotation group and M(/, v) is the multi- 
pole operator in the nuclear coordinate system. 

The enhancement of E2 transition probability is accounted for in terms of the collec- 


tive quadrupole oscillation of a nucleus, which gives rise to the quadrupole operator 
Me (E2, 4K) See (4) 
47 


where AK=K,—K,, and ay, is the component of the deformation tensor a with respect 
to nuclear axis. 


In the following, we use the conventional notations. 
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For K-diagonal transitions, one obtains 
Mer E2 oe ea 2 
(E2) < ZeR28, (5) 
which is much larger than that of the single proton model 


M**-(E2) =er?¥n(0,). 


The collective oscillation of a nucleus gives rise also to the magnetic dipole operator 
b 
M°*"' (M1) =—©?_-9,R, 6 
(M1) Ain Ir (6) 


where J, and R are the g-factor and the angular momentum of the collective flow. 
A restriction, besides the usual spin selection rule, can be deduced from eq. (3), 
namely the K-selection rule ' 


—A<AK<A, (7) 
The collective E2 transition is observed in K-diagonal transitions 
4K=0, (8) 


in which case the reduced transition probability is given by 
B(E2) = ts (eQ,)?(I,2Ko|L,21,K)?, (9) 
167 


The reduced transition probability of the M1 component accompanied by this E2 com- 
ponent is 
B(M1) = -*(cb/2Me)*(Gu—Jn)* AKO \IALK)’, (10) * 
7 


where g, is the g-factor of the extra proton. 


For K-nondiagonal collective E2 transitions, one obtains 


B(E2) =(—2-ZeR? | (I:2K,AK|L21,K,)*| Zee, Lx,) ? Caan)’, (11) 
47 f 


where Z’s are the wave functions of the extra proton and (a,x) is the matrix element of 
The right-hand side of eq. (11) is expected to be very small because (1) dx, is 


nx. 
deformations corresponding to these proton orbits are 


almost orthogonal to x kp for the 


not go much. different, (2) <dsx) is neatly equal to zero for spheroidal deformation. In 


§ 4, some. examples are illustrated for which the collective E2 components are ineffective, 

: . 

in fact, the observed E2 transition probabilities are much smaller than single proton values 
> 


in these cases. The collective E2 transition is expected to manifest itself only through 


the K-mixing in the case of K-nondiagonal transitions. 


* This equation is valid for K-— 1/2. When K=1/2 a further term must be included, 
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The reduced transition probability of an extra proton for K-nondiagonal transition is 
given by 
B(A) = (1,AK,4K| I,AL,K,) ?| Ax M (A, AR) Xx.) ip (12) * 


where M(A, 4K) is the multipole operator in the nuclear coordinate system. If the total 
or orbital angular momentum of the extra proton is a good quantum number, the second 
factor in the above expression would lead to the j or / selection rule as in the shell 
model. But, this is not to be expected because neither. j nor ! is a good quantum number 
for a proton in a deformed nucleus. In § 4, we use Nilsson’s wave functions” for the 
single particle in a spheroidal potential to estimate this factor, and show that many long- 


life transitions can be explained by the smallness of this factor. 


§ 3. M1-+E2 transitions 


The transitions within a rotational family and the transitions between different families 
are discussed in this section. For the transitions within a rotational family of an odd 
mass nucleus, M1 transitions are always accompanied with E2 transitions. The mixing 
ratios E2/M1 have been experimentally determined in numerous cases. The available data 
on M1+£2 transitions for odd mass nuclei in the rare earth region are summarized in 
Table I. Some of them are determined by K conversion coefficients and K/L ratios. 
They must be corrected for the finite nuclear size effect, but unfortunately there is no 
reliable method of this correction. However, this effect may be of the same order of 
magnitude in most cases with somewhat large experimental errors attached to these mixing 
ratios. From these ratios the values of |Q,/(Yu—J,)| are deduced by means of eqs. 
(9) and (10), and |Jg—9,| in turn are determined from the knowledge of Q,. The 
values of Q, are graphically estimated from the data for neighbouring nuclei. In fact 
the values of Q, have been measured by ‘several methods, but they are fairly scattered 
above and below a smoothed curve and have large experimental errors, and moreover, the 
values for some nuclei are still missing. Thus we are compelled to adopt the values read 
on the smoothed curve. 

Fig. 1 shows the values of ¢,—9J, determined in this way, where the signs are so 
chosen as to give better agreement with the observed magnetic moments and to yield 
reasonable values for J, and Y,. The curves in Fig. 1 are the ‘“Schmidt-like” curves, 
representing 9;—J, with J,=0.4 and 0.2**, where g; is the Schmidt g-factor and we 
have made the assignment 2=j. It is interesting to note that, though the points. are 
pretty scattered, they are all enclosed in the ‘Schmidt-like” curves. 

The mixing ratios E2/ M1 of transitions between different families have been found 
to be of the same order as those within the same families, though transition probabilities 


themselves are much smaller. One reasoning to account for this rather unexpected fact 


* The case Ki+Ky/<A is excluded here. We have met no such a case. 


** Besides the hydrodynamical estimate Z/A~0.4, a small value has also been suggested for gp. (R. J. 
Blin-Stoyle, Rev. Mod. Phys. 28, (1956) 75. wei 
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Fig. 1 Values of go—gr determined from experiments and “ Schmidt-like curves,” 


(a) odd proton nuclei. (b) odd neutron nuclei, 
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Table I. M1-+E2 transitions in odd mass nuclei. The values in the parentheses in the fifth column are 
calculated from the branching ratios of 7-rays from the second rotational excited state. The seventh column 
is obtained from the ratio |Qo/(ga—gz)|, using values of Qo on the smooth curve as described in 23. The 


eighth column represents values reported in original papers. 


. Ttay Initial state Final state E2_ Orewa} an ~oniioas gull Ref 
ucleus oar XK i K I M1 au =92 | Jo— 9R\\\92— 9JR}) : 
gaEitt99! g4 | 5/2 72 Sj2 312+ 25 bain | 027 feo a 

105 5/2 9/2+ 5/2. 7/2+ 0.38 27.2 0.21 | 0.27 b) 

(1) 444 0.13 | c) 

giGdg, 155 60 3/2 5/2— 3/2 3/2- 0.05 28.5 0.25 | c) 
340) 3 7)2= 552 2 (0.027) 69 | 097 | 097 b) 

giGdgg!57 55 3/2 5/2— 3/2 3/2— 0.04 88 | 0.83 | c) 
76 3/2 7/2— 3/2 5/2— (0.028) 762-4 (2O.98s1) 70.79 b) 

gs Tho 15? 75394070 il 32 2 3f2 (0.013) 3.5 153.1 1.65 re 
g7EHogg}®® 96 7/2 9/2— 7/2 7/2— 0.09 eee 5: 0.59 | 051 a) 
0.04 9.7 0.88 | c) 

112 7/2 11/2— 7/2 9/2— (0.039) “Ps 101 | 9084 | O71 b) 

6g £m 991° 94 9/2 11/2— 9/2 9/2— 0.024 9.4 | 0.092 d) 
110 1/2 5/2+ 1/2 3/2+ 0.025 | | d) 

(0.02) | c) 

178 7/2 7/2+ 1/2 7/2+ 0.11 | | | d) 

199 7/2 7/2+ 1/2 5/2+ 0.15 | d) 

qi Lity4!7° 89 5/2 7/2+ 5/2 5/24 0.1 le 12.6) O75] e) 
6.03. | 69 1.23 lees 

114 7/2 9/2+ 7/2 7/2+ 0.30 22.3 | 0.36 | e) 

0.18 17.2 0.49 f) 

. 0.14 15.2 0.56 c) 

136 712 11/24 7/2 9/2+ (0.14) 15.7 0.54 | 0.42 | b), c) 

343 5/2. 3/2+ 7/2 72+ <0.25 e) 

eT ayos!*! 137 7/2 9/2+ 7/2— 7/24 0.25 16.9 0.46 0.45 | g), h) 
0.075 9.3 0.84 i) 

0.11 11.2 0.70 bienad) 

0.19 14.7 0.53 c) 

0.14 12.7 0.61 0.56 a) 

166 712 Wj2a 7/2 9/2+ 0.26 17.5 0.45 0.53 h) 

0.13 12.4 0.63 0.58 b) 

480 5/2 5/2+ 7/2 7/2+ 1.6 A. g) 

34—55 k) 

823 k) 
7H o5t77 114 7/2 9/2— 7/2. 7/2= >50 <0.03 a) 
136 7h Wl es 7/2 9/2— 1.64 53.8 0.15 0.15 b) 

‘ (1.5) 51.4 0.16 c) 

HE 97179 141 9/2 13/2+ 9/2 11/2+ (0.16) 19.2 0.42 0.36 | b), c) 
7sRe149!* 158 5/2 9/2+ 5/2. 7/2+ (0.03) 5.08 1.36 c) 
(0.008) 262 wl 2baa|¢ 1) 


Multipole Mixing in Odd Mass Spheroidal Nuclei 


a ee ee 


Initial state 


Final state 


Nucleus energy E2 Qo: 
KT Falak’ 12 sre \ga—gr\||92—grl| Ref. 
qoRey12187 134 5/2 7/2+ 5/2 5/24 0.11 8.8 0.72 m) 
0.12 9.2 0.68 0.63 a) 
163 5/2 9/2+ 5/2. 7/2+ (0.02) 4.02 V57, 1) 
y7lty 44) 82 1/2" 1/2 3/2 3/2+ 0.67 n) 
129 3/2 .5/2+ 3/2 3/2+ 0.2 8.38 0.60 n) 
0.43 12.30 0.41 c) 
LP 20.5 0.24 a) 
216 3/2 .7/2+ 3/2 5/2+ (0.03) 2.84. 1.76 1) 
n7lrijet% | 139 3/2 5/2+ 8) Byppae 0.28 9.21 0.49 0.53 a) 
(230 3/2 7/2+ 3/2 5/2+ (0.30) 8.43 0.53 1) 
7gPty 17195 210 | 1/2 1j/2— ~1 a) 
rgAuy je)? 61 1/2 1/2+ 3/2 3/2+ 0.20 n) 
pgAuy 3)? 77 1/2 1/2+ 3/2 3/2+ 0.14 n) 
279 3/2 5/2 3/2. 3/2+ 0.33 4.98 0.50 i) 
| 0.30 4.75 0.53 nF m) 
0.56 6.49 0.39 0.39 h) 
31 L 1,997 279 1/2 3/2+ iy pase 4.26 h) 
3 0) 
2.25 m) 
¥.5 p) 
Ze, c) 
1.9 q) 
| 410 1/2 5/2+ 1/2 3/2+ 0.78 h) 
gi llie15 =| 205 1/2. 3/2+ 1/2 1/2+ 0.27 h) 
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is that M1 transition probabilities in deformed nuclei are sometimes reduced from single 
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proton values. We have also to consider the effect of K-mixing, to the effect that even 
a small mixing may be effective to enhance the transition K—>K’, which is normally very 
small. : 
These arguments of general character, however, will not contribute much to the ex- 
planation of the observed facts. In next section, examples will be discussed individually 


with regard to transition probabilities as well as multipole mixing. 


§ 4. Discussions of the observed half-lives 


For the experimental test of the selection rule 4K <A, we have collected the available 
data on half-lives of 7-transitions between levels belonging to different families. In Table 
II, the ratios of experimental half-lives to the single proton values are tabulated. 

As is shown in the first column the El as well as the M1 transitions are much weaker 
than single proton values, this could easily be understood in terms of the selection rule 
4K <A in operation, The half-life of the 425 kev level in Tm’, the decay scheme of 
which is shown in Fig. 2, has been measured to be 2.5 /4 sec, and the two E1 transitions 
from this level, 290 kev and 310 kev, which are not listed in Table II, are reduced at 
least by ofder of 10° from single proton values. The E2 transitions in Table IL, with 
4K=3, are also reduced, but Me “ : 
the reduction factor is not so ie 2.5 pa Sec 7/2 7/2- 
large as in the cases of El 


or M1 transitions mentioned 


above. It seems, however, to 337 1/2 9/2+ 

be more adequate to compare 

the E2 transition probabilities 

with theoretical values based 

on collective description rather 

than with single proton ones, ~ He ise 

in which case, a factor as 118 1/2 5/2+ 

large as those in the cases 

of El or M16 transitions 

would be obtained. : 1/2 3/2+ 
As we have already seen, a a 1/2 1/2+ 

the selection rule (7) seems Fig. 2. The level scheme of Tm!7!. (S.A.E. Johansson, Phys. 


to be in operation to forbid Rev. 105 (1957), 189.) 


those transitions with changes in K larger than their multipolarity. It remains now to 
be investigated whether those transitions with the K-changes smaller than their multi- 
polarities are equally noticeable. For El and M1 ‘transitions tabulated in the last column 
of Table II, the transition probabilities are much smaller than single proton values, and 
this contrasts with the fact that M1 transition probabilities within same families (4K=0) 
are of the same order with single proton values. 2 transitions with JK=1 listed in 


Table II also are all reduced from: single proton values by factors about 10°, while E2’ 
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Table Il. The ratio of single proton transition probabilities to experimental ones. The figure in 
parentheses indicates the energy in kev of the yray. The 63 kev y-ray in Tm’'® is assigned 4K=0 rather 
than 4K=1, but this is included here because parity is changed. 
ee ee eRe i Ereititjorntibetnd ~ s) si eos ones ile enna soeet 


multipolarity AK=3 AK=2 AK=1 

a 4X 108, Tm!6 (240) : 2105, Tm! (63) 
9107, Tm!69 (261) 

‘ce 6105, Tm16 (177) 5104, Tm! (94) 
6X 105, Tm! (198) 6X10, Ta!81 (482) 
110%, Tm!6? (177) 5X10, Ta!8! (133) 1102, Tm'6® (94) 

E2 1X103, Tm (198) 9X10, Tal! (346) 
410%, Tm!6 (308) 8x10, Ta!® (482) 


Tm!69: Hatch, Boehm, Marmier and DuMond, Phys. Rev. 104 (1956), 745. 
Mihelich, Ward and Jacob, Phys. Rev. 103 (1956), 1285. 


Tal81: F. Boehm and P. Marmier, Phys. Rev. 103 (1956), 342. 
F. K. McGowan, Phys. Rev. 93 (1954), 471. 
S. H. Vegors and P. Axel, Phys. Rev. 101 (1956), 1067. 
Gimmi, Herr and Scherrer, Helv. Phys. Acta 28 (1956), 470A. 


transitions within same families are known to be enhanced by factors about 10° from 
single proton values. 

It is quite interesting that some transitions are, even for the case 4K</, neds 
reduced from single proton values. We have calculated the transition probabilities using 
Nilsson’s wave fuctions® for the nucleons in a spheroidal potential, in order to observe 
whether these long-life transitions can find proper accounts in the strong coupling. model. 
The results are given in Table III, and the calculated transition probabilities are obviously, 


in their general trend, much smaller than single proton values. 


Table II]. Long-life transitions. 
 ,., 


Transition probability in sec} 
Nucleus Pe iniiged Multipolarity 
key observed calculated single proton 
Tali 482 E2 5107 DEX LOsaee 4x109 
346 E2 1X10° 7X 104 8x 108 
133 E2 2x10 3101 6x 10° 
482 M1 6X 106 8X 109 31012 
Tm169 94 M1 5 X10 2101 2x10! 
63 El 7X 10° 3X107 3><A02 


nter into individual analysis of the cases included in Table III. For the 
ion the calculated value is reduced by a factor about 10° from the 
whereas the observed value is reduced by a further factor about 


f the calculated value is easily understood if one considers two 


Now we e 
482 kev M1 transit 
single proton estimate, 


10°, The reduction o 


extreme cases: no deformation and large deformation, In these cases the transitions are 
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essentially d,,.9,/. and 4, 0, 2, 5/24, 0, 4, 7/2*”, respectively, and are forbidden 
in each case because of J/=2 or JA=2. 

The three E2 transitions in Ta’! listed in Table III are also much smaller than the 
single proton values. This is accounted for as the effect of deformation, i.e., these transi- 
tions are allowed in the spherical limit (d5).—>9Jz/. of d.jy—>d,) while they are forbidden 
(45).0,42305/2 > 4. 0,.4,.7/2e0r. 4; 1, 1, 1/249 0re2s 5/2) in the limit of large 
deformation. 

The calculated value for the 133 kev E2 transition is almost equal to the observed 
one, whereas values for 346 kev and 482 kev E2 transitions are smaller than those ob- 
served. It must, however, be noted that the calculated: probabilities correspond to the 
single proton transitions and the effect of possible K-mixing has been disregarded, for even 
a small K-mixing may greatly increase the transition probability. Since it is rather awk- 
ward to estimate the degree of K-mixing, we have contented ourselves with the confirma- 
tion that the observed values are greater than the smallest possible theoretical values 
without K-mixing. Although these calculations can not be believed literally, we could say 
that the long-life E2 transitions in Ta is quite consistent with the deformed nuclear 


model. 

The case of Tm*™® is ~ kev i f RE 
somewhat perplexing. The See 9/2- 
level scheme of this nucleus 
is given in Fig. 3, The re- 
tardation of the 63 kev El 1/2aH{zZ> 
transition (7/2~-—7/2*) can by MEF 
properly be accounted for by Soldat 
Nilsson’s wave functions. The 
retardation is complete in two 
extreme cases, i.e., for spheric- 
al Foe oe the transition is 405 1/2 7/24 
essentially 4,,j.—>9J-) which is 118 1/2 5/2+ 
j-forbidden, and for large 
deformation 5, 2, 3, 7/2— 

4, 0, 4, 7/2 which is also 8 1/2 3/2+ 
forbidden, because 4u=2 : 1/2 1/2+ 


and spin flip is require Al Fig. 3. The level scheme of Tm!'®9, 


The transition probability may be small between these two extreme cases, The main parts 
of the wave functions are not operative in the transition and the remaining small contri- 


butions always tend to cancel out. This situation is quite similar to that pointed out by 


* These sets of four figures represent the asymptotic quantum numbers N, », A, Q of a single particle 
in a strongly deformed harmonic potential in which the third axis is a symmetry axis. N and yp are the 
principal and the third component of the oscillation quantum number, A and @ are the third components 
of the orbital and total angular momenta, respectively, 


Multipole Mixing in Odd Mass Spheroidal Nuclei 41 


Strominger and Rasmussen” for slow E1 transitions in the actinide region. 

The perplexing feature is met in the 94 kev M1 transition. Hatch et al. regard 
the 9/27 level as the rotational excitation of the 7/2~ level, in fact, the spacing between 
the two levels is consistent with the moment of inertia inferred from the ground state 


band. The observed long half-life of the 473 kev level seems, however, to be inconsistent 
with their assignment ; we there- 


kev K I 
fore assumed this level to be a 


4 433 5/2 7/2+ 
particle excitation level so that 
the 94 kev M1 transition may se ae he 
well be retarded. But the calcu- 343 5/2 5/24 
lation did not yield any retard- 
ation due to the fact that initial 
and final levels are like levels, ie., 251 7/2 1/2+ 
Par, (K=) 9/2 and hyp 7/2, 
and we could find no other 
proton orbits with odd parity 
and such large values to produce 14 7/2~, 9/23 
small transition rates. 

The ratios, single proton to 
experimental, of transition pro- : 7/2 7/2+ 
babilities, as listed in Table II, Fig. 4. The level scheme of Lu”. (Hatch, Boehm, Marmier ; 
cannot be obtained for transitions and DuMond, Phys. Rev. 104 (1956), 745.) 


Table IV. The ratios of single proton transition probabilities to experimental ones for 7-rays in Lu!*. 
These ratios are determined up to a common factor. (a) refers to the 7-rays from the 396 kev level, and (b) 


refers to those from the 433 kev level. 


(a) -rays from the 396 kev level. 


Beery | nuepolavey | Sinle prcon samsiion | Foprimeey | Reto 4K 
145 El 1.5< 108 5.9 Dore03 1 
283 El 1 SelOe 61 1:8 105 il 

M2 7.0 108 eZ 5.8107 1 
396 E1 3.0 10!4 80 3.7X10° i 
M2 3.5107 20 1.8107} 1 


ee Et 
(b) y-rays from the 433 kev level. 


? : Single proton transition Experimental * : 
ae Multipolarity crobakaltte in sec} relative intensity sete 4K 
89 2 9.0 x 10° 2 73X10 0) 
M1 20x10" 39 op! 0 
319 M1 8.010 uh 
433 M1 2.3 10 16 1.4.x 108 il 


* Hatch, Boehm, Marmier and DuMond. Phys. Rey. 104 (1956), 745, 
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with unknown half-lives, But these ratios can be determined up to a common factor, 
provided that the branching ratios for these transitions are available. The nuclide Lu’, 
illustrated in Fig. 4, provides examples of these cases, the available data are shown in 
Table IV, In Table IV (a), which refers to transitions with JK=1, the entries differ 
very much for different multipolarities, but if one assumes M2 components to be of the 
order of single proton values, E1 components turn out to be reduced by factors of order 
10°, the factor 10° being compatible with those tabulated in Table Il. This reduction 
and the consequent increase of M2/E1 ratios from single proton values have already been 
discussed by Chase and Wilets”. The assumption that M2 components are of the order 
of single proton values seems to be compatible with the M2 transition from the 425 kev 
level of Tm” (see Fig. 2). 

In Table IV (b), the 433 kev MI transition are compared with the 89 kev 
rotational transition, and it is observed, if one assumes the 89 kev M1 component to be 
of the order of single proton value, the 89 kev E2 component is enhanced by a factor 
about 10°, whereas the 433 kev M1 transition with JK=1 is reduced by a factor about 
10%, 

The authors wish to express their gratitude to Professor K. Husimi for his guidance 
and encouragement. They are indebted to Mr. T. Kammuri for his helpful discussions, 
and also to Mr. M. Kawamura, Saikyo University, for communication of data on multi- 


pole mixing. 
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Dispersion relation for the photoproduction of K-mesons by nucleon are derived both covariantly 
and non-covariantly. It contains the renormalized Born term with inclusion of the magnetic moments 
of baryons. 


$1. Introduction 


One interesting problem involving the K-meson is the determination of its parity. 
Since there seems to be no direct experiment to determine it at present unlike the pion 
case, one must be satisfied with a less incisive type of experiment. 

Fujii and Marshak’? found the magnitude and angular dependence of the cross-section 
for the photoproduction of K-mesons in hydrogen depends rather sensitively on the parity 
of the K-mesons. Their calculation is based on the lowest order perturbation expression. 
with inclusion of the anomalous magnetic moments of the proton and the hyperon, which 
turned out to give considerable effects. 

The purpose of this paper is to extend their calculation by using the dispersion 
relation. Although our derivation of the dispersion relation is not very satisfactory from 
the standpoint of rigor, the result seems to justify the inclusion of the anomalous magnetic 
moments of baryons in the Born term.” The complete amplitude of the process has a 
continuous integral, in addition to the Born term which is renormalized. If no resonance 
phenomena exist in this process, then we might expect small contributions from the 
continuous integral, and thus the Born term alone will be.a good approximation. 

We will discuss this relativistic dispersion relation in section (III). In section (II), 


we first study the application to this problem of Chew and Low’s” static theory. 


§ 2. Static theory of the photo-preduction of K-mesons 


In this section, we consider the static theory. Its relativistic extension will be given 


in the next section. Here, we will show that extension of the Chew and Low” theory 


of photo-pion production is possible and only renormalized quantities appear in the result- 
ing expressions. 
The interaction Hamiltonian with the electromagnetic field is given by 


* Work supported in part by the Atomic Energy Commission, 
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Pier = fry A 


where 


F T Lae 1s 
jaaie{ By IF ry $rt @, G00) 25% bebe? SE 0,60) 


Fe (Q, Oy py G9, ¢;) +e (g, (4) Vu ts (2) ws P (2) im f, (2) ) (2 a 1) 


: = 
where #y and @, are the nucleon and K-meson operators, respectively and y, and ¢, (+) 
are the charge-symmetrical pion and +-hyperon operators, respectively. 

First, consider the process y+ N->A+K. The matrix element for this process is 


given by” 
eG) = (1 Ry. \iAnd’r Ps) (2-2) 


where Yy and &(A+K) are the Heisenberg state vectors of the initial nucleon and the 
final K-meson and A system, respectively, and k and q are the incident photon and the 


final K-meson momenta, respectively. Aj, is defined by 
Me (Tce ee (2-3) 


where & is the polarization vector of the incident photon. 


) 


Now, as in the photo-pion production case,” it is convenient to divide the current 


j into vector, scalar and meson parts. 
I i) =a B Sh Jia: (2 ss 4) 


In the similar way, j,+j, can be defined as independent of any meson variables (so, it 


commutes with those) and by the condition 

(xj Fx) = (FP xr(Qtj) 2x). (2-5) 
Unlike the pion case, j,+j, is not uniquely defined here, because we can choose the 
following arbitrary combination for it. 

Jot j= Pu (at Bes) 1 Gxt ata Gn 

+ € (6, (2) 7. ¢2(2) —$2(2) 4.41 2)) 

+9(G5(2) 1 Pa—Pat $s (2)) (2-6) 
where a, §, 0, € and @ are arbitrary numbers. To fix jy and j, uniquely, we can impose 
additional conditions besides (2-5). How to impose these additional conditions is by no 


means trivial. Actually, if we take the combination arbitrarily, then we find that we 


cannot express the matrix element (2-2) only by means of the renormalized coupling 
constants, 


The scalar part j, which is defined as scalar in the isotopic spin space can be fixed. 
uniquely by imposing the additional condition 


(Pas IP )=F arity SC nhF a) (2-7) 
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where Vy i : : 
a is the true one A-hyperon state. The last identity comes as result of isotopic 


spin selection rule. The reason why (2:5) and (2-7) fix the scalar part j, uniquely 


can be seen from the fact that there are two arbitrary numbers a@ and 0 in (2-6) for 
the scalar part. 


To determine the vector part uniquely, noticing that in the static limit, 


e 


\der And? 


Eee ae the form proportional to (6, 7 X A;,) from the transverse character of the photon 
field,” then we impose the condition 


\i (r)é "dF r=CE(p) (20,)'? VS Fo) (2-8) 
where 
p=kxé. (2-9) 
F, is an unknown function of f°, normalized to 
F,(0) =1 (2-10) 
C is a constant, and 
V® (7) =[Ha» 4p* ) J (2-11) 


where H,, is the interaction Hamiltonian involving pion and d,* (7) is the creation 


operator of 7,-meson. In the static limit, H, is given by 
H,=(6-p) Pal fo? ta Px* at if YF) X $(*))a 
+f Pa* Pa (2) +f2 e* 2) Pa] (2-12) 
where we have assumed that the A and » have the same parity and the K-meson is 
scalar, and where all the f£ and gS are unrenormalized coupling constants. Furthermore, 
dy, $a and (>) are the destruction operators for baryons, evaluated at the origin and 


so Py* dw ot Px* a, etc., here are simply the projection operator for the nucleon or 


operator changing / into Ne etc, 7 Jl be right-hand side of (2-12) must be interpreted 


in this way, although it is rather cumbersome convention. 


In the same way, the K-meson interaction is given by 
Hy =O Tob PEE (2) FIP Gav" Po (2-13) 
+ complex conjugate 
where the same convention is understood. 
So, (2:11) means 
ere RAI (2) $4 262) 


Lif pa* Pog tif day has - (2-14) 
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The condition (2-5) and (2-8) determine j, uniquely. Then, as in the photo-pion 
case, the constant C in (2-8) can be determined by 


3/2 &. 
Ces F» wae (e/2M) (2-14) 
fi D 
where /4, and /4, are the total magnetic moments of proton and neutron, respectively, and 
f;, is the renormalized pion-nucleon conpling constant which is defined by 
1 


(Py VY (1) Fw) = uy* Vy (Mo) tw = Co Ga, Uy* T;(O* p) uy. (2-15) 
ve t p 


In the above expression, uy means the Pauli spinor of the nucleon. Then, the contribu- 


tion from the vector part for (2-2) is given by 


1 


HW (q) = ee ae as (c,/k)?F, (f°) T (a, (p) +N>K(q) +A) (2-16) 


where 
T (%(p) +N>K(q) tA =(ES° A+K)VEP (™) Fw) 


is the transition matrix” of the process indicated in the bracket of the left-hand side, 
namely 7+N—-K+A. The formula (2-16) corresponds to the similar one in the 
photo-pion process” and this simple result is due to our special choice of the condition 
(2-10). Although F,(p*) is unknown, we may put it equal to unity as in the photo- 
pion case. 


Next, we calculate the contribution from the scalar part. 


e 


HP @MSU DP K+), \ dr jdt»). (2-17) 
In the same way as in the photo-pion case,” (2-17) can be estimated and it gives 


(La) je And? rP,) (E,VO*(K) ¥ y) 


HP@=-S}| 


E+E, 
(Fn, VE*(K) Pn) (Fn \ j, And?r Fy) 
rl EEE Spo) 
where 
Vi (K) =[He, 4q* (K)] (2-19) 


and A,*(K) is the creation operator for a K-meson with momentum q. 


The lowest discrete levels, which appear in the summation of the right-hand side are 
n=N, A and %' states, 


Contributions from these can be calculated by using the next relations, 


(F x, inde P y) = (1/2k) ee (¢/2M) F,(p’) ux* io p)uy (2-20) 
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(Tn, |e And? Fs) = (1/2k)” pu, (e/2M) Fy (p)ug* (iotp)ua (2:21) 


with FiQOye=F, (0) a2 
and 
ae ee (K) P x) = (uy* Vs (A, N, K) uy) = Je : (uy* uy) (2: 22) 


(27) 3/2 (2E,) 1/2 


where F, and F, are some unknown functions and /, is the magnetic moment of A- 
hyperons. The derivation of (2-20) and (2-21) is similar to the vector case and we 
used the conditions (2:5) and (2-7). In (2-22), gy defines the renormalized coupling 
constant for g$” and E, is the K-meson energy. 

Actually, n= states in (2-18). does not contribute at all, because of the conser- 
vation of the strangeness quantum number and the isotopic spin selection rule. 


Then, the sum of contributions from n=N, A and » can be written as 


Bo —7_(1/28)"™ (e/2M) Ve (A, N, K) ott (op) F,(p) 
q 


— 1 .9p) Fx(p)Vi* A, N, K)} (2-23) 


where we omitted mass difference between A and N for simplicity, although this is not 
essential. ; 

Similarly to the pion production case, we can investigate the property of H (q) 
as a function of the complex variable z replacing the energy E,, by putting 


V,= (2E,)'? V2 (K); (2-24) 


1 
B,QE,)\" 


Bo —, 


Rox ? 


1 ~_ 
and Hq) eueRC Ee (E,). 
of 


Then, V, and Ri, ate independent of E, and (2-18) gives 


q 
~ Rah | de | = (w) ve G, () | (2-25 
Fix (Z) = Zz T 3 wz o+Z% 


Mx 


eters my and m, are pion and K-meson mass, respectively, and 
G,(w) = (1/21) {An (o +46) —Hy,(w—i)}, 
G,(w) = (1/24) {Hy,(—o+i€) —H,,(—o—i€) We (2-26) 


In the right-hand mide of (2-25), tne region mx7 |w| >m,, is the continuous unphysical 


region From (2-25), we can see that H,, (z) is an analytic function of z and has a 


pole at z=0, and branch lines along the real ‘axis at co>z>m, and —0o<z<m,. 
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Finally, consider the meson current contribution. The method is analogous to the 
scalar case and so we do not bother ourselves in its derivation. It gives the form similar 
to (2-18) with an addition of meson current term. In the same way, by separating the 


contributions from n=WN, A and ' states in the intermediate states, we have 


jw Ad EU) CAG oe 


co wv 5 
HY (q) — RB” > | ( a \ 


Les Ere; 
COR; VP*(K)Y, FeV, Ager aay 
i ; E ue Badah 
where 
m)— ego™ (€-q) og 2) (3 
SEES aye OT le serene A-£3\P) GOP) 
oe War a Up Ny, yy Ve" (N, 245K) 
(<5 )F.0) (4 A, 2, m) |-=2 +s 
(2-28) 


where #45, is an spaces of the magnetic moment for the A— +; and photon 


interaction, and V(N, *,, K) and V(A, %, %) are, the renormalized vertex operators. 
Vv { 2 
If we sum H{" (gq), BS and Bo, we have 


rrr? a5 BO) oe Bo 
Bor hs 
iG, 2 


V, (A, *, %) Vo" (N, 3, K) | 
‘ 2 


qd 


Gre () (Se) [Tew +N->K(q) +A) 


+h 


Le eee ere 5g 14 Bae 
af ~) (so) E, at, N, K)iop-: ; F,(p’) 


— (OP) Ha Fa (P) Va" (Ay Ns K) —i(p) 4 2Fa—2y( PV? (N, 35, KY} 


(4kE,) 1” (27) 372 met (k—q)? 


(1+73). (2-29) 


Furthermore, if we calculate T(z, +N—>K+ dA) by the lowest order perturbation theory 
and put all F;(p°) equal to be unity, we find that (2-29) gives the renormalized pe 
approximation with inclusion of the magnetic moments of the baryons and A—S,— 
interaction, a 

Finally, we comment on the process 7-+N—+>*+K. In this case, the condition 
(2-7) is not convenient. Instead of (2-7), if we impose the condition 
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(Fs, Isls) =C8s, js? s) (2-30) 


where J is the total scalar part of j (so, it contains the meson variables), then we can 
proceed similarly and only the renormalized coupling constants appear in the theory. The 
final result is a little more complicated than (2-29), but in the same way, we can show 
that it contains the renormalized Born approximation with 


inclusion of the magnetic moments of baryons, as before. 


§ 3. Relativistic dispersion relation 


Now, let us consider the covariant calculation of the 
process, in which am incoming proton with momentum k 


collides with a nucleon of the momentum p, creating a K- 


k(r) 
meson and a A-hyperon, whose momenta are q and po, re- ( : 
spectively. 

Apart from a kinematical factor, the S-matrix for this 
process is given by Pee 
$= | dtadty 0 F 5*(p) (Pin @OD) & 
Cay ; 
—~ 9) 3 (x,y) a, ODT Ex) G-1) 


(kq) 
where 


ju = AIC A(y) = (C,—m*) (9). 


The second term of the right-hand side of (3-1) assures the gauge-invariance of S, To 


see covariance of S, we have only to notice that 
- ‘ 1 CAIN ‘ 
8 (49) Liu)» 8 (y) J= ie SE (x) OC). (3-2) 


Now, as usual,” we can replace the causal propagator by the retarded one and, using the 
translation invariance of the theory, we can rewrite (3-1) as follows: 
$= — (20) 10 (pk p—OT (3-3) 
Taifdts e (0 sp) {O60 Lin) 0) I 
= D5 6) (a2), 06) BE WD) G-4) 
(eq 


where 


Q=a-k+b-q (3.cc8) 


and a and 6 are arbitrary numbers satisfying 


atb=1, (3-6) 


From the covariance of the theory, we may put 
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il M,-My MEY 2 
= 2 “ (un (po) Uuy( )) (327) 
(an) aa Ex(p,) ) Ga(p) Uar(p 


where the u are normalized to 
uy (P,) uy (P;) =4r (p2) Ur ( p») =1 


so that U is relativistically invariant. Furthermore, from the gauge-invariance of the 


theory, U can be expanded as” 
U=S1U™ M, (3-8) 


Ee 
i] 
_ 


M,=i7,(7-€) (7-) 

M,=i7s[ (p1-€) (q-®) — (pi) GG) | 

M,=7;1 (7-© (pf: — 7-*) (p1 -&) —iMy(7-&) 7-8) ] 

M,=[(7- ©) (po) — 7k) (po ©) +iMa 7: (7-4) ]7s (3-9) 


where we have assumed that K-meson is pseudoscalar, and U“” in (3-8) is independent 
of 7-matrices. In the case of the scalar K-meson, if we replace all i7, in (3-9) by unity, 
the same formulas given later hold true exactly. The position of 7, in (3-9) must be 
retained, in order to treat the pseudoscalar K-meson case as well as the scalar case at the 
same time. Although we have assumed space-reflection invariance, this is not essential for 
the argument which follows. 

Now, we are in a position to construct the dispersion relation. However, difficulty 
arises from the treatment of the 2nd term of the right-hand side of (3-1). As can be 
seen from (3-3), this term is actually the constant, but we cannot treat it separately 
from the first term in (3-1), because both terms are not separately gauge-invariant. From 
the mathematical view-point, we can take only the first term and construct the dispersion 
relation in the usual way, by separating dispersive and absorptive parts, according to the 


decomposition 
(x) = (1/2) [€@&) +1]. 


Then, we have the dispersion relation, which express the dispersive part in the terms of 
the absorptive part. However, this is contradiction, because the absorptive part is gauge- 
invariant, whereas the dispersive part is not, as can be seen easily. This difficulty may 
be connected with ambiguity of €(x)) at x=0. As was pointed out by Bogolieubov,” 
due to this ambiguity of €(x,) at x=0 and the singular character of the commutator 
in the dispersive part, the dispersive part is ambiguous and may contain an additional 
unknown polynomials with respect to the energy. Thus, we must include some unknown 
gauge-dependent additional term in the dispersion relation and if we add the second term 
of (3-5) to the dispersive part, these gauge-dependent terms may cancell each other. 
Because of this difficulty, we do not aim at a rigorous derivation of the dispersion 
relation here. In addition, the fact that the K-meson mass is larger than the pion mass, 


makes a rigorous treatment more difficult,” because of the appearance of virtual pions. 
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For the sake of gauge-invariance, it seems better to treat the 2nd term of (3.92) 


together with the first, as was marked in the above. To do so, in the second term, 
notice that 


) 


Xo 


O (x) =- 4 (x) 
and integrate partially over x,. Then, we have 


ge \ds e-!2 6 (x,) 9, (x) (3-10) 


where @ and w represent the initial nucleon and the final A states, respectively, and 


ds) =i( Fa (Pd {lial —a), O62) Jet] ia(—0), EP 5, 16 | 


+b | Qui(-a9) +i j(—ax), 0 (63) | P (p,) ). Call) 


Define the absorptive and dispersive parts by 


A, (Q) = {ats eg. (x) 


Deu(Q) == | dt eau) (3-12) 


and so 


T=DiA(Q) 1423(Q)- (3-13) 


Only the first term of the right-hand side of (3-11) contributes to the absorptive part 
as we can see by performing the inverse operation, in which we got (3-10) and (3-11). 
Corresponding to the decomposition (3-12) and (3-13), we can define absorptive 
and dispersive parts for U™ defined by (3:7) and (3-8): 
UM =U +iU®. (3-14) 


. 8 D A 
Now, we assume the invariance of the theory under the weak reflection,” i.e. space-time 


reflection, Then, from (3-11), we get the next identity. 
D£(Q) =Dz5(Q@) # 42 (QEATER) (3-15) 
where @ and w are the reversed states of a and w under the weak reflection, respectively. 


From (3-15), (3-8). .and (3-9), we can show that US and U? are real quantities, 


Thus, from (3-14) we have 

Re UU) == UY? 

Im U“ =U”. (3-16) 
With these preparation, we can undertake the proof of the dispersion relation, 


We define K by 
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Kep,—po=q—k (3-17) 
and take the arbitrary numbers a and 6 introduced in (3-5) and (3-6) as follows : 
1 m° 1 m°* 

Eel ae p= (ee (3-18) 
ae ( =) 2 Cee 
Furthermore, we define 
1 1 9 V2 
p= rtp) — hy (Mat Ms) “K. (3-19) 
Then we have 
Q-K=P-K=0 (3-20) 
‘ 1 : ‘ 
ore ete Ket ye) 2 
Qa — 1 +m) 
p=—— (Me+M,¢) —+_K?—-_1_(M2—M)? (3-21) 
2 4 4K? 
and 
1 > S 3 
FQ ae oP giee) (q+k) ta (M_,?— My’). (3-22) 


In proving the dispersion relation, it is convenient to take the following reference system, 
P,=0 (#=1, 2, 3). (3-23) 


In this reference system, we can put 


KS C20) (3-24) 
then 
1 M?—M 
i | - Vv? 
po=——_|1- Ua MF | oy (3-25) 
V? 
and 
Q@:.V=0 : (3-26) 
1 
Q=— mE (V?+m?)?, 


From the first equation of (3-26), Q is orthogonal to V and so we can fix V and the 
direction of Q. If we put 


Q=E, Q=le (3-27) 


where e is a fixed unit vector, which is orthogonal to V, then from the 2nd equation 
of (3-26) 
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ae Fagus it r 5 ee 
i—|E rae (V?+m?’) | . (3-28) 


Rewriting (3-10) as follows: 
es (E, e) — d's eiExy—id(e*r) Jaw (x) > (3229) 


defining the symmetrization and anti-symmetrization operators, J, and A, by 
SeT(E, e) = (1/2) T(E, e) +TE, —e)] 
A,T(E, e) =41/2A)|T (E,.e) —T(E,, —e) | (3-30) 


we can avoid the double-valuedness of T as a function of E. 


Then, from the causality condition 
Yaw(X)=0 for x >0 (3-31) 


we may use the usual Goldberger method to derive the dispersion relation. Here, instead 
of doing this, we use the analytic property of S.-T and A,-T as function of E on the 
upper half plane, due to the presence of G(x) in (3-29) and the causality condition 
(3-31). This means that U‘” has the same property. If we return to. the general 
reference system and notice that U“ is relativistically invariant, this implies that U“ 
is an analytic function of —P-Q on the upper half-plane for fixed value of K*. More 


conveniently, if we define 
jinals bssileemory=— 4p, +p)s 4=3ED) (3-32) 
U™ is an analytic function of ¥ on the upper half-plane for fixed value of ». There- 


fore, we have the following dispersion relation. 


ao 


yor? ja Im U™ (r’, »,) (3-33) 
7 


yp! —y—i€ 


—o 


The next problem is the separation of the discrete unphysical region in the integral 
(3-33). According to (3-16), ImU™ can be obtained by studying U, or more con- 
veniently A,,, in (3-12). As we mentioned before, only the first term in (3-11) 


contributes to A,,, and so, as in the usual way, 
Ayn = 3 (27) *[ SF n* (px) 90) Fn) (DF * €, jy (0) Fv (pr)) O(R+ pi Pa) 
—SV(F n* (Po) ju (0) en oe) (P,*0 (0) Vw (po ) 0 (k= po+ pn) |. (3 i 34) 


From this, we see that the integral in (3-33) is confined to the following region by 


performing the usual analysis. 
y> Yy=Y,+4 (m,. + 2m My) 


yl —Y¥yl=—Y¥,— 4 (mg? + 2m, My) (3-35) 
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and the discrete points 


y=+Y, 
and y= —y,= —v,—1(M,?—M,”) (3-36) 
where the discrete points y= +, and y=—», come from n=N, A and 2 in G34) 


and the continuous region (3-35) from the other states like n=N-+7 or A+7, etc. 
We can calculate the contributions from these discrete points. For example, consider the 


contribution from n=N in the first term of (3-34). Then, we obtain 
=$(27)*(P n* (p2)4(0) Pin (pitk)) (Pn* (pith) j,) &u% (pd) 
x O((k)o+ (Pio— (Pith)o). (3737) 
Because of 4-momentum conservation and covariance, we may write 


(F * (po) (0) Pv (pitk)) = (F a* (p2) 90) Px (p+9)) 


igo” M,-Mw gi: _ 
— — ( 9 5 n( ia ) (3 -38) 
(on)? E, (fs) Ex(p,4® ) Un (po) 75 Ux ( Pot 


where (J, defines the renormalized coupling constant.” In the same way, from the 


covariance, we may write 
(PF y* CP +k) 2 a oe eu PF y(p,) ) 


el Ex(p sap (p)) Vie +8 {47 + Bali, i7k|buv(pd€, (3-39) 


where A and B are pure constants and, therefore, give the renormalized electric charge 


and anomalous magnetic moments of the nucleon by 


Pee 1+7, Be i Ptah pulang | Sieg 
Gn) Ae (27)? A Epil ji ia: 


From (3-38), (3-39) and (3-40), after summing over the two spin states in the 
intermediate nucleon state, (3-37) can be written finally as 


fetes se M,:-My yan (pe { bepagaye. ui2eu cbtke, 
2 (27)? \Ex( po) Ew (pd 2 (qk) 2 


2 


—2( 2S y+ 22 py) Mg ur pi) 9 (2hp,) (3-41) 


where M, are given by (3-9). Comparing this with (3-7), we can get the following 
contribution for U, from this discrete level n—=N 


sete, @ theses hope has 
gn" fe M,— M,—2 3+ S ») My} 8—»). 
2 5 1 4 5 2 5 p 5 b st O( Py) 
In the same way, we can evaluate the contributions from n=A and n= ' states. 

Summing up these three contributions, we have the following contributions from the 
discrete levels, 
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rs 1 c rn) N 
Ege 2 {ea ++ a 3 Oy 1) <9." Hta-v,(My—My) 904%) t, 


* 
9 ed, 
i eee ae IY a 
A 1/9 


L 
a 


3 : Ube ara Ls a 
UP = —2g,*( < == Ey 2 3 1. )9—%), 


Uy = —7 {go* yO (Y+Y,) +91" Ha_vats9(Y +2) } (3-42) ° 


where g, is the renormalized coupling constant of 2’, N, K interaction and /4,_y, is the 
analog of the magnetic moment for the interaction A—X,—/. 


Thus, the dispersion relation (3-35) becomes 


) (p) (2) 
ye eae ioe 
v,—v—ie v,tytie vo ty+teE 
“ A) ° Vane 
+4 | (were Yi) [dyin v2 ZA, (3-43) 
78 vp! —y—ieE at i 


G 1 
AM =. : ego aa , B=0, CA sess 1% Ux, Mz—Mp) -T5 5 
2 


402 L693" a B®=0, C®=0, 


AP (Es pp TE.) BM SopncP=o 
g*( ; 
A%=0, BO =g* ta, CO=9," Haze (3744) 


The same formulas hold for the scalar K-meson case, if we define M“ by replacing all 


i7, in (3-9) by unity. ; 
We can check that the inhomogeneous terms in the right-hand side of (3-43) give 


exactly the renormalized Born approximation with inclusion of the anomalous magnetic 
moments of N and A as well as Ma—xs. Unlike the dispersion relation in the static 
limit (2-29), the unknown function F;(p*) is not present. 
The region of integration in (3-44) consists of physical and unphysical regions. 
The latter is given by 
1[(M,+m)?—M,?|>» = % in the Ist integral (3-45) 


1[ (My-+m)?—M | >Y S% in the 2nd integral 


and the former is 
>4[(Matm)?— —M,?] in the 1st integral 


ca M,2| in the 2nd integral, (3-46) 
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Actually, (3-46) still contains a kind of unphysical région as in the non-forward scatter- 
ing pion-nucleon dispersion relation, but similarly, analytic continuation may be possible 
if we expand the amplitude into spherical harmonics. The appearance of the non-physical 
region (3-45) is essentially due to the fact that K-meson is heavier than the pion. This 
appearance makes the dispersion relation (3-43) less useful in this case. In the physical 
region (3-46), ImU(»’, »,) in the first integrals and Im U“ (—v’, v,) in the second 
can be expressed in terms of the amplitudes of y+N->K+A and K+N>7+A processes, 


respectively, 
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An integro-differential equation is evolved for the radial distribution function in liquid Het at 
absolute zero assuming a particular form of the ground state wave function, the validity of the super- 
position approximation and a simple relation between the radial distribution function and the wave 
function. For a system of hard-spheres this equation is transformed into an integral equation for the 
Fourier transform of the radial distribution. function which is closely related to the form factor, and 
an approximate solution is obtained under the linear approximation. The calculated form factor is 
compared with the experimental data. 


§ 1. Tnatroduction 


As the wellknown methods for dealing with the liquid states in the classical theory 
there are, on the one hand, the cell method and, on the other hand, the method of an 
integral equation for the distribution functions developed by Kirkwood’ and Born and 
Green.” Both have provided a useful means, for instance, to determine the radial distri- 
bution function, to calculate the equation of state, to study the condensation phenomena, 
etc. Theory of liquid helium along the former line has also been developed by various 
workers.” In particular Matsubara and Matsuda have succeeded in establishing the lattice 
model keeping the essential features of the real phase transition of liquid heliurn which 
could not be explained without a “ liquid-like ” treatment of many Boson system. 

The purpose of this paper is also to attempt a liquid-like description for the many 
Boson system along the latter line, as a generalization of the method of an integral 
equation in the classical theory. For the present, we shall confine ourselves to liquid He’ 
at absolute zero, that is, the ground state of the Bose system. 

It may be appropriate here to describe the motivation underlying such an attempt. 
To facilitate understanding, let us consider a system of hard-spheres as a typical model 
of liquid helium. At low densities, quantum mechanical or quantum statistical treatment 


carried out in a systematic way with the help of the pseudopotential 


of the system can be 
6 


method” or of the binary collision expansion method. crea 
lute system and a formal application to the actual liquid 


However such a systematic treat- 


ment is confined only to a di 
helium leads to the disagreements w 


consistency of the theory in some respects. : 
(a) the gas-like behaviour of the /line as was pointed out by Matsubara and Matsuda, 


(b) the monotonic functional form of the form factor which is contrary to the observed 


ith the experimental facts or to the lack of the self- 


For instance, we may cite the following points : 
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oscillatory one, (c) the serious discrepancy of the sound velocity when calculated in the 
first and in the second approximations (~130 m/sec in the first, ~320 m/sec in 
the second), (d) the occurrence of the ferromagnetism of liquid He*® when applied to 
the Fermi system. In order to clarify these points, it would be necessary either to refine 
above methods so as to be applied to the condensed system or to take another way. 
One of the corresponding ways in the classical theory is a method of an integral equation, 
and it may not be unnatural to expect that an analogous method in the quantum theory 
should yield a satisfactory description for the liquid states. 

Of course we shall be encountered with much more difficulties in the quantum theory 
in the course of the practical applications. One of them is that we have not enough 
knowledge about the behaviours of the ground state wave function and hence about the 
characteristic nature of the probability distribution of particles in the configurational space, 
in contrary to the classical theory where it is characterized by the Boltzmann distribution. 
However, from a view-point of the generalization of the classical theory, it may be useful 
to assume that the similar dependence of the probability distribution holds also in the 
quantum theory. This implies that the ground state wave function is assumed to be a 
product of functions of atomic pairs, which we shall hereafter call a “‘ pair approximation ”’. 
It is noted that the same wave function has already been worked out by various authors,” 

It is easy to see that the pair approximation is in a certain sense a generalization of 
the Hartree approximation, for if the functicn of atomic pairs is a product of one-body 
functions the former is reduced to the latter. An optimum wave function consistent with 
the pair approximation will be determined by a variational procedure and one may expect 
that the two-body distribution function will be determined by the self-consistent two-body 
potential function which is in turn characterized by the two-body distribution itself, just 
as the one-body distribution is determined by the self-consistent potential field in the 
Hartree approximation. In contrast to the Hartree one, pair approximation can take 
account of the atomic correlation in the system which is neglected in the former. 

In § 2 we shall show that the procedure mentioned above is in fact possible and 
gives an integro-differential equation for the radial distribution function under the super- 
position approximation and under the further simplifications. In § 3 this equation will be 
transformed into a more convenient form for a system of hard-spheres and the general 
nature of the solution will be discussed. In § 4 an approximate solution for the form 
factor will be obtained and compared with the experimental data. 

Throughout this paper we shall engage mainly in the form factor which is directly 
obtained from the X-ray scattering experiments and is defined by 


S@=1+p| (9(R) —1) dv (1- 1a) 


fo 


=1+42| (9 (R) —1) R=ABAR dR (1-16) 


where 7(R) is the radial distribution function and ¢ is the average density. The investi- 


gation of the S(k) is interesting from the theoretical point of view, for it plays an 
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important role in the determination of the excitation energy spectrum in liquid He’ as 
has been pointed out by Bil” and by Feynman.” 


§ 2. An integro-differential equation for the radial 
distribution function 


Let us consider an assembly of N interacting Bose particles in a box of volume V. 


The Hamiltonian for this system is written 
H= — 3} (6'/2m)P2+ SVG, i) (2-1) 
é t< 


where V (i, j) is the potential of the force between i-th and j-th particles. 

In accordance with the statements mentioned in § 1, we assume that the ground state 
wave function / is a product of functions including coordinates of two particles. Since 
is everywhere real and positive and is symmetric for interchange of particles, Y will 


be written as 
Y =exp{ (1/2) vate fr. (2-2) 
j 


We assume that u(i,.j) is real and depends only on the distance between two particles 
and vanishes at large separations. The best choices for the function u(i, j) are obtained 
by an optimum variation calculation with the trial function (2-2). We shall first compute 


the expectation value of the kinetic energy 
(K.E.) = (#/2m) [sre ro de| |e eds 
a 


where the integral dz is over all configurations of all particles. Substitution of eq. (2-2) 


in this expression gives 
(K. E.) = (62/8m) ee 9) -Pipa(t, 2)do,den (2-3a) 
with the help of the equation 
V po, 2) = 0, 2) P01, 2) + \esQ 2, 3)V,u(1, 3) dvs, (2-4) 


where /’, and //, are, respectively, distribution functions for sets of two and three particles 


defined by 
(1, 2) =N(N=1) [Pedey-den] | wwde, ES 


m(1, 2, 3) =N(N-1) (N—2) ePdoy--dvy) |wede. (2 5b) 


We write 
pels 2) = 0" 941, 2) =? 9 (Ris) 


where Rj» is the distance between the particles 1 and 2, and g(R) is the radial distribution 
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function which is defined as the ratio of the local density at a distance R from an arbitrary 
particle to the average density. If we introduce the superposition approximation in which 


the °, is related to /, itself in the following manner 


vp, Doge p) =p,(1, 2) (2, 3) P23, es (2-6) 


! 
eq. (2-4) enables us to express the V,u(1, 2) in terms of (1, 2) or g(1, 2) by an 


iteration procedure and the substitution of the resulting equation in eq. (2-3a) leads to 
(K, E.) = (b ("/8m) \ (Pig (1; 2))?/g C1, 2)drjdtyt+ (7/8m) D>) (— 1)" p" 


n+l 
x | rg, 2) Fig, a+2)}g (n+l, 0+2) IT ig, ) 9G-1, i) }dv,dUy:--dUnss. 
(2-3b) 


On the other hand the expectation value of the potential energy is given always in 


terms of g(R) as follows 
CVG ()) = (/2) \\7a, 2) J (Ry) dv, dv. (2-7) 
iG 


Hence the expectation value of the Hamiltonian, (H), can be expressed as a functional 
of g(R) and the solution of Euler’s equation which makes the (H) stationary should 
yield an approximation to g(R) consistent with the pair approximation and the super- 
position approximation. Hereafter, however, we shall introduce an approximation in which 
the higher order terms except n=1 are neglected in eq. (2-3b). In other words, we 


assume 
Vu(1, 2) =",9(1, 2)/9 (1, 2) —»\9e, 3)V 91, 3)dy, (2-8) 


which corresponds to the first term of the power series expansion of /,u(1, 2) in terms 
of the density. This simplification involves, however, some difficulties associated with the 
normalization of the radial distribution function which will be referred to in § 4. 


Under the approximation just mentioned we have an equation for the (H) from 


eqs. (2:3b) and (2-7) 
(H) = (BV (5 /2m) | {(dg/dR)*/g} ReAR+20V 8 | VCR) 9 (R) REAR 


a (B° 0° /8m) | Wg, \2) WV gtd} 3)}9(2, 3)dv,dv,dvs. (2-9) 


Employing the bipolar coordinates in the third term, we obtain Euler’s equation for 
g(R) which makes eq. (2-9) stationary, 


2h? 1 d? a 3Ron C R+s 
2 = (RG a peat Bil ’ ' lee 
a ae Oe ae ae Jehed'd (5) 9 () (@P—R) <0. 


(2-10a) 
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The third term of this equation corresponds to the self-consistent field in the Hartree 
approximation and represents the effects of the presence of the particles other than two 
under consideration on the radial distribution for the pair. 


This “self-consistent ”’ potential 
is transformed as follows, 


co Rts 


| 4s dtg'(s) 9g’ (t) (P +f—R’) = \7@ g(R+s) (28°—R°)ds. 


. 
0 |R=s| —o 


Here the integration with respect to s or ¢ is performed on the left side noting that the 
region of the integration and the integrand are symmetric in s and ¢. Further we extended 
the definition of g(R) to the entire real axis by the requirement g(—R) =9(R). Eq. 
(2-10a) therefore becomes 


Dil = = Ty 
= =f (RVG) —2V (R)R+ | 7 g(R+9) (2°—R®)ds=0. 
m Vg dR 2ie aie 


ae 
(2-10b) 

This is an integro-differential equation for the radial distribution function which is to be 
solved under the boundary conditions that g(R) approaches 1 for large R and is finite 
at R=0. The solution may be obtained by using a method of successive approximation 
for an appropriate potential function, for example, one of the Lennard-Jones type. Here, 
however, instead of solving this equation directly, we shall transform it into a more 
convenient form to deal with under the further approximation for a system of hard- 
spheres, anticipating that the attractive forces play a secondary role in determining the 


radial distribution. 
§3. An integral equation for the Fourier transform 
for a system of hard-spheres 


In a system composed of hard-spheres of diameter a, the radial distribution function 


has the property 
g(R)=0, |R\ <a 


and the potential of force V(R) vanishes for |R| >a. Denoting the reduced distance 
R/a by x, we obtain the equation for g(x) 


g(x) =0, [x/<1 (3- 1a) 


Bae d= e/g eee e Uae  e lea (3-1b) 
vig ax’ 2 


where U(x) is defined in the following manner, 


U(x) = | gy! («) g(«+e) (20° —x*) do, (3-2) 
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The form of the integrand on the right side can be simplified, if we introduce a new 
function y(x) defined by 
g(x) =1+ ¢(x)/x. (3°35) 


The substitution of this equation in eq. (3-2) leads to 


U() =2| oo) ¢ +a) do (3-4) 


—o 


where we have used the partial integration noting that g(x) is an antisymmetric function 
Obsx. 


It is convenient to split g(x) into two parts g,(x) and ¢,(x), 


g(x) =9, (x) +9, (*) (3°35) 
where 


g(x) =—x, eo 9, (x) =0, |x|<1. 


From eqs. (3-la), (3-1b), (3-3) and (3-5) the equation for y,(x) becomes 
Cin eaOme [axis (3 - 6a) 
(d?/dx*) @, (x) + Bema /2) U(x) =0, |x| >1. (3 - 6b) 
In deriving eq. (3-6b), we have expanded g(x) in the first term in eq. (3-1b) in 
Bree of y,/x and retained only the lowest term, assuming that ¢,/x is small compared 


. The form of U(x) expressed in terms of ¢(x), which is the convolution of g’ (x) 
with g(x), suggests the use of the method of Fourier transforms. Hence we introduce 


f(k) defined by j 
f(® = (i/27) \ p(x) e ™*dx= (1/2) | ¢ (x) sinkx dx, 
ets) =i | F® tedk=2 | f(b sinkx dk, (3-7) 


0 


= 


sb the corresponding equations for %,(x) and 9, (x), respectively. From eq. (3-5) it 
ollows 


FE) =fol®) +f (3-8) 


where 
fhe] GPO cosk—sink) /k°. (3-9) 


This corresponds to the step function if we return to the g(x). Expressed in terms of 


f(r), the form factor function becomes, with the help of eq. (1-1b), 
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S(k) =1 +47? 0a* f(k) /k (3-10) 
if the scale of k is measured in units of 1/a. 


Substitution of eq. (3:7) in eq. (3-4) leads to an equation for U(x) 


Oy ear \ kgr(k) dk. (3-11) 
Now the integro-differential equation for 9,(x), eq. (3-6b), together with the 
auxiliary condition, eq. (3-6a), is shown to be united in a single integral equation for 
F(R) : 
f(b + 6ntpad LO. bee { RARE ete) 
k 18 k’ k—k’ 


—-o 


If we multiply this equation by exp (ikx) and integrate over k, with the help of the 
following equation, . 


| coskx sink 


; de=a,) fixie 1 


a (3-13) 
== () eee 

and of eq. (3-11), the right side vanishes for |x| >1 and differentiation of the left side 
twice with respect to x immediately leads to eq. (3° 6b) , while for |x| <1, the second term 
on the left is cancelled by the right and so the first term on the left should vanish, which 
is nothing but eq. (3-6a). Thus in our approximations, the form factor of a system of 
hard-spheres is obtained as soon as the solution of the integral equation (3-12) is found, 
We mention some general nature of the solution of eq. (3-12) before attempting to solve 
this equation. 

We introduce a parameter J and a function h(k), defined in the following manner 


A= 12p7a*, G3 : 14) 
T Pepe sme -k) 
al ‘ op deb. (3-15) 


Using these equations and solving the quadratic eq. (3-12) by formula, we have 


Oe el sae A (3-16) 


Of the two signs of the square véot we choose the one for which f(r) approaches zero 


as k becomes very large. 
Now consider the Fourier transform of h(k) : 


seis joe sink dk. (3-17) 
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It is easily proved that v(x) vanishes for |x|>1 with the help of eq. (3-13), and 
therefore we have inversely 

1 1 

h(k) = Jew sinkt dt= (1/2) ao sinkt dt, (3-18) 

0 —1 
noting that v(t) is an antisymmetric function of t. From eqs. (3-16) and (3-18) it 
follows that f(k) is determined by the function v(x), that is, the solution of the integral 
equation (3-12) is characterized by an appropriate function u(x) which is different from 
zero only on the interval |x|< 1. The function v(x) is also related to f(k) directly as 


u(x) =in| i O sinkx dk (3-19) 
which is easily proved with the use of eqs. (3-13), (3-15) and (3-17). 
Finally we have an equation for the form factor with the help of eqs. (3-9), (3° 
10), (3716) eand" G-18), 


S(k) =1— (1/3) {V¥1—2/G (k) +4H(k) —1}, (3-20) 
where 
G(k) = (k cosk—sink) /k° (3-21) 
and 
H(k) = je (t) (sinke/k) dt. (3-22) 


§ 4. Linear integral equation for v(x) and its approximate solution 


We have shown in § 3 that the determination of the S(k) is carried out by finding 
the function v(x) which is zero outside the interval |x|<1. It is easier to deal with 
the v(x) than with the integral equation (3-12) itself, since the v(x) is defined only 
on the finite interval. Elimination of 4(k) and f(k) from eqs. (3-16), (3-18) and 
(3-19) leads to an integral equation for v(x) which is of non-linear type and is not 
easily solved, Therefore we introduce the linear approximation in which f,? is neglected 
compared with f,” and f,f,, assuming that the y(x) does not considerably differ from the 
step function. Under this approximation we have 


FP CR) /R= {fo (RDB (R) — af" (R) } / (Ar? fy (&) — th} (441) 
from eqs. (3-12) and (3-15). Substitution of this equation in eq. (3-19) leads to a 
linear integral equation for v(x), using eqs. (3-7), (3-9) and (3-21): 


1 


v3) x4 Ki (a) + |KO) v(pde (4-2) 


where 
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K(x) =—- 


A { G(R) cos kx 


opel Seow a 


Eq. (4-2) is quite similar to the integral equation derived by Kirkwood and Boggs’ for 
the radial distribution function of a fluid of hard-spheres in the classical statistical mechanics. 
The kernel of the integral equation, K(x), is identical with theirs, the only differences 
being the appearance of 2K’(x)/4 in the inhomogeneous part and the parity of the un- 
known function, i.e., symmetric in their case, while antisymmetric in our case with 
respect to x. Such differences, however, do not prevent us from solving the equation 
along the line conjectured by Kirkwood and Boggs. 

The function K(x) defined by eq. (4-3) is evaluated by means of the theory of 


residues to give for |x|< 2 


K@)= 22 | 15 + 64 “| is @ + kn) cosh z,,X pea (aan, 
4(A4+3) L15+54 maid -z,2 FL(Z,) 
where 
F(z) =1+—< (gcoshg—sinhz). (4-5) 
Zz 


The sums in the Cauchy series of eq. (4:4) extend over all zeroes with the real 
part positive, of the function F(z). The ordering of the zeroes is so chosen that the 
conjugate pairs are ordered according to increasing real parts. Introducing eq. (4-4) into 


eq. (4-2), we have rigorously 


u(x) —— - Z et ers ee e °n iui 6 
n=1 Ge whe (Zn) D (/ + 3) 
Sey Cl Ae Zq) SID Zn Xo ee 
Ee e *2M, 4-6 
2 ee LG. kb6) 
where 
1 1 
M,=|e()ede and Ma= je SNA ee (4-7) 
=f —1 


This is an implicit form of the solution of the integral equation (4-2), and the coefhicients 
M,, should be determined self-consistently, solving an infinite set of simultaneous equations 


in which the unknowns are the Noe n=00 1,2, *,. thus 


Se id Mie te (4-8) 


where the 7’s and A’s are known functions of 4 and Z,. 

Now, if we consider the approximate kernel with higher order terms except n=1, 2 
neglected, the sums in eq. (4-6) become finite and the set (4-8) is reduced to one of 
M,, M, and M,. We have solved this finite set of 


three equations in three unknowns, 


linear equations for J=10, 15 and 20, In order to carry out the computations it is 
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Table I. Zeroes of F(z), y=a,+i8;, and D(A) 


10 { 1:93 5.40 118 


1) 1.48 5,53 | 20.2 
20 1.15 5.62 29.9 


necessary to find explicitly the first zeroes of F(z). The real and imaginary parts of the 
first pairs are shown in Table I, where we have slightly corrected the values given by 


Kirkwood and Boggs. 


A value which is to be assigned to the single parameter 4 can be obtained through 


ae : ig Bre" . 10) 
the normalization condition for the radial distribution function. It has been shown that 


$(0) =1+ | (g(R) —1)dv=kT xp (4-9) 


holds where « is the compressibility, k Boltzmann’s constant and T the temperature. From 
this relation it follows that 5(0) should vanish at absolute zero and the condition S(0) =0 
leads to 


D(A) = (24/3) + (AM,(A) /2) =15 (4-10) 


with the help of eqs. (3-20), (3:21), (3-22) and (4-7). In Table I, we have 
tabulated the values of D(A). From this table we see that the value of 4 which satisfies 
eq. (4-10) lies intermediate between 10 and 15. The determination of / is carried out 
by making use of the standard interpolation formula for M,(/) in eq. (4-10) and this 
leads to A=12.0. This value of / corresponds to a=2.44A, if in eq. (3-14) the molar 
volume of the liquid state 27.6 cm’/mole and Avogadro’s number 6.02 X 10%*/mole are 
introduced. Experimentally the value of a is obtained by analyzing the X-ray scattering 
diagrams, and by determining the distance at which the radial distribution function vanishes. 
According to Goldstein and Reekie'” this procedure yields about 2.4A for the diameter 
which is very close to the theoretically calculated one. 

All numerical values which are necessary to compute v(x) explicitly are obtained by 
means of the interpolation from the values for 4=10, 15 and 20. Thus we have for 
A= nO 


v(x) =2.19x-+0.200 sinh 1.74 x cos5.46x+0.266 cosh 1.74x sin5.46x. (4-11) 


The form factor computed from eqs. (3-20), (3-21), (3: 22) and. (4-11) with A4=12.0 
and a=2.44A, is presented in Fig. 1, where for comparison the experimental data obtained 
at T=2.06°K are shown.'” The finite value of the experimentally observed form factor at 


k=0 is due to the finite temperature at which the experiment is performed, as is seen 


from eq. (4:9), and ought to approach zero as the temperature is lowered. The form 


of the form factor for k values larger than 0.9 or 1.0 eke does not show any easily 


detectable variation over a relatively wide temperature range. 
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We see from Fig. 1 that the 
curve A shows the deviations from 
the B towards the rightward direc- 
tion, which are probably due to the 
neglection of the attractive forces 
in our theory, yet it seems that 4 
has the characteristic form of the 
form factor in actual liquid helium. ie 

In closing this section, we 
mention some remarks concerning 
the normalization condition for the 1.0 
radial distribution function. The 
g(R) which is subject to eq. (2-8) 
does not necessarily satisfy the 
relation §(0)=0O for an arbitrary 
value of A, and therefore our as- 0.5 
sumption, eq. (2-8), relating the 
u(R) to the g(R), turns out to be 
inconsistent with the normalization 
condition, The determination of / 


we have performed may partly re- 


move this inconsistency and a fairly 
good coincidence between the theore- 
Fig. 1. Theoretical and experimental form factor. Curve 
A theoretical. Curve B from Goldstein and Reekie! at 
diameters of the hard-spheres seems T=2.06°K: 


tical and experimental values of the 


to indicate that this inconsistency 
does not produce a serious effect on 
the determination of the form 


factor. 


§ 5. Conclusions 


According to Feynman,” the behaviour of the S(k) for small k values is related 
to the phonon excitations in liquid helium and is given by S(k) =bk/2mc where c is the 
sound velocity. On the other hand, in our theory, the S(k) is proportional to k° at 
small k, as is seen from eqs. (3-20), (3-21) and (3-22). The origin of the discrepancy 
lies also in our crudest approximation, (2-8), and it is necessary to employ a more refined 


approximation in relating the u(R) to the J (R). In the next paper we shall undertake 


such a refinement and present a detailed calculation of the form factor, including the 


attractive forces besides the hard core repulsion, and of the cohesive energy based on our 


approximations. 
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On the Propagation of the Hydromagnetic Waves in 
Compressible Ionized Fluid 
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A mathematical treatment of the wave propagation due to the coupled motion of hydrodynamic 
flow and magnetic field is given on the basis of the method of characteristics. 

Two simplifying assumptions are introduced: first the conductivity of the medium is infinite, and 
second, the effect of the electric displacement current may be neglected. 

Special consideration is given to the occurrence of shock waves in unidimensional motion. 


§ 1. Introduction 


Some aspects of the hydromagnetic behavior of compressible ionized fluids have been 
mathematically studied by several authors.” The basic equations of motion, however, 
are non-linear and highly intractable from the view-point of obtaining analytical solutions, 
and the characteristic features of solutions of these equations have been little known. On 
the other hand, in problems involving the aerodynamic flow of compressible fluids, we 
have encountered many peculiar phenomena essentially connected with the non-linearity of 
the underlying equations, among which the occurrence of shock fronts is the most con- 
spicuous. Hence, in the magneto-hydrodynamics of compressible fluid, we may analogously 
expect that there exist similar phenomena which cannot be explained by linear approxi- 
mation. In fact, hydromagnetic shock waves can occur as was analyzed by de Hoffman and 
Teller.” In their calculations, however, it was not clarified how shock discontinuities may 
e of propagation, and the mechanism of occurrence of shock fronts is 


arise in the cours 
not obvious. Discussions of this paper are mainly concerned with this problem, in which 
the non-linearity of the basic equations plays a decisive role. 

In the following discussions, we assume that the electrical conductivity is infinite and 
the displacement current can be neglected. At the same time, some assumption must be 
g the thermal conditions in the gas, and it is convenient to adopt the 
Under these assumptions, the equations 


made concernin 


usual postulate of isentropic conditions in the gas. 


of motion of an ionized fluid yield a set of simultaneous first order partial differential 


equations for the magnetic field strength H, the velocity of fluid », and the density /. 


In section 2 below, the general propagation characters of this field are investigated. In 


lutions for unidimensional flow problems are discussed on the basis of 


section 3, the so 
it is then described how shock waves of matter and magnetic 


the method of characteristics, 
field occur under continuous initial conditions. 
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§2. The characteristics of the basic equations 


Under the assumptions made in section 1, the basic equations of motion can be 
given by the following set of simultaneous partial differential equations” for v, H and 


? 5 


curl|v H|—9H/dt=0, (2-1a) 
Ov/dt-+ (w grad) v + (,/0) | H curl H |= — (grad p) //, (2-1b) 
d0/dt+div (pv) =0, (2-1c) 


in which /4, is the permeability divided by 47. 
The equation for the characteristic surface of (2-1), ¢(x, y, z, t)=0, reduces to 


(grad 9) ?—2A? + (,/0) ¢ CH grad g)*=0, (2-2) 
A= +) Ho (H- grad y),* (2-2)’ 
? 


in which c, is the sound velocity defined by ¥ p'()), A is given by 


A=9,+0 grad ¢, 


and @ is the sum of c, and the square of the Alfvén velocity c,= vv (4,/~)\H, i. e. 
C=c,+c¢,. The latter equation (2-2)’ indicates that there always exists a wave whose 
propagation velocity relative to fluid is equal to the Alfvén velocity. The equation (2-2) 


can be solved with respect to @,, then it yields the following four equations : 
¢,+v grado 
+ (1/2) ~ (grad 9)? {2 + [A — 4 (4/0) ¢,? (H grad ¢)?/ (grad g)?]'?}'P=0. 
(2-3) 
The left-hand sides of (2-3) are always real, hence the original equations can represent 
the propagation of waves for any value of H, v and ». As the equations (2-3) are of 


Hamilton-Jocobi type, the trajectories of the characteristic rays are equivalent to the paths 
of particles whose Hamiltonians are given by 


I =v- p+ (1/2) V pe + [e—4 (M6/ 0) 68 (H- p)?/p ]}”. (2-4) 


In the above Hamiltonians of the particles, p is the momentum and v, H and y should 
be considered as the external fields acting on them. The paths of the particles or the 


trajectories of the characteristic rays can, of course, be given as the solutions of the 
canonical equations of motion : 


dx,/dt=0H6 /Op,, dp,/dt= —OI6 /Ox,. (2:5) 


We cannot perform the integration of (2-5) unless the solutions of the original equations 
(2-1) are known. Even if the solutions of (2-1) could be obtained, it seems to be 


* Besides these characteristic relations (2-2) and (2-2)’, we have the relation g,=0. 
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quite difficult to obtain the analytical solutions of (2-5). 

. It SE however, be assumed that there are many cases in which the Alfvén velocity 
is exceedingly small compared with the sound velocity ; then the Hamiltonians (2:4) can 
be simplified and reduce to 


Ht ~v- pte {1+ (1/2) (ca/cs) 272} V Ps (2-6) 
H- =v- p+ V p,/pH-p, (2>7)) 
in which only the first order terms with respect to (c,/c,)? are retained ; 7° is defined by 
@=1— {(p-H)/|p|-|HI}’. (2-8) 
The Hamiltonians 6* yield the canonical equations : 
dx/dt~ 0+ (c/~ P*) [p+ (a/c)?{(1— 77/2) p— (p-H) H/H"}]. (2-9) 


For the magnitude of the velocity relative to v, we have 


(dx/dt—w)? = c7 (1+ (a/c)? ¥)- (2-10) 
From (2-7) we have also 
dx/dt=v+V »,/pH, (2-11) 
or 
(dx/dt—v)?=c,’. (2-12) 


Let @ be the angle between the directions of p and H, then, the definition (2-8) 
reduces to 
f= Sines 

hence the relations (2-9) and 
(2-10) indicate that the pro- 
pagation velocity v’ relative to 

the fluid velocity v is maxmum 

in its magnitude equal to Cs 
Vc2+c? if p and H are 


perpendicular to each other or 
v’ 
WAX 


v’ is normal to H, and mini- 
mum, c,, if p and H, or v’ si 
and H are parallel (or anti- 
parallel). The relations (2- 
11) and (2-12) show that v’ is parallel (or antiparallel) to H and its magnitude is 
equal to the Alfven velocity, ¢.. If the Alfvén velocity is, contrary to the above 
assumption, much greater than the sound velocity, we have another limitting case, in 
which the characteristic equations yield the following results: |v’| is minimum, equal 
, if v’ is parallel or (antiparallel) to H, and maximum, equal to ¢ in the direction 
these propagation velocities, we have also the velocity whose 
and whose direction is parallel (or anti- 


Fig. 2-1 The propagation velocity v’ relative to Vv (cs>Ca)- 


to Cc, 
normal to H; besides 
magnitude is equal to the sound velocity ¢; 


parallel) to H. 
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Ca 


Fig. 2-2 The propagation velocity v’ relative tov (c;<cq). 


In both cases, the magnetic field acts to increase the propagation velocity in the 


direction normal to itself. 


§ 3. One-dimensional propagation 


In problems of purely one-dimensional flow in the current hydrodynamical sense, one 
cannot find any coupling between electromagnetic field and hydrodynamical flow ; therefore, 
it seems to be rather trivial to discuss those problems on the magneto-hydrodynamical 
view-point. The simplest, but nontrivial case to be solved may be the flow problems in 
which all quantities depend only on z and ¢ and there does not exist any degree of 
freedom of motion in x-direction. (In y direction, therefore, field and flow are constant.) 
Under these restrictions, it can easily be seen that the z component of magnetic field, 
H., does not change in the course of time; hence, as for the magnetic field in the z- 
direction it is sufficient to take account of only the external one. 

In the following discussions, we assume, for simplicity, that in zdirection there does 


not exist external magnetic field. We have then, instead of (2-1 a-c), the following 
equations : 


(-Ov/8t+ v-Ov/Az+ p!-30/Az+p,b-db/az=0, (3-1) 
h-du/Az+v-0h/dz+dh/dt=0, (3-2) 
(0: 0v/8z+00/dt+47-00/dz=0, (3-3) 
dv, /Ot+v-dv,/dz=0, A) 


in which we denote the z component of the fluid velocity and the y component of the 
magnetic field as 7 and h, instead of v, and H,, respectively. As is obviously seen from 
(3-4), the y component of the velocity 7, can be determined by v; hence we try to 
solve the equations (3-1), (3-2) and (3-3) first. 

Multiplying (3-1), (3-2) and (3-3) by 4,, 4, and 4, respectively and denoting 
the line element of characteristics as do, we can transform (3-1), (3-2) and (3-3) 
into the following characteristic form :” 
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0 (Zo— Vtg) 4; —htg4y— ptgAg=0, (Gavew) 
= C2 tg 4, + (Zo — Vt.) 44=0, (3-7-2) 
bab toda (Zavty)ito=0.; (37-3) 
PUG 4, +h Ag+ 05 4,=0, (32774) 


(q+ cg Po Mob hg) A, += (b0g + Ub5) p+ (00+ Pc) 4,=0. Ge7 >) 

From (3-7-1), (3-7-2) and (3-7-3),* we have 

dz/dt=v+z, (3 - 8a) 
and 

dz/dt=v. (3 - 8b) 
If z,—vt,#0, from (3-7-2), (3-7-3) and (3-7-4) we obtain 

Pe [ho 0 Ps ee Us— 0. (3-9) 
If 25=vt2—0; from: (3-7-1), (3#7-2) and) (3-74), we» have 

hog — (ho =0, 
or 

p/h=const. (3-10) 
Denoting the characteristics and their line elements given by (3-8a) and (3-8b) as C* 
and C° and da, df and dz respectively, we can compendiously write the above relations 


as follows : 


Pt: 62 Ppt py bhet ptV.=0 


along C*: dz/dt=v+e, (3-9a) 
D>: cppt+ pobhs—ptu=0 
along C~: dz/dt=v—t, (3 -9b) 
Fa ph P 


along C°: dz/dt=v. 
(3-10) 


The integral (3-10) indicates that 
the ratio between the density ~ and 
the magnetic field h is constant along 
each particle path or the magnetic 
field is frozen into the material.” 


Very often we encounter the 


(I) 
‘p/h=const. 


ane $ 


problems involving the region through- Fig. 3:1 The region of semi-simple wave. 


* These equations can, of course, be derived directly from the general expression (2-6). 
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out which ¢/h is constant. For instance, if a region (II) is adjacent to a eee of 
¢ and h, (1), each particle path issuing out of (1) and invading (II) carries a 
constant value of (/h determined in (I). Hence, in the region (II) bounded by the 
C+-characteristics AC and the particle path AP (c. f. Fig. 3-1), p/h is constant everywhere. 
Solutions or flows of this type will be called “ Semi-Simple Waves ” (The existence of 


constant 


solutions of this type can be seen directly from the equations (3-2) and (3-3)). ie 
regions of semi-simple waves, the equations (3-9) can easily be integrated. Putting 


h=xp (« is a constant) we have 


v+l(”) =7@), (3-11) 
y—l(p) =s(a), (3-12) 
in which [(7) is defined by 
Lr) = | de, (3-13) 
and the Alfvén velocity, c,, reduces to Vy,ok. Therefore, in regions of semi-simple 


waves, problems of the hydromagnetic flow reduce to ordinary hydrodynamic flow problems 
where sound velocity is replaced by (p'+ ye? p)'?. Accordingly, in the former as well 
as in the latter, one can find regions of “simple waves”? in which r(%) or s(@) is 
constant, It should, however, be noted that in the ordinary hydrcdynamics, the simple 
wave region, e.g. in Fig. 3-1, is to be bounded by the C* characteristics AC and AC’, 
if the region (I) is a constant state; but in the magnetohydrodynamics the region of 
simple wave in Fig. 3-1 is equal to that of the semi-simple wave circumscribed by C* 
characteristics and “the particle path’’. In regions of simple waves we can prove that 
the propagation velocity dz/dt increases as the particle velocity v increases. The proof 
can be performed in the same way as in the hydrodynamics, provided that p,,>0.? It 
results consequently that in the forward facing simple waves the density / increases as the 
particle velocity 1 increases, and in the backward facing simple waves the density ”” decreases 
as v increases. Hence we can conclude that dynamical behaviours of ionized fluid are the 
same as those of ordinary fluid whose sound velocity is given by ¢, so far as the com- 
pression and the rarefaction in semi-simple wave regions are concerned, 

This conclusion leads obviously to the occurrence of discontinuity surfaces of magnetic 
field strength, which are frozen in hydrodynamical shock waves. 

We illustrate the above situation in the following simple example. Let us consider 


the following initial conditions at t=0: y and h are everywhere constant, equal to ; 


Vo 
and /, respectively, the initial velocity of fluid v,(z) is given by 
= 0 for Seeeidty (310) 
== 2)) ThOr, «2 ae 


U = 


where «(z) is a monotonously decreasing function and non-negative for z<a, and Uy (Z) 


is smooth as a whole. We hereafter restrict the solution within the region of positive 


z. The above conditions say that the fluid of a constant density ~, has been at rest 
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») 
b = rae 
\e a : 
4c 


t cag 
9 


Ct 


Fig. 3:2 The region of simple wave. 


under the existence of a constant magnetic field 4, in y direction, and at t=O it is 
suddenly compressed to the positive z direction. The region D, defined by OR 7< co, 


0 <¢+<t, with an appropriate time ¢,, is obviously of semi-simple waves, and throughout 


this region it holds b/p=h,//,=« (=constant). 

By the C* characteristics AC, AC’ issuing out of A(0, a) the region D may be 
divided into three regions, (I), (II) and (III) (c.f. Fig. 3-2). 

The region (I) is of constant state and there we have v=0, /=(,. ([() is simply 
denoted as /,). The region (II) is of simple wave and throughout this region holds 


v—I(o) =—1,; 
the C* characteristics become straight lines given by z=(v+2)t. Considering the initial 
conditions, from (3-9a) we finally have 

v= (1/2) (a), 
1(p) = (1/2) (a) +1. 
As w(z) is a decreasing function, the above 


results directly yield the occurrence of a shock 


= 
t 
~ 


wave in this region. 

_ Fig. 3-3 shows how the waves of greater 
velocities overtake the waves in front propagating 
with smaller velocities, and lead to the occur- 
rence of the shock front.” 

As the magnetic field is always frozen in 
the material, this shock front always accompanies 
the discontinuity surface of the magnetic field. 
This also indicates that the y component of the 
magnetic field H,, induced by the fluid motion 


in z direction, propagates in the same mode of 


variation as that of the density /. 


Fig, 333 
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The motion of fluid in the y-direction can easily be obtained from the equation (3-4) 
(It should be noted that in this case v, is not proportional to H,, contrary to the 
incompressible case). In the neighborhood near the shock front, the higher order terms 
neglected, such as the displacement current, the finite conductivity and the viscosity, have 
to be taken into account. Especially in gaseous conductors, the effect of the displacement 
current seems to be important. The discussion with respect to this point will be done 


elsewhere. 
The writer would like to express his sincere thanks to Professor K. Husimi for his 


usefull advices and to Mr. M. Nishimoto for valuable information. 
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The relation between the general theory of nuclear reactions due to Kapur and Peierls and that 
due to Wigner and Eisenbud is discussed. It is shown that the exact transformation of the R-matrix 
into the collision matrix yields the expression for the latter which is identical term by term with that 
obtained by Kapur and Peierls. The intuitive interpretation of the transformation procedure is given 
in terms of the “ multiple reflexion interpretation ”. 


§ 1. Introduction 


Several kinds of the method of derivation have been presented of the collision matrix 
describing the nuclear reaction. The most typical and mathematically rigorous derivations 
of it have been given by Kapur and Peierls’ and later by Wigrer and his collaborators.”~” 

As is well known, Kapur and Peierls have successfully obtained the general expression 
for the collision matrix on the basis of the idea of the compound nucleus formation in 
the intermediate stage of the reaction process. The derivation due to these authors is to 
a large extent free from special assumptions and ambiguities in the mathematical treatment 
of the problem and may be regarded as providing a rigorous foundation of the earlier 
works’? on the problem of the compound nucleus reactions. 

In the mentioned theory, however, the state of the compound nucleus, @,, is defined 
as a “decaying state” formed by the all relevant nucleons. The decaying state is nothing 
but a state in which the wave function satisfies the boundary condition of outgoing waves 
in all of the open channels. The state, therefore, cannot be a real state and, then, the 
corresponding eigenvalue of energy becomes a complex quantity, the imaginary part of 
which being connected with the life of decay of the state. The energy-eigenvalue is also 
dependent on the energy of the total system, since the boundary condition imposed on 
the wave function is energy-dependent. 

The situation mentioned above gives rise to the fact that the quantities characterizing 


the compound state, 7. ¢. not only the energy-eigenvalue, but also the normalization constant 


* Now at the Department of Physics, Rikkyo University, Tokyo. 
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of the wave function and the reduced widths for the channels, are all complex and energy- 
dependent. 

In view of the above situations, Wigner and his collaborators formulated their theory 
based on the definition of the compound state, X,, that satisfies the real and energy- 
independent boundary condition in the channels, so that the parameters characterizing ee 
compound states are all real and independent of the energy of the total 5a an 
contradistinction to those for the decaying states. However, the boundary condition 
mentioned above does not fit to the scattering problem, since the wave function which 
satisfies this boundary condition becomes the standing wave, instead of the progressive 
wave. These channel functions of standing wave are connected with each other in terms 
of the R-matrix. In order to obtain the cross sections for the reactions, it is necessary 
to carry out a transformation of the R-matrix into the collision matrix, the latter being 
the matrix which connects the channel wave functions satisfying boundary condition appro- 
priate for the scattering problem. The transformation mentioned above is difficult to be 
actually carried through, since it amounts to making an inversion of a matrix with infinite 
number of rows and columns. 

In fact, no exact calculation of the collision matrix from the R-matrix has been 
carried out so far, except for very simple special cases, and it has been usual to make 
some simplifying assumptions to facilitate the calculation, Several useful approximations 


,5),9) 11) 


have been obtained in this way.” The properties of the collision matrix derived 


from the R-matrix formalism along these lines have been extensively studied by Wigner 


8),5),11), 12) 


and. his collaborators and recently by Thomas." 

The two formalisms of the general theory of the nuclear reactions described above 
are, of course, expected to be equivalent to each other. However, there has been no 
detailed investigations on the explicit relation between them in general case. 

In this paper we attempt to work an exact calculation of the transformation of the 
R-matrix into collision matrix, by means of a technique given by Wigner” and reformulated 


recently by Thomas.'” 


Eventually, it reduces to an eigenvalue problem. The latter is 
shown to be equivalent to the one which appears in the transformation of the complete 
set of K-P wave functions of the compound states, {@,}, into the W-E one, {X,}. 
The solution to the eigenvalue problem gives the energy levels of the decaying states, @,,, 
of the K-P formalism, in terms of the characteristic parameters of the R-matrix formalism 
and the energy of the total system. Furthermore, the explicit calculation shows that the 
resultant expression, obtained by the above mentioned procedure, of the collision matrix 
is identical, term by term, with that given by K-P. It is, of course, expected that the 
collision matrices obtained by these two formalisms are the same as a whole because of 
the equivalence of the both formalisms. It seems to the authors, however, that the 
term-by-term identity of the collision matrices mentioned above is not a priori evident. 
We also investigate the implications of the above stated transformation. It is found 
that the scattered wave obtained by K-P can be interpreted as the superposition of 
scattered waves each of which undergoes, before it leaves the internal region, the reflexions 


certain number of times at the boundary between the internal region and the channels, 
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and excites a compound states, X,, in between each of the successive reflexions, This 
interpretation might be called “ multiple reflexion interpretation”. 

In § 2, for the sake of convenience for later discussions, the theory of K-P and 
that of W-E are briefly described and the explanation of the notations is given. 

In § 3, the proof of identity is given of the collision matrix derived from the R- 
matrix formalism with that from K-P formalism in three steps, § 34, § 3B and § 3C. 

In § 4, the implications of the transformation described in $3 is investigated and 
the multiple reflexion interpretation is introduced. 


In § 5, the concluding remarks are given. 


§2. The formalisms of Kapur-Peierls and Wigner-Eisenbud 


We consider the nuclear reactions of the type a+X-—>b+Y in which particle a 
collides with nucleus X, and then particle 6 and nucleus Y emerge after the collision. 
A channel* of the reaction is specified by the type and the states of the colliding or 
emerging two particles together with the channel spin j, which we denote by the sufhx 
s, and the relative orbital angular momentum /,. 

The wave function of the total system ¥' jy. ,,, in which the incoming wave I, ym,» 
with the z-components ¥, and m, of the angular momenta j, and /,, respectively, is present 
only in the channel s, is defined to have the asymptotic form in the external region, 


2 Vs fisaa dg, Vsms > Usi, Ve mg; tl, vy my Ey, vy~m,? @) 


tl, Vimy 


where Ey), 18 the outgoing wave and Uy) y. mg; tl,v,m, 18 the element of the collision 


matrix, Ty ym, and Ey ym, in (1) are defined by 


Ly, Vs tip (b k,/M,) Pal uy (k,7;) Pry, (,) Me) mt (2,), (2a) 


and 
Ey, Y, my (b k,/M,) --1/2 Gr ul, ) (k, 72) Srv, (i,) 11, m, (2,) ; (2b) 


respectively, where k, and M, are the wave number and the reduced mass of the relative 
motion, and 7, and @, are the length and the direction of the vector connecting the 
centers of mass, of the colliding or emerging pair ¢, respectively. uf (k,r,) are the radial 
outgoing and incoming wave functions with the srveoptae fon exp| +i (hrimlyn/2)) 
as 7,00.) Puy, (is) is the internal wave function, 1, bees the te coordinates of the 
particles of the pair ¢, and Y; », is the normalized spherical harmonics. 


According to K-P, the collision matrix is given by the dispersion formula, 


* The definitions of the terms, the internal and external regions ard the channels of the configuration 
e 


the channel spins and channel radii are omitted here, since they are of common use and presumably 
space, 


well known. 
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N 


= (-) rp (+) 1s y ~ 
Uy, Vemg3 tle v,m, {uj, (k. ds) Wiles (Reds) Ost 1,1, 0v, vz ms my 


rita nJTM 

< sls Vs ms “tl, yv,m, > > a 
8 a Oy, Pin OM, Ver ny? (3) 
a NG Egat tl hy 2). Ge a 


: Be : . (ppl JM : 
in terms of the compound nuclear state @™ and its associated state 27", GD" satisfies 


the Schrédinger equation with the total Hamiltonian H, 
(H—W,7) O*=0, (4) 


in the internal region and the boundary condition of the decaying state, 
\va, Y/, Ms grad, DM dS = Gir ea) pe, Yi, Ms DN dS, (5) 


on the surface of the internal region, where fy, is defined by 


fat, == (duj, (kes) /d 1.) [uj (kes) 5 (6) 


a, being the channel radius. It is also the eigenfunction of the total angular momentum 
J? and its zcomponent J, with the eigenvalues J(J+1) and M, respectively. 7" is also 
the eigenfunction of H, 


(H—-W,7) 0" =0 (7) 
but it satisfies the boundary condition complex conjugate to (5), 
\ fn, Ym, adn Pa" dS= (fel as") | $0, YE me OO"ES, (8) 
so that the eigenvalue W. 1 is complex conjugate to W,’ 
Wn (9) 


7M Via p : ; : : 
Mr and Pi" form a biorthogonal complete set of functions in the internal region, 


Pye 

IM* (pJI MI 7 __ JS SN) » 
| ov; Dr, di <—e N,, Onn O77 OMM! > (10) 
7 


where N,,” is a certain constant which is fixed by the normalization of the wave functions, 


[loads | |Oxm|ede=1, ~ 
| 


vi 


where the suffix I attached to the integration signs signifies the integration over the 
internal region. 


The energy E,” and the width /’” of the n-th compound state are given by 
WHEY il 2725 (i2) 
—n.JM 


: nJM . ° 
and the width wy), an Usl,y,m, 1 (3) are given by 


nJIM 


Usl, vq my — (P/M) "ky Lu. (ka) |" Oi. ¥s ms (13a) 
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and 
ae = (Be? /M 1/2 Bi }2 (-) 1 7nJM 
Slew ait. om 7 | 0) Ss Luy, (k, as) | Doge (13b) 
respectively, where 
nT M = i * * Ji 
Ost, vsms 4s ; | Py, a Ms DM dS (14a) 
and 
> nM at *¥ y* Da 
Dsl, vs mmar| OF, Yi. ts OO" dS. (14b) 
IZ can also be expressed in terms of u through the equation, 
cy gees =] nJIM ome —nIM 9 
eer Pee) eo = >) [lef y, al: (15) 
sls Vs Ms sls V5 ms 


On the other hand, in the R-matrix formalism of W-E, the compound state x", 


which is the solution of the Schrédinger equation in the internal region, 
(H-E,’)X,"=0, (16) 


is defined to satisfy the real and energy independent boundary condition, 


e 


$b, YE me Breda XM dS= (—ly/ae— a") \i. YF gp, XMS, (17) 


on the surface of the internal region, instead of (5) for the decaying state. Xe eis 
again, taken to be the eigenfunction J” and J, with the eigenvalue J(J+ 1) and M, 
respectively, Ar sa form an orthonormal complete set of functions in the internal region, 


e 


JM HM peas SS 
| D Sila? T=0))79 77 OMM - (18) 
ez 


In accordance with the boundary condition (17), we define a set of standing wave solu- 


tions of the Schrédinger equation in each of the channels by the equations, 


DiM = SY (jal ¥s tel jal IM) Poy, Gide Paty %) Vi, ms (2) (19a) 
VsMs 
and 
ge er Ci, [Ys ms\ js!.JM) Ys, (i,) i Ca, (r;) ee Ms (2) ? (19b) 
VsmMs 


which correspond to (2) of the K-P theory. Here, sl, and G,, are the radial wave 
functions for the relative motion of the pair s which satisfy the following SSrteby 
conditions at the channel radius ; 
Dsl, (4,) =9, Gy, (a,) = (M,/6)'” (19c) 
dba, (ay) /dre= (M,/0)'", FSu, (4) /Ate= (=1,/a,) (M,/6)"" 
It should be noted, however, that Di. and Vin are eigenfunctions of ae 


E 


re not, 
ah V3Ms and Et, Vs Ms 4 
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3 JM 
Corresnonding to VY y,m,» we define the wave function of the total system 9, to 


have the asymptotic form in the external region, 
JM uM a uM 
Pale = Pil, + 2A Rsly 5 th Vi, ’ (20) 
tly 


where Ry : 4, is the element of the R-matrix for a definite J (which is independent of 


M). According to W-E, Ry, is given by equation, 


J JT 
— Vasly V Atl 
Ri, ; = 23 (21) 
slaidla od EE” 


where the reduced width Wei is defined by 
iha,= B/2M) 2M)" | VEX Mas, eS 


corresponding to (13). The collision matrix u’ for a definite J is given by 


ae at 
fos = we tee Bee 0) ‘ (23) 
oe ae, 


1—iBR’B=iC 


and the ordinary collision matrix U can be obtained from wu” through the necessary de- 


composition of relevant angular momenta, 
< 5 Py St * 5 
U,i, Wei Sith ae = (isl vm, Js [,JM) Waal. Che [JM | ji. LY,m,). (24) 


In (23), B, C and w are diagonal matrices associated with the amplitude and phase of 
the asymptotic form of the radial wave functions Ag, and G,, and are defined through 


the following equations : 


Dt, ta) = (i/2) (A,/M) "Ay, uh, (het) — AG, uly? (hers) J, (25a) 


s 


Gy, (r,) = (1/2) (6k, /M)~"? By, 8%, uf (Rete) + By, Ost, uf. (hers) | (25b) 


By. Os, “ag =) — iC) 6 (25c) 
By, Co =real, and los, eet (25d) 


§ 3. The proof of identity of the collision matrices* 


A, The relation between the compound states D, and X, 

As has been described in the preceding section, the compound state @%, of K-P 
satisfies different boundary conditions (5) from that of X, of W-E, (17). Since they 
are both eigenfunctions of the same Hamiltonian, the relation between them can be 


obtained by solving an eigenvalue problem as will be shown in the following. 


In this section, we shall often drop the superscripts J and M, and abbreviate the set of subscripts 
A TM JIM Jf é . a 
sl, simply as s, so that X{™, Vs.» TAsl,> ete-s will often be written as Xj, Vs, ras etc.. 
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~ 


Let us expand #@, and @, in the series of the complete set, {X,}, in 
region, * 


Cs Dex Xe 
re Bans 
O = Paes 


The expansion coefficient, c,", can be obtained from the equation, 


(W,—E,) "= \ {X,*H@,— (HX,*) 9,}dz, 


I 
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the internal 


(26a) 


(26b) 


(27) 


which follows from (4) and (16). Through the use of the Green’s theorem, the right- 


hand side of (27) is reduced to, 


$1 (—#/2M,) \ {X,* grad, @,, — (grad, X,*) %,} dS, 


s 


(28) 


where the subscript s attached to the integration sign is meant to denote the integration 


over the part of the surface of the internal region which corresponds to the channel s. 


Taking into account the boundary conditions, (5) and (17), for @, and X,, respectively, 


(28) can be rewritten as 


$1 (—#/2M,) 4,\ X*OndS, 


§ 


(29) 


where 4, stems from the difference between the boundary condition (5) and (17) and 


is defined by 
A, (= 441,) =felg— (—bi/as) - 


Now, on the surface S the functions V, form a complete orthogonal set, 
| Vet VidS= 0091, 1,0), 


so that the function X, can be expressed in terms of V, on §, as 


X, (on S) — St (°/2M,) (M,/b) dar Ke 
Ss 


(30) 


(31) 


(32) 


Equation (32) follows immediately from the definition of 75, 1. ¢., (22). Inserting (32) 


for X, in (29), we have 


e 


— 31 (6/2M,)'? (M/6) P75 4,\ V*O,dS. 


(33) 


* Trt is assumed that the expansion (26) is actually possible in the region including the surface of the 


internal region. 


On account of the difference of the boundary conditions, mentioned in the text, the con- 


vergence of the series (26), is not uniform in the mentioned region. Thus, for example, the term-by-term 
. . 

differentiation of the series is not generally permissible. The procedure similar to that adopted by K-P 

concerning the expansion of the wave function in terms of @,, yields the same result as that obtained in this 


paper. 
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Defining the amplitude /,, of @, at the entrance of the channel s by the equation, 


Gus (= Fp.) = (P2/2M,)*" (M,/6) "? \ Ve * OS, (34) 
(33) reduces to 
< Dita AiGnss (65) 


and we have from (27), 


(W,,—E)) = —Z Pitas 4, Ins (36) 
S 


But in the integrand on the right-hand side of (34), we can express D, as the super- 
position of X, by (26a), and we have 


eset fas (37) 


where use has been made of (22). 
Thus, from (36) and (37), we finally obtain the equation for c,", 


(E,—W,) 4" — dja," =0 (38a) 
where 
h Se) AS) eee 
ay (= ay) ‘?, i Asl, Osls! psls- (39) 
Sls 
(38a) is an eigenvalue equation for W,, and c,". The matrix of coefficients ((h,,,) ) 
is symmetric, 
bai, =P, (40) 


but not hermitic, as can be seen from. (39), since J, is a complex quantity. Similarly, 


Gi 


it can be shown that ¢,”’s satisfy the eigenvalue equation, 


(E,—W,,)e"— SVb*, 2," =0 (38b) 
we 


which is the hermitian conjugate equation of (38a). 


The eigenvalues, W,, and W. n» are complex and dependent on energy, E, just as h 


: Aiee 
Moreover, it is seen from (38a), (38b) and (40) that 


W=W,*, (41) 


mn 


The expansion coefhcients, c;"’s and ¢,"’s satisfy the biorthogonal relation, 


2 one Ce =a Ne nn (42) 
and their normalizations are fixed by, 
Slop =D ule ale auke (43) 


which are the direct consequences of (10), (11), (18) and (26). 
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B. The transformation of the R-matrix into the collision matrix 

The transformation, (23), of the R-matrix into the collision matrix, u, implies an 
inversion of the matrix, 1—iC—iBRB, which has infinite number of matrix elements. This 
situation gives rise to a difficulty in explicitly carrying out the transformation. 

: = ar : : ; 

Following Wigner and Thomas," we first separate the potential scattering term 

from u; 
1+:C 


; () 1 (0) 
L—=10 Wr 2 BRB = 7 44 
1—iC 1—iC 1—1(1—iC) "BRB 1—iC he 


and, then, the matrix inversion of the resonance term, i.e., the second term on the right- 
hand side of the above equation, can be carried out through the introduction of a set of 
infinite number of parameters, 7,(==7%,), each of which is scalar with respect to the 


channel index, as 


BRB{1—i(1—iC) ~! BRB} 1 = 347,8,7X 8,7, (45) 
Ap } 


where 2, is a vector with respect to channel index, s-component of which is B,7,; and 
8.x, is a matrix with the s, telement /,,8,,. From (45) it follows that ,’s satisfy 


a set of linear inhomogeneous simultaneous equations 


CE ead Ey rn Shay Ap =Oaps (46) 
where 
Be 
Wt, (282) = rts. 47 
ok eS) pr ae (47) 


The solution to the linear inhomogeneous simultaneous equations, (46), can be 


achieved by first solving the set of linear homogeneous simultaneous equations, 


(E,—E) m= dh gv=0 (48a) 


and its hermitian conjugate equations, 


(E,E)y, — SKF HO, (48b) 


(48a) and (48b) are actually eigenvalue equations for E and 7, and E and 4, te 
Denoting the eigenvalues and the associated eigenvectors for (48a) and (48b) 


spectively. 3 “) 
by WW), ihm), and WW), Fi(=H), respectively, we have, 
(E,—W'n) 9x — Savy =0 (49a) 
and 
(E, —W3") pr? — Dk py" =0. (49b) 


On account of the symmetry of the matrix h},, 
(50) 


t 
y= Fyne 
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which directly follows from the definition of hi, it follows from (49a) and (49b) that 
W',=W',* (51) 
and 
man. (52) 


n 


The eigenvectors 7,” and 7," are fixed by the normalization, 


PSY tat (53a) 
51 

and 
Ss |,” 
x 


Ze (53b) 
Further, we define constants N’,,’s through the equation, 
Se) Iie = IN Ors (NUN, . (54) 
x 
Now the solution of the original equation, (46), is expressed by the solution of 
(49) as 


; =a re! awe 
ee i NAW gE) , 


(55) 


Inserting (55) into (45) and the latter into (44), we finally obtain the expression for u 


: Csi vr) x Cy ta) 
u=o La o+21 fe SS Be: ze av 
1—iC 1—iC 2 N’,(W',—E) 1—iC 


(56) 


The s, telement of the ordinary collision matrix, U, is therefore given by (with the full 
description of channel indices) , 


2. -1+i1Cy, i 
Us, Vsiis3 tl, Vzme an he ae 0,0), L OF ve Ooms my 
il —iCg, 
qi * rhe 
; SlyVs ms 1tlyVY,m 
te Ni (WIE) Os: ns, dou, Vitm,? (57) 
where | 
nIM = Bw : . bee 
ess < j ) Cjols%ame| jot JM) ye Til, (58a) 
i—jO 7s 7 
and 
~nJIM Per oe Bo * : . Leng 
Bile Vega — 96 7a\ ee, Cjsl¥sms| jl JM) Dn isl (58b) 
ae i sls a 


where use has been made of (24). The equation (57) is of the form of a pole ex- 
pansion of U in terms of energy, i.e., of a dispersion formula. 
From the procedure described above, it is clear that the transformation of R into u 


reduces to the solution of an eigenvalue equation, (49). The eigenvalues, W’,, and W’,, 
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an 4 Tt im bey / Sas 
d the eigenvectors, 4, and 7", are complex quantities and are dependent on the energy 


of the total system, E, because of the energy dependence and the non-hermitic property 
of the matrix ((h},,)). 


C. The proof of identity of the collision matrices 
We see that the expression, (57), for the collision matrix derived from the R-matrix 
formalism is of quite a similar form to that, (3), given by K-P. In fact we shall 
show in the following that they are actually identical term by term with each other. 
We first observe that the singularities W,, and W’,, of the energy expansion of the 
collision matrices (3) and (57), respectively, are the eigenvalues of the equations (38a) 
and (49a), respectively, But, we can show that 
Dy Phin (59) 
In fact, from (25c) it follows that 
Be a1 = Aa. (60) 
and, from (25a), its differentiated equation with respect to r, and the Wronskian relation 
for uS*? and uS, together with (19c), it is easy to show that 
AEP lay (hay) 8 
From the above equation and (60), we have 
B,w,/1—iC, =k" [uf (kyas) J. (61) 
In a similar way as above, it follows immediately from (25b) and (19c), 


B,a* = — ik" uf (ke) 4p. (62) 


Hence, from (61) and (62), we have 
iB2/1 —iC,=iB, w,* (B,w,/1—iC,) aie (63) 


Comparison of (39) and (47), 1-e., the definitions of f,, and h},, respectively, with 


the aid of (63), establishes the desired equation, (59). 
Therefore, the eigenvalue equations, (38a) and (49a), obtained in A and B, re- 


spectively, are actually indentical with each other. Thus, it follows, 

W. a a (64) 
and 

C= Nx" (65) i 


because of the same normalizations for ¢," and 7", i.e., (43) and (53). In particular, 


Nee Nin (66) 
Next, we compare the parameters, qi, es m, and Fb Mn m,> defined by (58) with the 
By virtue of (37) together with (65), we have 


nJM —nJIM : 13 
ones, Us/,y,m, 2nd Usi,v,ms> (13). 


SH Da Toe (67) 
rN 
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Jns is easily observed to be related to Or yews defined by (14a). In fact, from (19b) 
and (19c) we have 


we, Y, “9 de (M,/b) ate BS) (isl, v.m,_| is [,]’M’') Von (on S) ° 
. at JIM! 


Inserting this into the integral in the right-hand side of (14a) and using (34), it 
follows that 


ore : i 
Oil vg ng (?/2M,)” (foleYame| fs bgfilliy'g ine (68) 
Hence, we have 
nJl Bie, 2 9 + = oe nIM 
ile vg my = AB /M,) PR? [uty (hats) "OS, ve ms 


because of (58a) together with (67) and (61). The right-hand side of the above 


equation, however, is identical with that of (13a), so that we have 


n.7M nJIM 69 
= a 
Sls Vgtigrmn slg Va Mle ( ) 


In a similar way, it can be shown that 


IM __ —nJIM 


Wsl, Vs ms “sls Vs ms°* (69b) 


From equations (64), (66) and (69) we see that each of the resonance terms of 
(57) is identical with the corresponding term in (3). 


The identity of the potential scattering terms in (57) and (3) is easily observed, 
since we have, 


2 1 ct AG, ae OW, 1 ai fGe >= Ag se uj. (k, as) 


Or 


baetCare edited iG ley walebiheas) 
from (25d), (25c), (25a) and. (19c). 

Thus, it has been proved that the expressions for the collision matrix, U1 y. im, ; tl,v,m,> 
derived from the R-matrix formalism and by K-P formalism are identical term by term 
with one another. 


(70) 


§4. The interpretation of the transformation, R—>U 


In this section we attempt a rather pictorial interpretation of the transformation, 
RU, described in § 3 B. In order to avoid unnecessary complexities arising from the 
angular momenta, it will be assumed that all the particles participating in the reaction 
have no spin and only those channels need be considered for which the relative orbital 
angular momenta are zero. The extention to a more general case is straightforward. 

We consider a reaction initiated by the incident plane wave, (bk,/M,) ~1"? e#Rs Zs fh, , 
We denote by S,, the amplitude of the outgoing wave E,, in the channel ¢, resulting 


from the reaction which will hereafter be referred to as S-matrix, Then S,, bears the re- 
lation to U,, defined by LCE 


= VAT (2ik,) mt (UZ= Oy). (71) 
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Inserting, for U, in (71), the expression (44) together with (45) for the special case 
of zero angular momenta, we have 


(72) 


Co aed oe ee ee BOs ne, Lee 
2ik, ewer OUR atk to si Cannes ea CA 


The first term of (72) is the well-known potential scattering term for /,=0, i.e., 


TE ce ay Oe? 


2 ae, : : : —itks ds 
oa errs sink,a,e ; (73) 


s 


as has been shown for a general case in (70), § 3. The resonance term of (72), 


yeas 
§ (res) — V Ar 1 B, een he. AP B, UF 
CCN a — fs Qdu/ pt 


k. Ae. —1C, ree ie 


is of our main concern here. 


Solving the equation (46) for 7, by means of the iteration procedure, we have 


Ss Ory h, h h 
Nay = t fi Loe fe = = Ss Av ve aL ge0, 75 
; E,—E EE =F) e (2, —E) (bE) (EE) oe 
Inserting (75) into (74), we have 
SEP =SP4SP 4, (76) 
where 
ae 
go V4 EO, it 5 B,a, 77 
: pen SELES Se peg ES eC ney 
wipe Wg ' 
0 Piya ee pene, (ig ig ea 
1 2 ie OF (E,—E) (E,—E) 1—1C, 


s 


and so on. 
We shall interpret the expressions (76), (77a), (77b), and so on, in the following 
way. We first construct a D-wave from the incident plane wave by superposing the out- 


going wave E, with suitable amplitude, 


Shit Biv, ne bk, yy sinks VAT os iti —1)E,, (78) 
k, 1 —iC, M, : ele 


aad ae 2ik, 


where the first term on the right-hand side is the ,=0 part of the incident plane wave. 
- On comparison of the coefficient of E, in (78) with (73) we see that it is just the 
potential scattering term of the S-matrix. In other words, the continuation of the incident 
plane wave onto the D-wave, which excites the compound states X,’s, necessarily gives 
tise to the reflection of wave the amplitude of which is equal to the potential scattering 
amplitude. 

Now, a D-wave in a channel s with unit amplitude gives rise to the excitation of 


each compound state X,, with the amplitude, 


B/D rial (E,=E), (79) 
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as can be shown by expanding the wave function ¢,, which has the asymptotic form (20), 


in terms of X, in the internal region : 


pe b Ne =| Re x (80) 
Dok 2 DA jap eS os dae 


Furthermore, as can be seen from (22) and (31), the excitation of X, with the amplitude 
(6/2) 7,./(E,—E), mentioned above, results in the excitation of V-wave in every channel 


t, with the amplitude, 
aie (Ex=E), (81) 


which is a part of the R-matrix element, R,,, due to the compound state X). 

However, as has been mentioned in $1, the V-wave does not satisfy the boundary 
condition suitable for the scattering problem. In order to adjust the boundary condition 
to the scattering problem, i.e., to that of the outgoing wave, a D-wave with appropriate 


amplitude should be superposed on V, 
V,+4,D,= (B,ew,/1—iC,) E,. (82) 


In other words, the V-wave with unit amplitude is partly transmitted as E,-wave with the 
amplitude B,w,/1—iC, and partly reflected as D,-wave with the amplitude 4, on passing 
through the entrance of the channel ¢ from the internal region to the external region, 
Thus, the amplitude of the outgoing wave emitted in the first process described above is, 
from (78), (81) and (82), 


VS Ar B, Ws, Vaslat B, w; (83) 
rm 1 21C "sh S EAI Se. 


Ss 


(83) is seen to be just equal to S{, (77a). 

Now the D-wave, in (82), which is generated by the reflexion of the V-wave at 
each of the channel entrances, becomes the source of the secondary process; the excitation 
of X,’s, following excitation of V,s and its transmission and reflexion at the channel 
entrances. The amplitude of the secondary transmitted outgoing wave in the channel t 


is given by 


VAT 15}. a Vas Tats dy) 7 yer Tse ) B, (OF; ) J (84) 
Xe a k, 1—-iC, E,—E 1D © 1—iC, 


In (84), the first factor represents the amplitude of the secondary source, the second the 
amplitude of the resulting V,-wave per unit amplitude of D,, and the last factor the 
transmission coefhicient of E, at the channel entrance. Using (39), (84) can be te- 
written as 


VS Ar Bee byw 7 B,w, 


k, % Tae’ As (E,—E) ieee i) / ut Lote. . (85) 


We see that it is just equal to SM, (77b). The amplitude of the reflected D-wave in 
this second process is given by 
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SOs (OM) xin op ga 
NE >3( k, 1—iC, £,—E 2) E,—E * os 


in which the first two factors are the same as those in (84) and the last factor, 4,, 
represents the “ reflection coefficient”? of V,-wave at the channel entrance. All the terms 
in the series (76) can be interpreted as the repetition of the processes described above. 

The interpretation described above may be visualised as follows. We regard the 
nucleus as an assembly of resonators each of which has single resonance energy, E,. The 
hard sphere scattering takes place as the reflection of the incident plane wave on entering 
into the internal region. The wave which enters into the internal region excites the 
resonators and the latter send out the secondary wave. The secondary wave emitted from 
one resonator is partly transmitted out from the internal region as the scattered wave and 
partly reflected to another resonator and excites the latter. The resonator thus excited 
sends out the tertiary wave, and so on. The S-matrix is the sum of the amplitudes of 
the transmitted outgoing waves from the channel entrances in each of the multiple processes 
mentioned above. 

Now, from (84) it is clear that the reflection coefficient from one level, 4, to 


another, /4, is just equal to the quantity h,,, defined before, 


byw = oe Tas 4, Tus > 


and it is the sum of the partial reflection coefiicients each of which corresponds to a 


channel s, 


Ayy= baie 5 Pte 77k Ais . (87) 


The matrix ((h,,)) is actually the same thing as what Thomas’ called the level 


“+eflection coefficient matrix ”’ 


matrix, but we see from the above consideration that the 
may be more appropriate for it from its role in the process of propagation of the wave 


function. 


§5. Concluding remarks 


We have shown that the collision matrices obtained from the formalism of Wigner 
and Hisenbud is term by term identical with that of Kapur and Peierls. At the same 
time it became clear that the transformation of the R-matrix into the collision matrix can 
be intuitively interpreted by the “ multiple reflexion interpretation ”. : 

The generalization of the considerations given in this paper to a more general boundary 
condition of the R-matrix formalism will be possible. 

The possibility of the surface direct reaction" has not been considered daxoug hou 
this paper, although it is certainly of great importance in some mode of nuclear Blues. 
When the surface direct reaction plays an unnegligible role, however, the both formalisms 
of Kapur-Peierls and Wigner-Eisenbud themselves will become impractical, and the formalism 


5) ,10),17),18),19) 
which takes this effect into account should be constructed anew.” d 
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The multiple reflexion interpretation introduced in this paper concerning the transfor- 
mation, R->U, is useful for understanding and constructing various approximations for 
collision matrix, For example, Breit-Wigner’s one level formula,” Bethe-Placzek’s many 
level formula,” Wigner-Eisenbud’s generalized one level formula,” and so on, can be 
interpreted very intuitively by this interpretation. Also the interpretation of the channel 
elimination procedure of Teichman and Wigner” is easy. The discussion on these matters 
will be given in the following paper. 

The authors wish to express their cordial thanks to Professor T. Muto, Professor S, 
Tomonaga and Professor T. Miyazima for their kind interest and encouragement throughout 
the work. Thanks are also due to M. Katsuragi, H. Ui and T. Terasawa for stimulating 


discussions. 
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The dispersion relations are derived for the non-forward emplitudes for photon-proton scattering. 
By expanding these relations in momentum transfer and retaining first few terms, the dispersion rela- 
tions for six independent combinations of the partial wave amplitudes are obtained. Contributions of 
the unphysical region are calculated to the first order in the fine structure constant, and are found to 
be consistent with the low energy theorem. Using these relations and photopion production data, 
the differential cross sections are calculated. In doing this, the amplitudes for the mixtures of dipole 
and quadrupole waves are taken into account in addition to electric dipole, electric quadrupole and 
magnetic dipole amplitudes. The results turn out to be fairly improved compared with the dipole 
model, and roughly explain experiments. 


$1. Introduction 


Gell-Mann, Goldberger and Thirring” have derived two dispersion relations for spin- 
flip and non-spin-flip parts of the forward amplitude for photon-proton scattering. If one 
assumes that only the partial wave amplitudes for electric and magnetic dipole radiations 
with total angular momenta 1/2 and 3/2, respectively, are enhanced by photopion pro- 
duction, these two dispersion relations are sufficient to determine the real parts of these 
amplitudes from their imaginary parts. As the imaginary parts can be related to the 
partial wave amplitudes for photcpion production owing to the unitarity of S matrix, one 
can predict the differential cross sections for photon-proton scatterings using data on 
photopion production. We refer to this method as the dipole model. Recently, calcula- 


) predicting too large cross sections 


tions by this method have been made by Capps,” 
compared with experiments below 200 Mev. 

In the present paper we will derive the dispersion relations for the non-forward 
amplitudes. By expanding these relations in powers of momentum transfer, we can obtain 
more than two dispersion relations, Then one can inquire whether all these dispersion 
relations can or cannot be satisfied by the above two dipole amplitudes alone. Thus we 
can examine the validity of the dipole model. We will show in § 4 that the dipole 
model is sufficient to describe general aspects of the phenomena, but is not so accurate 
numerically. 

Although derivation of the non-forward dispersion relations has been studied in detail 
it is not so trivial for the present case because the polariza- 


. . 3) 
for pion-nucleon scattering, 


tion vectors depend on energy and momentum transfer for the non-forward scattering. 
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However, we can prove necessaty symmetry properties and analyticity of the amplitudes 
by an appropriate choice of four independent combinations of initial and final polarization 
vectors, As is well known, the unphysical region appears in the non-forward dispersion 
relations, in spite of the vanishing mass of a photon. For sufficiently small momentum 
transfer, and to the first order in the fine structure constant, contributions of the un- 
physical region come only from the single proton intermediate states, and therefore can 
be easily calculated. They can, however, be determined by another method. By virtue 
of the low energy theorem,” expression of the scattering amplitude is known to the first 
order in photon energy without entering into details of the theory, and comparison of 
this expression with the dispersion relations determines the contributions of the unphysical 
region completely, It is of interest to examine whether these two determinations give 
the same result, since the direct calculation is not rigorous on account of the fact that 
it compels us to deal with an unphysical state with imaginary momentum, The afhrma- 
tive answer to this question will be given in § 2. 

Expanding the non-forward dispersion relations in powers of momentum transfer, we 
obtain from the zeroth order parts two dispersion relations which naturally coincide with 
those derived in reference 1) and two new relations from the first order parts. Relations 
obtained from the higher order parts contain, in general, undetermined constants which 
cannot be expressed in terms of charge and magnetic moment of proton alone. As the 
present experimental knowledge does not seem accurate enough to determine so many 
parameters, we derive only two relations from the second order part. The two undetermin- 
ed constants appearing in these relations are found to be equal to each other to the ap- 
proximation adopted in calculating the cross sections. We thus obtain six dispersion 
relations in all, derivation of which will be made in § 2. 

In § 3 the cross sections are calculated with the aid of the above dispersion relations, 
restricting the participating partial wave amplitudes appropriately. The results are found 
to be fairly improved compared with the dipole model. But a disagreement with experi- 
ments still remains in the energy dependence of the cross section. Possibilities of further 


improvements are discussed in § 4. 


e 


§2. Dispersion relations 


We consider the process in which a photon of momentum & and _ polarization e, 
collides with a proton of momentum p, and then the photon is scattered into the state 
of momentum k’ and polarization e,, leaving the proton in the state with momentum p’. 
It is convenient for our purpose to take the coordinate system in which the momenta of 
the colliding particles obey the relations p=—p’=—4g, k=Q+q, k'=Q—gq, where 
Q is the total momentum. In this system we define the causal amplitude for the pro- 
cess as in the case of pion-nucleon scattering, which will be denoted by M(k’, e,, k, e,) 
as a matrix in spin space. The causal amplitude is identical with the Feynman matrix 
element for the same process when »==|k|=|k’| is larger than q, and moreover, owing 


to the requirement of causality, it has the important property of being analytic in the 
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upper half part of the v-complex plane, provided that we properly define the v-dependence 
of polarization vectors e,;, e,, as will be shown below. 

The polarization vectors e,, e, gene- 
Table I. Sets of polarization which show simple i Hee 3 


rally change their directi v ie 
ee y ge their direction as » varies, 


lire A 


= == ————— showing indeed that they must be regard- 


polarization —__ I Tl saat IV ed as functions of ». We give four sets 
initial e, | nxXx 4 re 7 of polarization in Table I, which seem to 
final es | nxXk’ —n =n oe exhibit the simplest »-dependences. Here 


M is a unit vector perpendicular to the 
scattered plane, e=k/k, and x’=Kk’/k’, We denote the causal amplitude characterized 
by the /-th set of polarizations in Table I by M™”, and confine our consideration to the 
four amplitudes M",---,M™, since a general causal amplitude can be represented in 
a linear combination of them. To define the »-dependence of these amplitudes explicitly, 


we first put 

Q=Q()7 3 QM =-F)", (221) 
where 7 is a unit vector, We introduce cuts along the real axis from —©o to —q 
and g to +00 to make Q(¥) a one-valued function, and suppose that » always lies 
slightly above the real axis; hence Q(—»¥) =—Q(¥) for »>q. From (2-1) the polari- 


zation vectors in Table I, as functions of ¥, take the form 


nXK=q"'e,(¥, 7, q), XK’ =q'e,(¥%, —7, q) 
(aka 
n=q~'e,(¥, 7, q), 
where e,(¥, 7, q) =4'(¢@ar—Q(¥)q), (4, Z, gq) =qX7. From (2:1) and (2-2) the 
quantities which occur in the causal amplitudes can be expressed in terms of », 7, q. 
Hence the above four amplitudes may be considered as functions of », 7 and q. They are 


3,4) 


. . . ( . 
invariant under spatial rotations, but under reflection (7, q—>—7z, —q)M“” change the sign, 


while M2 remain invariant. Consequently M” (», 2, q) can be written in the form 
M49 (x, 2, q)=Ma®% @) +i gxQOMs?%@), (23a) 
M*%(v, 2, q) =i15-Q (0) MM. (&, 4?) +io-gM_* (, @). (2: 3b) 
Now we state the notable properties of M” which follow from the requirement of 
the causality” and the invariance under time teflection®: (i) ™(», q’) are analytic in 
the upper half part of the v-complex plane, (ii) Re My? (v, 4), ImMs"” (», q?), and 
ReM( °°: (v, q?) are even, while Im-My'"? (%, 9°), Re- Ms (», q*) and Tim MOr2 (», eye 3s 
Ba ene pions Sea M, (», @2) sce (, q’) ert M_® CAV wiles MK” (», q?). 
dition means that we may exclude M(», 2, q) from our consideration, 


The last con se 
The proof of these statements can be done following the familiar pattern, and, perhaps, 


needs scarcely to be discussed here. 

There remains one thing to be done prior to the derivation of dispersion relations, 
ie.. to examine the behavior of the imaginary part of amplitudes in the unphysical region 
.e., 


- (A) i ispersive and absorptive 
v<q. For this purpose we decompose M (¥, 2, q) into the disp IP 
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part, which are real and imaginary part of Y™ (¥, q°), respectively : 
Mv, x, q) =D™ (v, z, q) +iA™ , 2, q). (224) 
The absorptive parts can be writren in the form: 


j E,. 


a \6,—2 Nie 
A*® (v, 2, q) =@0 (2) (qlene@, —7 q)-J)|Mu Pu=Q) 
4 M,, 


\M 
x (M,, Pr=Qleie@, 7, q) “J (0) |—q) 0(E,+»—E,) 

a (qley, o(¥, 7, q) -j (0) |! Pn= Sh b 
x (M,, Pr=—Qle, ZCA —_T, q) -j{(0)|—q) 0 (E,—»—E,)}, (2 - 5a) 


Am, g) = 2D L (Si gles, —% ) JO) Mo Pa=Q) 
x (M,, Po=Q)le.@ =, q) J) \— 9)? (Ena =F) 
— (qle:@, 7 q) -J(0) |May Pu= —Q) 
X (Why Px=—Qle(, —7, q)-j(0)|—4)4(E,—-»-E,)}, (25h) 


where j(x) is the current operator: LJA, (x) =—j,(x), |+q) is the state vector for the 


single proton of momentum +4q, and E, the proton energy. Now the intermediate states 


in the sum contribute to A*’(v, 7, q) in the unphysical region as follows (we keep 
y=>0). We always neglect all but the leading term in powers of e°. Under this approxi- 
mation we can exclude the possibility of photons being in the intermediate states, which 
means that M, consists of two spectra: a point spectrum M,,—M, which corresponds to 
the free proton states, and a continuous spectrum M+y<M,< co, yp being the pion 
mass, which originates from the states of one real nucleon together with a certain number 
of pions, nucleon pairs and other particles. Inquiring, for a given », those values of M,, 
that make the argument of 0(E,+»—E,) vanish, we find that the point spectrum gives 
contributions at the point »=¥,==q°/E, through the terms multiplied by 0(E,—»—E,). 


The continuous spectrum does not contribute in the region 0< ¥<q if gs (AFH? yp. 
+ pu 
but does over the interval Yay Ss. VK G through the® terms multiplied by 0(E,+»—E,) if 


DON 
ae <qS(Mp-+y2/2)'”, where »,= (Mut p?/2 —q°)/E,. If q> (Mp+ p2/2)'”, 
D 


the continuous spectrum yields further contributions over the interval O<ys—ypy, through 
the terms multiplied by 0(E,—»—E,). For simplicity, however, we shall leave the last 
case out of our consideration. 

Expressing the contribution of the free proton states, as distinguished from that of 
the other intermediate states, as 


AN” (%, ® Q) =APH G?) Hid q XQ) PE (@?)}0U—»,), (2 - 6a) 
AN (%, ®, q) = {i8-Q(%) PP (q’) +i - gq? G)}OU—»,), (2 - 6b) 
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we obtain the dispersion relations under certain assumptions on the boundedness of the 
causal amplitudes : 


Re MP (v, g?) —Re MY (q, q) = = DEY) 
M? (2 —»,?) 
== 20D)" Y'Im A OM, q°) dv, 


rT va (V2 — q°) Ce ye) (2 ; 7) 


) (a) 2 loo} a 2 
ReMY(», gq?) =— ne MED h eee | st OP ay (2-8) 
ve—p? Tad ve pi?__y2 


Within  Q@== 12! 


MO_(, gq’) obeys the same dispersion relations as (2-7), except that 1”? (q®) occurs 
now instead of J‘ (q°). Explicit calculation of ["” (q°) (A=1, 2, 3) is given in Appendix 
I, where it is shown that these can be completely expressed in terms of the proton mass, 
charge and static magnetic moment. 

We employ the notations M” (4=1, 2, 3, 4) for the four Feynman amplitudes in 
the barycentric system characterized by the sets of polarizations in Table I, and inquire 
the transformation formulae between M? and M™, It can be proved that photons may 
be treated in this transformation as if they were spinless particles. Therefore the relation 
between M” and M” is independent of 4, and is same as in the pion-nucleon scattering”. 


¢ 


The proof is as follows: Referring to the coordinate system so far used as “‘ q-system”’, 


we introduce four-vectors e, and e,, whose components in the g-system are respectively 


given by 
e,= (e,+ak, ek), 
e,/=(e,talk’, a’k’) (2-9) 
with 7 
an and a =z SS He 


where wv is the velocity of the CMS in the q-system. Then, M” can be symbolically 
written as 
M”~ (q| (egtes) (exfu) ho q) (2 i 10) 


in virtue of the gauge invariance, which asserts that e, j,=€,°Jj, ¢y/j,=e;-j’ effectively. 
Here jy juls d j/ stand for the current operator. Applying a unitary transformation R 
Lorentz transformation from q-system to the CMS, (2-10) becomes 


Ms Aes (q|R”* Ce) COMP) R| et q) ? (2 sil: 1) 


corresponding to the 


where the subscript c means that quantities with it refer to the C.M.S, From (2-9) 


we can easily check that e,,=0; and e, 
plane, through which the photon is scattered, according as e, is parallel or perpendicular 
; i a) : 
to the same plane, and that the same is true for e,,’. Consequently M(? can be written as 


is a unit vector parallel or perpendicular to the 
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MY~ (pe | Cees fez") (eanfan) | Po) ? (2 4 12) 


where |p.) and |p,’) represent the initial and recoiled proton state, respectively. On 
comparsion of (2-12) with (2-11), it is inferred that M™” can be obtained from M‘” 
by means of a Lorentz transformation of the free proton states to which the matrix ele- 
ment M is referred, irrespective of the photon polarization, This completes the proof. 

For practical applications it is convenient to express M™ in terms of the scattering 
amplitude f in the C.M.S., which relates to M{” through M” =M"'W.f'”, W, being 
a total energy in C.M.S. The relation between M’ and M{” disputed above immediately 
gives the ones between M'’ and f”’, We use the notation k,, k,’, »,, 4, and E, for 
the momenta of the incident and scattered photon, the photon energy, the scattering 
angle, and the proton energy respectively, all referring to the CMS. Then f% can be 


written in the form 
FPO si = fr walls) Litakoele a fe Riss Os) (2- 13a) 


Fy 80) =¥E FO" (y B)IC AEE FFE (oy Oi ABEL (2-13) 


The relations of M™ to feomare given by 


A (Q, q?) soe W, ee gai ley n(1.2) (7 ye q_ 2 Ef? G2) (y \ 
y vi ( a) as) if 


M \E,(M+E,) E,(M+E,) aur 
(2-14a) 
G2) vy, oN a= 1 {- (1,2) 4. seg t ME, (1,2) | , 
MS (, @) MQIALE) | ES" @o 8+ et ee Cay) ete) 
AS, 2) =—2 fF, b) (2-14¢) 
Mp, + o> Ye)>s c 
: 7 Ww : 
BN g)= CFA (py A F 
MS (fg?) ee! (%. 4), (2-14d) 
where »,, 4, are connected with », q° through 
v=W_EE,*—E,, (2-15) 
2q°=»,2(1—cos ,). (2-16) 


Eqs. (2:14.c, d) show that (hare, f= —f&. Besides, we note that Ps ete; 
depend on @, through cos @, alone. 

YY, virtue of eqs. (2-13) —(2-16) dispersion relations (2-7), (2-8) and the ones 
for Me are all expressed in terms of the scattering amplitudes f ; the form is most 


convenient for the practical application. For the sake of getting comparatively simple 


expressions, we do this only in two ways, one simply taking the limit g—>0, and another 

taking the limit q->0 after once differentiating dispersion relations with respect to q’. 
In the limit q—0, Re. (q, q°) are fixed from the low energy theorem, and there 

occurs nothing unknown in the inhomogenous terms of dispersion relations. We have 
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2h FS tea oe ile aca US 
4nM V1+2»/M 
3 ° py V1i+2V/M 
a = = | dv! La ay ) (ys 
mV1+2v/M y VOR) Im fy (¥’), (DI) 


Re {2() (*) —EYM PO} = eye y 
(POl= ae 


ae ae yf 1-2 6M 1) é 
ye" v2 (pep) Imi 2 fee) fe) Ps We (DID) 


Re {2 f{? (vp) —e() fP()} =— egy: y 
fi PO} = — Sor 
ys co wail 
a dv! 1S 72 < M Im {2 f° (0) —e(v/)f (3, (DIII) 


z(1+2¥/M). vy, v2 (v—yp?) 
Re O (y eT ee ie oy 207 
i! axe V¥1+2»/M 
ie sac nF ae te fake (v') dv! (DIV) 
mV¥1+2»/M v, v/? (vi? — yp?) 
2 
R AS, ) ie tN GJ,°>—1 poe y 
ef) aaa" ) a0) 
2° ia 1+2/M 7 
a Oe. |) ee es Taf"), DV 
m(1+2»/M) Jy vl? (pi? _y*) mae 2) 
where 
y= pt p2/2M, 
€(v) = (b/M)?(-+24/M)P[1-+/M4 V1+20/MY, 
f “=f (, =¥/V1+20/M, §,=0). 
Evidently fs” =—fy in the limit g—>0, and hence the dispersion relation for fx is 


equivalent to (DI). It is easily seen that (DI) and (DIV) are identical with the two 
dispersion relations derived by GGT, respectively for the non-spin-flip and spin-flip part of 
the forward scattering amplitude. It should be noted further that (DII), (DIII) and 


(DV) are not independent because of the relation 
FOO A+HFE OE) =f), 


which we have proved by means of the partial wave expansion without any approximation. 

The differentiations with respect to q° can be done most conveniently, if the in- 
dependent variables ‘of2)(2™7,.. 8). are changed from , »’, g to ¥,, ¥/, q° by making use 
of (2-15, 16). Then, by successive differentiations with respect to q°, we get dispersion 
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relations for [Of (%, 6.) f Oca 2 ios air [af (ye) {0 (cos 4.)? lous 9-1» etc. The’ pro- 
cedure is rather cumbersome, so we treat MEL? (v, g’) alone, expanding all quantities in 
powers of »/M, »//M, and neglecting all but the lowest and second order terms. The 


result can be put in the form : 


EEA, =y( 40 4 EP )h 


Re (2) (v) =(1 aT 7 ms uM 


Ato y= r(a) y/ 
4 a dv'(143— eee (DVI) 


TE vy M /P%(V?—v) 


y2 (2 dr! Qu! — 3v yf > 
1 — —+ Im fx” (¥’) 
| tim rsa fs 


with = @— Its 25 
where 
fi? &) =[0F &.=P—/M, 4.) /0 cos eJoos og=1 
A@ =[0 Re MS (q, 9°) //8q"|,=0> 
Py =[BPS (q*) / 24? pao. 
1’'(0), P’ are immediately obtained from Appendix I. The result is that 
PY? (0) =—e/4z, (2-17) 


and the others are all negligible to the present approximation. However, 4©@ remain un- 
known, For the present we have no reliable method to evaluate them theoretically. It 
is impossible to continue the procedure of g°-differentiation to obtain new dispersion relations 
without being worried by further appearance of such unknown constants. This is the 
main reason why we have ceased to repeat the procedure more than once. 

The right-hand side of each of the dispersion relations thus obtained is fixed up to 
the terms linear in ¥, independent of J’ and the imaginary part of amplitudes, while 
the left-hand side is fixed to the same order from the low energy theorem.” Therefore, 
we can examine the consistency of our dispersion relations to the first order in v, and 
thereby get a justification for our method of the evaluation of the unphysical region 
contributions, In fact, according to the low-energy theorem, we have, to the first order 
in. Y, 


9 


Oma hes rai —cos @.+ - (—1-+cos 0.+os"6.) | : 
Ne Lae) a. TF 4 (1 i ) 
N ( ) anM M 5) 
2 2 
a (, 4.) = Z oe ’ ee ies 4.) = —£ ei oe (2 G 18) F 


szM M 87M Me 
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GB) /, eS e vy, 9 
fe" Her 9.) = — hy Aa (9p — 9p + 1— 9, cos G.), 


3) i Se. e pe 9 
fs C5 ) © exit ay thn Ihe 1—Q, cos 4.) : 


The consistency of these with the dispersion relations can be easily checked. 

This section will be concluded with the partial-wave expansion of f () (v.10) ¢ aaaeune 
exact expressions can be obtained from (A II-3) in Appendix II. Here we neglect, 
however, all the electric multipole amplitudes of the order higher than 2, all the magnetic 
multipole amplitudes of the order higher than 1, and all the amplitudes mixing electric 
and magnetic multipole waves except for 4,,. (E1, M1) and az.(E2, M1), because this 
approximation will be sufficient for the application in the next section, Then we have 


from (A II-3) 
¥?(., 4.) =ey cos 6,+- my +t ey! (2 cos?@,—1), 
¥(., 4.) = —en— (my+ey’) cos 9, , 
fe 92) = (1/2) (es +4es! cos 6,—c), 
8? Ces 9) = — (1/2) (mst es’ —G), 
© He 9.) = — (1/2) [es t-ms—es! + (2es! +e, +e) c08 Ge]; 
Fs 0.) = — (1/2) [es—ms tes! + (2es! —c, +) cos 4]. 


(2-19) 


The notations used here will be explained in Appendix II. It is found that, to this 


approximation, the undetermined constants JS? coincide with each other : 


ADP = AP = 4. (2-20) 
In fact, on account of (2-15) and (2-16), (2:14a) gives 
AMY? (GF) =U E, + OP 7). 


Since f$? = 2) for @,=7 because of (2-19), it is evident from the definition of J 


that (2-20) holds. 


§ 3. Calculation of the cross sections 


sections at energies between 180 and 320 Mev, 


In this section we calculate the cross 
We assume that the 


applying the dispersion relations derived in the preceding section. 
imaginary parts of the amplitudes at such high energies, where multiple photopion pro- 
duction is significant, do not contribute to the integrals appearing in the dispersion rela- 
tions. In virtue of the unitarity of S matrix, the imaginary part of a partial wave amplitude 
with definite angular momentum and parity is related to the partial wave amplitudes with 
e angular momentum and parity for photopion production, if the multiple photo- 
lected. The relations will be derived in Appendix II. We further 


s are produced only in S and P states, and that S-wave pion is 


the sam 
pion production is neg 
assume that photopion 
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produced by electric dipole radiation into positive charge state with amplitude E,, and. 
P-wave pion by magnetic dipole and electric quadrupole radiations into the (3—3) state 
with amplitudes M,, and E,, respectively. Then, as is shown in Appendix II, we have 


[ops 


a 


Im €1/2= 2, Sy Im Ms j9—= 1 2v.M;,", 


(3-1) 


Tit epee Im G— 129 Ve. 


33 9 


all the remaining imaginary parts being zero. For the experimental values of E, we use 
those given by Watson et al.°) These authors have given values of M,, and E,, also. 
According to recent investigations,”) however, it seems that the values of E., are still not 
decisive, We therefore put 


Ee = Ma, (3-2) 


and make calculations for two choices c=1 and c=0. If the values in reference 6) were 


adopted, we would have c~1, We determine values of M,, by means of 
G.== 320M... (3-3) 


where o denotes the total cross section for neutral photopion production. Strictly speak- 
ing, a contribution of E,, should be added to the right-hand side, but this is so small 


that we have neglected it. We neglect Ime). since this is much smaller than either of 
Im my). and Im co. 


ana olpole model 


eae al aS a ee a 
180 200 220 240 260 280 300 320 
v (Mev) 


Fig. 1. Real parts of ey, my and ey’ in units of e/427M 
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To determine the real parts through the dispersion relations, we neglect the higher 
partial waves as was mentioned at the end of the preceding section. Then real parts of 
the non-spin-flip amplitudes ey, my and ey’ are determined by (DI) and (DVI), if the 
constant J is known. It is easily seen that Re(ey+my) and Ree,’ do not depend on 
4, but only Re(ey—my) does. On the other hand, calculations show that Re (ey-+my) 
is very small owing to cancellation of its value at low energy limit by the imaginary part 
integral. Therefore, for appropriate values of 4, both Re ey and Re my become very small. 
This is important, since it will be found later that the smallness of Re ey and Re my is 
at any rate necessary for getting agreement with experiments. We have estimated 4 by 
means of perturbation theory,” obtaining 


4=— 0.42 p-?(e?/42M). (3-4) 
If we determine J so as to make the 90° cross section at 190 Mev as small as possible, 


we obtain 
4=—1.07 pe? (e?/42M), (3-5) 
We calculate Reey, Remy and Rees for these two values of J. The results are shown 


in Fig. 1. We note that contribution of the imaginary part integral to Re ely is very small. 


180 200 220 210 260 280 300 320 


vu (Mev) 
Fig. 2. Real parts of cy, es, ms and cy in units e?/4zM 
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Next we calculate real parts of the spin-flip amplitudes. In view of the smallness 
of contribution of the imaginary part integral to Re ex, it is natural to assume that the 
amplitudes with vanishing imaginary parts are unaffected by the meson effect. Therefore 


we replace c, and es’ by their respective expressions given by the low energy theorem : 
Gi Up (¥/M) (e?/47M), es’ =0. (3-6) 
Then Rees, Rems and Rec, are calculated by the use of (DII), (DIII), and (DIV). 


The results are shown in Fig. 2. 

The largeness of Rems is mainly due to the large magnetic moment of proton. 
The peak in Re ms at 270 Mev is due to the imaginary, part integral. The imaginary 
part integral containing Imm). changes its sign at about the resonance energy for photo- 
pion production, and multiplication of this by »* produces a peak blow the resonance 
energy. It is likely that experirnents on the cross sections at 90° C.M.S. show a peak 
slightly below the resonance energy, and to explain this the peak in Re ms is important. 
From comparison of Fig. 1 with Fig. 2, we observe that the non-spin-flip amplitudes are 
much smaller than the spin flip ones in the real parts. 

In terms of the partial wave amplitudes, the differential cross section in C.M.S. is 


written as 


Fé SS ae Ree 


Fl —— — — c=0, af (3,4) 


c=, 4: (3,5) 


Contribution of 


imaginary parts 


180 200 220 24.0 260 280 300 320 
v (Mev) 


Fig. 3. Cross sections at 90° C.M.S. in units of (e?/4zM) */sterad 
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do | | |? 7 r\2 a ° ] 9 ] 5 3 
TQ. 2leNl +2 lmn— en’ + gles’ +2lms|?+ les—exP? + § lms — eo)? 


+ 3Re {m¥ (eg +c,) +o*es+ 4eXmy} cos 6, 
1 2 J € 


+4Bles-+al?-+dlms-tal’-+dlal?+dlal?—dles al! 6-7) 
—4|ms—c,|? + 4 lex|?+3|my|?—B ley’ |? +3Re mxey' | cos'd, 


+ gRe (¢,*cy+ 4exey’) cos*O,4 2 ey’ |?cos*O, . 


Using this, we calculate the differential cross section at 90° C.M.S. as a function 
of energy, and angular distributions at 200, 260 and 320 Mev. The results are shown 
in Fig. 3 and Fig. 4. In Fig. 3 we also show experimental data given by Yamagata et 
al.” From Fig. 3 we observe that the two values of 4 (3-4) and (3-5) yield almost 
same results. This means that real parts of the non-spin-flip amplitudes have been made so 
small already by the choice of (3-4) that their contribution to the cross section is very 
small. Indeed main contributions to the results in Fig. 3 come from Re ms and the 
imaginary parts. In Fig. 4, main contributions to the results come from the real parts 
of the amplitudes at 200 and 260 Mev. We observe that, at these energies, the cross 
section is larger in backward directions than in forward, This is due to the opposite 


signs of Rems and Re(es+c,). For c=1, the largeness of Re c, makes the term in cos*0, 


0 30 60 90 120: 150 180 


0, (degree) 
Fig. 4. Angular distributions in units of (e?/4nM) 2/sterad calculated with 4=—0.42 p-*(e?/4xM) 
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in (3-7) large, and results in the angular distributions rather indented in the neighbour- 
hood of 90°. At 320 Mev, main contributions come from the imaginary parts. Drop- 
ping the real parts entirely, (3-7) becomes 

AIm e;5+ 31m m+ $1m ms) cos"4, force ie 


do /dQ = 


€ cod ° « 2 6 
31m e+ Fm m5 + d1m e, jms). cos 0. + lm m3 cos’O, for c=0. 


These expressions explain general features of the results at 320 Mev in Fig. 4. 

Yamagata et al, have given a few data on the cross sections at 70° and 130° also. 
From these data, the ratio of the cross section at 130° to the one at 90° is estimated 
to be about 1.7 at 200 Mev and about 2 at 240 Mev. Our results are in good agreement 
with these values for c=1, but the agreement is rather bad for c=0. The data at 70° 
shows a cross section at this angle larger than at 90° at 226 Mev. This cannot be 
understood by our calculation, 


§ 4. Discussions 


We consider the difference between the cross section at 90° and contribution of the 
imaginary parts to it. Experimentally, this is considerably smaller than (e?/47M)? at 
energies near 200 Mev, then increases with energy, and reaches a maximum or a plateau 
at about 270 Mev. These features are explained roughly by the smallness of Re ey and 
Remy and the behavior of Re ms as a function of energy mentioned in the preceding 
section. However, there remain considerable discrepancies between theory and experiment, 
namely, theory predicts too large cross sections in the neighborhood of 200 Mev, and 
rather small ones at energies near 270 Mev, as compared with experiments. In the foliow- 
ing, we will look for a possible origin of these discrepancies. First, errors in the data 
on photopion production come into mind, Indeed, if we consider the cross section at 
a particular energy, the errors produce a considerable ambiguity in the calculated value of 
it. However, in view of the rather systematic character of the above discrepancies, it is 
unlikely that these discrepancies are entirely attributable to these errors over the whole 
energy range considered. Second, we have neglected imaginary parts of the partial wave 
amplitudes in the high energy region. Nowadays, data on photon-proton collisions in 
Bev region are not available, and even if they become available, the partial wave analysis 
of them will be extremely difficult. Therefore there is no possibility of obtaining experi- 
mental values of the imaginary parts at such high energies. However, contributions of 
such a high energy region to the imaginary part integrals will be almost independent of 
energy » if »< 300 Mev. Therefore the effect of including the high energy contributions 
is that a constant is added to each of the imaginary part integrals, We have attempted 
to fit the energy dependence of the 90° cross section to experiments by adjusting the 
above constants, and found that the fit cannot be achieved unless some of the constants 
take unreasonably large values. Thirdly, we have neglected the amplitudes for photopion 
other than E7, M,, and E,,. We have calculated the amplitude M,(1/2) (See (A II- 


12).), using the meson theory to the lowest order perturbation approximation, and estimated 


"se 1. |) 
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Im my,j. We have, however, found that the inclusion of this only makes the 90° cross 
section slightly smaller over the whole energy range considered, making the discrepancies 
in the neighborhood of 270 Mev larger, and that, even at energies near 200 Mev, the 
decrement is too small to explain the discrepancies. Finally, we have used the approximate 
expressions (3-6) for c, and eg. It should be noted that these expressions are correct 
only to the first order in »/M, and that changes in c, and es produce the one in Re ms, 
the largest real part. A quantity of the order (¥/M)* cannot be disregarded even in 
the neighborhood of 200 Mev, when this is multiplied by a rather large numerical factor, 
and interferes with Rems. To obtain the expressions for c, and e, exact within the 
approximation to which the partial wave amplitudes other than those considered so far 
are all neglected, we must derive two new dispersion relations for the spin-flip amplitudes. 
As was mentioned in § 2, these dispersion relations will contain new adjustable parameters 
of the same kind as 4, It is not unexpected that the use of the expressions for c, and 
ef thus obtained, on adjusting the parameters appropriately, remove the discrepancies 
mentioned above, 

Finally we will examine the validity of the dipole model. Following the assumptions 
of this model, we replace the partial wave amplitudes other than ¢,/, and mj, by their 
respective expressions given by the low energy theorem. Thus we have, in addition to 


uty e Can v ot 
BEN TES = aie | Sia wn), 
y ‘ 
Tei; — i Spare pees 
ey = eee 0 
47rM 2M 


Then we calculate real parts of ey, €s, my and ms, using only two dispersion relations 
(DI) and (DIV), neglecting Im. The results are plotted in Fig. 1 and Fig. 2, We 
observe that individual amplitude in the dipole model is considerably larger than that 
calculated in § 3, while relative magnitudes of the amplitudes, as well as their energy 
dependences, are not so different from the results in § 3. Therefore the dipole model 
will predict energy and angular dependences of the cross section similar to the results 
for c=0 in the preceding section. But it predicts cross sections much larger than the 
results in the preceding section, making the agreement with experiment worse. 


In conclusion, the authors express their thanks to Professor K. Nakabayasi for his 


kind interest taken in this work. 
Appendix I 


Calculation of contributions of the unphysical region 
Jee Re : re 
Here we concern ourselves with the derivation of explicit expressions for Peg?) 
defined in (2+6a, b). The contributions to A) (v, 7, q) of the intermediate free proton 
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state, which are separated off from the sum (2-5a, b), are given by 
A, mq) =— ADF (FV glen 1) 50) |Ma=% Pa=—® 
9 


x (M,=™, pa=—Qleue —z, 4) -J()|—gee—%), (AI-I) 


Daren == 294 (Fogle x, q) -j(0)|M,=M, p,=—Q) 


x (M,=M, Pr= —O\le% _—T, q) -J (0) |\—q)d(¥—»), 
where Q depends on » through eq. (2:1). Calculation can be performed with the aid 


of the well-known expression for the matrix elements of the current operator referred to 


the free proton states : 


(Pin 0) |p) = 27) “%a(p') | tiers (Ap)*]— 5G (Ap) "Jos (Ap). (p). (AT-2) 


Here a(p’) and u(p) denote the Dirac spinors which are normalized by the condition 
a(p’)@u(p) =, where I is a unit matrix in spin space. Besides, (Jp),=p./—py; py 
=(p, E,), p,/=(p’, E,’), and F(0)=1, G(0)=g,, the proton magnetic moment in 
units of the nuclear magneton. 

(AI-2) is now substituted in (AI-I) with {p’, p} identified in turn with {q, —Q,}, 
{—Q,, —q}, {q, —Q,}, {—Q,, —q}, where Q,=i(qM/E,) x, an imaginary momentum. 
Regardless of the assignment of {p’, p}, it is found that 

(4p)?=0. (AL-3) 
Therefore, F| (4p)*], G|(4p)?] in (AI-2) may be replaced by 1, 9, respectively. This 
shows that the contributions under consideration can be expressed in terms of the proton 
mass charge and static magnetic moment only. 


After rather lengthy calculations we find 


AY (Y, 2, g=-2(£ 4a +(e) ee Tale dv»), 
A® (v, 2, gai Laine (4 aye ioe ieee), (AI-4) 


A® (v, 2, o==(£ Sate O,— nis: ato OUY,). 


On comparison with (2-6a, b) we arrive at the final results : 


ry? (q?) be ee E? ured re (q) A: — I)" y, 
87 : 8z \E 


Ey 
PE@)= a tay Ra inaty | re 2 Bois eotulicky sf 
gx ME, Sacral rami ee Soca 
re 2) oes Ip ; [oSy 2 ed eae ees 
rsp 8x M aie 7 
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Appendix II 


Properties of the partial wave amplitudes resulting from the invariance under time re- 
jlection and the unitarity of S matrix 

Throughout this appendix, we take the barycentric system, and consider the total 
energy to be fixed to a definite value. Let |«, e, a) denote the state vector representing 
the linear momentum state ofa free photon propagating in the direction of unit vector 
« with polarization e and a free proton in the spin state a, and let |j, m, El) (|j, m, M1)) 
represent the state with total angular momentum j and its zcomponent m in which the 
photon is in the electric (magnetic) multipole state of order /, Inner products of these 
state vectors are written as 


(ms BK. 2). >) OC), co Jy toy) wim, Tm) 


mi=+1/2 
x (« Xe) PXS (kK) OAT ae; 
js Nee MLK, CB) = to SC iaye (fn. sean =e! 4ca' ) 


mt =+1 /2 


>. oe, Cee (kK) (Ym 1%) 5) (AII-1) 
where ¥,, denotes the spin eigenstate with magnetic quantum number m, C;, 1j(j, m3 m 
—m/’, m') the Clebsch-Gordon coefficient, and X;,,,(«) the vector spherical harmonics.’” 
One can easily verify the orthogonality condition 


{42,33 Gum Plies es a) (es, a’, ml, PY) 


a,e 


(AII-2) 
Ny DI X s 
= 0 5519 mmt 97119 PPI > 


where the integration is to be performed over all directions of «, and P and P’ represent 
either of E and M. Owing to the invariance under spatial rotation and reflection, the 

. secs ; ; 
scattering amplitude for the transiticn from state |x, e, a) to |x’, e’, #) is written, in 


terms of the partial wave amplitudes a;(P/l’, Pl) in the following form : 
fe, e; eae K, ©, a) 
a 
SA ee es OS SE! PS 
¢=1 f=lzi]2 m=—j PP 
x(x’, e', Blj, m, PLY Cj, m, Pilz, e, @) 


(2+01) /2 
5 Ne eS A tle de 
| (240) /2 ’ 
gop eo ite PEP! 


Mine’, PUP) (25 m, Pr’) (+1) /2, m, Plie, e, a)}. 


(AII-3) 


Now, from the invariance under time reflection, it follows that 
> 


fe’, e’, B; K, ©, a) 


= 3 >) (ori) (e-e”) (AII-4) 


a3! ellell! 


xf(—K, el, a; —K, el”, BY) (ee) (LarFra). 
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On the other hand, it is shown by an elementary calculation that from (AII-1) follows 


STP ey a) te Bey, my Fle er, FD 
Blelil (AII-5) 


Seiad A Ce yp eo AP jotta AEDs 

Substituting (AII-3) in (AII-4), and using (AII-5) and its complex conjugate, we 
obtain 

a,(Ej+1/2, Mj#1/2) =a,(Mj#1/2, Ej+1/2). (AII-6) 

Next, we consider a system of a free pion and a free nucleon with total charge 

unity. Let the state of this system, in which the pion propagates in the direction of 
unit vector I and the nucleon is in the spin state @, be represented by the state vector 
\l, Q, @), and let the state in which the pion has orbital angular momentum / and total 
angular momentum and its x-component are j and m respectively be represented by 
|j, m, Ql), where Q is charge of the pion. Then, similarly to (AII—1), we have 

Gym, QUIRQ La) Se DS) Cage jntticett —m', an’) 


ml =+1 /2 
x Ne mecten! (L) (Yars Tad > (AII-7) 


which satisfies an orthogonality condition analogous to (AII-2). The photopion produc- 
tion amplitude for the transition from |«, e, @) to |l, Q, 7) is written in the form 


gL, Q, Bs #, e, &) 


=ar 1 { SS 8(Qh, Ml) 


7=1 j=l+1/2 m=—j 


xX, Q, Bij, m, QL) G, m, Ml|x, e, a) 


(411) /2 (AII-8) 
= oaks edie barn (Ql, ek 
xX Q BIC+1)/2, m, QU) (ULI) /2, m, Elle, e, a)}. 
Now, it follows from the unitarity of S matrix that 
fle, e’, ps K, @, a) =i ps e€, a; x’, e'; 3) 
(AII-9) 


=| d22, Sod, Q, B'; Kk’, e! 2) gC, Q, fp’; k, e, @) 
“i Bro 


provided that multiple photopion production is disregarded and terms of the order higher 
than e” are neglected. Substituting (AII-—3) and (AII-8) in this relation, and carrying 
out the integration with the aid of the orthogonality condition, we have 


Im 4,41). (El, El) =», Dh ]r41 2 (QlA tT) ka 
Q 


Im A441 /2 (MI, Ml) 76 Dh b:21/2 (QI, Ml) hee 
Q (AII-10) 


ow. 
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Im 4j44).({Mi+1, El) =», S} brary (Ql+1, El) 


Q 


X bie (Qlt1, Ml+1). 


In the text we have made the following abbreviations : 


ej=a;(E1, E1), m,=a,(M1, M1), e/=a,(E2, E2), 


G=2V 3 ayj(E1, M2) =2V 3 ay(M2, E1), 


j 


G=2V3 asp (E2, M1)=2V/3 ayj.(M1, E2), 


(AII-11) 
Cn = Cspot her )0 » Es= l3ja— ex /2 » 
My =Ms)y+ Zmy 9 ’ Ms — Ms ]9—™M Ja 5 
pie Sey sur ! ’ ! 
ev =esjo+ 55/2 > &s = 5/2 — €3/2 . 


If all other amplitudes are neglected, (AII—3) yields (2:19) in the text. As for photo- 


pion production, the partial wave amplitudes used by Watson et al.” are related to ours 


through 


i) —— 
a get Aa Et); E?= —v 6 bo (Q1, E2), 
; (AII-12) 
Me Net hh OL, N11 wari sali D pn 32) 


If production of P-wave pion into all states other than the (3-3) state and production 
of neutral S-wave pion are neglected, eqs. (3-1) in the text follow from (AII-10), 
definitions of E,, and M,, being found in reference 6). 
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Under the assumption that the Konopinski-Uhlenbeck interaction works as ah origin of weak 
interactions in which the existence of strange particles should be taken into account, the decay events 


ae et 
ae Kes: 
though it is premature to draw any definite conclusions. Some remarks are also made about the (- 


Kis and K®, are investigated. The available data seem to be favourable to our predictions, 


decay of Hyperons and the K-meson decay into two leptons. 


S 1. Tntroduction 


Since the discovery of the first V-event by Rochester and Butler in 1947, the existence 
of a number of particles with curious properties, the so-called strange particles, has been 
established, Various properties of these particles, especially their copious productions and 
their long lifetimes were described consistently in terms of the beautiful scheme of 
Nishijima-Gell-Mann-Pais’””” in a somewhat qualitative manner, and now it is generally 
accepted that, besides the strong and the electromagnetic interactions, there exists a group 
of interactions called weak interactions, In spite of a wide variety of the nature of 
particles which participate in these interactions, we find a remarkable fact that the strength 
of all these couplings is almost of the same order of magnitude” (~10~" in the unit 
b=c=r, (~107%cm)=1). It is reasonable, therefore, to assume that all these weak 
interactions originate in a single interaction which has a universal character to some extent. 
From such a point of view the weak Fermi interaction (F-int.) seems to be of special 
interest, since it is the interaction between two pairs of Fermions and we may possibly 
derive from it, in collaboration with the strong interactions, the other kinds of interactions, 
such as the weak Boson-Fermion and the weak Boson-Boson interactions.* 

Many investigations have been made under the assumption that the weak F-int. acts 
4)—7) 


as an origin of various weak interactions. It seems to the present author, however, 


that such a hypothesis neither has any a priori reason nor is so efficient in explaining 
various phenomena. Indeed, it has been pointed out by Oneda and Wakasa® that, in 
order to get a unified description of all phenomena involving strange particles as well as 


familiar nucleons, pions and leptons in terms of the strong, the electromagnetic and the 


se aes : ; , 
In this picture of the weak interactions, the concept of the F-int. must be extended so as to include 
four-baryon processes as well as the well-known neutrino processes. 
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weak F-int., it is necessary to add a more complicated character to the F-int., e. g., the 
process dependence of the coupling type. Such a restriction is rather artificial and ad hoc, 


and is unsatisfactory from the view-point that the primary interaction must be of a universal 
character, 


In the analysis of the decay processes of charged K,, and K,, by Furuichi et al?) 
similar situations did occur. According to their calculations the energy spectrum of the 
secondary electrons (muons) has a large distribution in the high energy region for most 
of the coupling types (S,V, A, P) of the F-int. both for scalar and vector K-mesons. 
They also found that, for the tensor coupling in the case of spin 0 K-meson, there are 
two peaks in the electron (muon) distribution, one being in the low energy region and 
another in the high energy region. The experimental results” give a large distribution 
of electrons (mucns) in rather low energy regions. Hence, in order to get the best fit 
to the Rochester data, appropriate combinations of S(T)- and S(P)-couplings for K,; and 
§(T)- and S(A)-couplings (or V(P)- and V(T)-couplings) for K,, have been required.” 

Here it is quite interesting to observe the following points. Among various events 
that are realized by the weak interactions, we have, on the one hand, many phenomena 
which can be settled without considering the existence of strange particles. The (?-decay 
of nucleons and the //--capture, for example, belong to this class. On the other hand, 
there are also phenomena in which the existence of strange particles should inevitably be 
taken into account. The decays of Hyperons and K-mesons are contained in this class.* 
In the first class of phenomena the weak F-int. has gained a brilliant success. Yet, in 
view of the circumstances mentioned above, it seems highly probable that the interactions 
which have a large applicability to the first class of phenomena are not necessarily re- 
sponsible to, or at least do not play an important role in, the second class of phenomena. 
We-may assume as well that some new kind of universal interactions other than the 
usual weak F-int. plays an essential role in the weak interactions in which particles with 
strange properties participate. Along this line of thought we are led to expect that the 
experimental features of phenomena belonging to the second class will be explained in 
terms of some universal interaction of a new kind without any further artificial restriction. 


In this connection the interaction proposed by Konopinski and Uhlenbeck'” (KU- 


int.) about twenty years ago is of particular interest. It is the one-point interaction as 


is the F-int Furthermore the KU-int. contains a time derivative of the wave function 


of the neutrino, hence it is, as is well known, more favourable to the emission of high 
s than the F-int. and this situation seems to be of practical value for 


energy neutrino | 
ution of low energy electrons (muons) in charged K,, (K,;)- 


describing a large distrib 
decay. 


In order to ascertain the above conjecture, 
of the KU-int. as an origin of weak interactions in which the existence of strange particles 


we shall examine in this paper the validity 


such a classification is not possible because we must take into account all particles 


* Strictly speaking 
ate between these two classes of phenomena may be somewhat obscure, 


that exist in nature. The distinction 
but it has to be understood only in the phenomenological sense. 
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should be taken into account. In § 2 we look for the most adequate phenomena to test 
our proposal and give general considerations of their treatment. Using the procedure 
there explained, we examine in § 3 the K,s- and Ki-decay, and the energy spectra of 
the secondary muons and electrons are compared with those based on the F-int. In order 
to clearly show the difference between the KU-int. and the F-int., we next consider in 
$4 the energy distribution of neutrinos in the K,; (K,$)-decay. §5 is devoted to a 


discussion of the K-meson decay into two leptons and the /?-decay. of Hyperons. 


§ 2. General considerations 


As has been mentioned in the previous section, we have assumed that the KU-int. 
plays an essential role in the second class of phenomena, In those events which contain 
no strange particles both in the initial and final states, the KU-int., if it works at all, 
operates only indirectly, strange particles appearing only in intermediate states. Further, 
we give a preferential treatment for neutrinos in the KU-int. Therefore, the most adequate 
phenomena to test our proposal are those in which we have strange particles and neutrinos 


either in the initial or in the final state or in both of them. In this paper we are 


mainly interested in the following phenomena : 


Ki>pttv4+n°, Ki set+v4+7°, (2-1) 
Kiet tu+nt, Ko ettu+nF, (2-2) 

oe re, (2-3) 
A° (3°) >P+e+». (2-4) 


Processes (2-1)—(2-3) are realized by the cooperation of the strong and the weak KU- 
int., while the process (2-4) can be realized by the direct KU-int. among four Fermions. 
For strong interactions it is desirable to avoid the perturbational treatment as far as possible, 
hence we adopt the procedure used by Oneda and Wakasa‘ and by Furuichi et al.” in 
the analysis based on the F-int. 


The starting points of our we 
analysis are : 

1. The transition matrix elements 
are Lorentz invariant. 


2. The decay of the K-meson with 


lepton secondaries is realized by the 


collaboration of the strong and the 


weak KU-int. which acts only once aN z 


in the whole course of the decay Fig. la. Diagram for the process (2-1) or (2-2). 
process (Fig. 1). 
In contrast to the five coupling types of the weak F-int., there are three coupling 


types in the KU-int. which involve the time derivative of the neutrino wave function, 
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namely* 
vector : (a7, 7) (¢ 0,2), (2-5) A(S) u(e) 
—e uaa ; 
tensor : (icy) (P7,9,~), (2-6) 
pseudovector : (a i5 vu¥) (fb (3 ci ¢) > (2 a 7) K 
where u, w and ~ are wave functions of N 


three Fermions** and @ is the wave function Fig. 1b. Diagram for the process (2-3). 


of the neutrino. Then, from the requirement 


of the Lorentz invariance, the transition matrix for the processes (2:1) and (2-2) can 


be written in a very general form : 
M= (27)*0"(k—p—q—l) $(p) O,¢(q) o* CL) (bk) A™, (2-8) 


where (p), 9(q), O(/) and @,(k) are the wave functions of electron (muon), neutrino, 
pion and K-meson respectively, The O,’s are operators corresponding to the coupling types 
of (2-5), (2-6) and (2-7). The A%”’s are some functions of the four-momenta p, 
q and k with an appropriate transformation property corresponding to O, and the spin of 
the K-meson. They are the contributions from all the possible virtual states, which 
involve the four-momenta of electron (muon) and neutrino only in the combination p+q 
since the KU-int. is a one-point interaction as is the F-int.*** For the explicit expressions 
of A“, we make the same assumption as in reference 4), i. e., the momentum dependence 
of A is restricted only to the lowest order. At present we have no adequate method of 
discussing the validity of this approximation, But it must be kept in mind that in this 


paper we are not interested in the absolute value of the matrix elements, but only in the 


Table 1. Forms of Aé‘%) for processes (2:1) and (2:2) 


ci coupling type vector tensor pseudovector 
K-meson eo! Vs Tu Iu — Ty Wp TI. 
GSM kt 
pals forbidden GST) k (p+q)y GSA) (p+q),,! 
| G38 (4) | t 


G; V(r) Our kyt 
‘oS GVM €uvpky (P+) p Go"), ,(p+9) vi GY" bxy 

a GyV @ by 1, 
a 


t Any of these three can be expressed as a linear combination of the other two, but we give all of them 


explicitly for convenience’ sake. 


* We use the KU-int. in its original sense, that is, it involves a time derivative of the neutrino wave 
any other coupling type cannot be excluded. But we do not intend to investigate 


function only. Of course, 
)=(2:7) as a possible example. 


into all cases but confine ourselves to (2:5 
** We assume that all Fermions are particles with spin 1/2. 
+ We omit some types of higher order radiative corrections (see reference 4) ). 
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shape of the distribution of secondary electrons (muons) or neutrinos. In Table 1 we 
record the possible forms of A‘\)’s for the processes (2-1) and (2:2). Owing to the 
vanishing of the neutrino mass we cannot discuss the parity of the K-meson, so we here 
consider the K-meson as a scalar or vector particle. For the pseudoscalar or pseudovector 
K-meson we have only to take the A with opposite parity. 

It should be noted that, owing to the appearance of qg in O, and to the fact that 
gu2=0, the four-momenta p and q do not necessarily appear in the symmetrical combi- 
nation p+q in the matrix elements (2-8). This differs from the case of the F-int., where 
the matrix elements always contain p and q in such a combination. 

By using these matrix elements the transition probability is easily obtained and will 


be given in the following two sections, 


§ 3. Energy spectra of electrons (muons) in charged 
K,, (K,,)-decay 


In this section we investigate the energy spectra of the secondary electron and muon 


in the decay processes 
Ki perm, (3-1) 
Ki tebe, (3-2) 


In general the transition matrix element is given by an arbitrary linear combination 
of various coupling types tabulated in Table 1, but we here give the result only for each 
coupling for convenience’ sake. 


The calculated spectra are: (h=c=1) 
for scalar K-meson 
PLA Eye (GIA ton iy HEME 
PS (E) = (G24"/167°) M3 (W —E)* (M3 I,—3M?1,+3MI1,—I,), 
PSO (E) = (G34"/167°) M* (W —E)*(ML—L), (3-3) 
DED (E) sa (GSS 3 62M i By | Ie (aie ) 1, 


+ (3M? + m?—4ME) I,— (M2 4m? —2ME) MI], 
and for vector K-meson 
PY (BE) = (G"4"/482°) M3 (W—E)4(MI,—I,), 
PYVI(E) = (G"O*74gn") MW —E)*[1,— GM 28 ye 
+ (3M?4 m®—4ME ) I,— (M?-+m®—2ME) MI,], 
PY (E) = (GP"/242%) M°(W—E)*(MI,—1), 
PS? (E) = (GL"/48n°) M3 (W—E)*| (M?+2ME—mn®) MI, 
— (3M? +4ME —m?) I,+ (3M+2E) L,—1,], 


(3-4) 
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pr) (E) = (Gy 7487) M*(W—E)*| -lL— (M—2E) Ie 
+ (3M* + m’—4ME ) I,— (M?+m>—2ME) MI,], 


where 
» m and « are the masses of K-meson, electron (muon) and pion respectively. 


W is given by 


W = (M*+ m?—«*) /(2M), 
and I,, I[,--- are the functions defined by 


i | 
0 


The curves of these spectra 
are given in Fig. 2 and Fig. 3. 
In what follows we shall discuss 
these results by comparing them 
with experimental data and with 
the results obtained by Furuichi 
et al.” on the basis of the 
primary F-int. 

1. Charged K,, 

Among various coupling 
types of the KU-int. the Gs. 
coupling for scalar K-meson and 
G;‘”-coupling for vector K- 
meson give the results which 
fit the experimental data rather 
well, Our results almost coin- 
cide with the best result obtain- 
ed by Furuichi et al” “(an 
appropriate combination of the 
S(T)- and S(A)-coupling) ex- 
cept a slight difference in the 
high energy end of the distri- 
bution. Here it should be 
noted that all couplings in 
Table 1 have only one peak 
in the energy distributions and 
there is no single coupling type 
which has two peaks, contrary 
to the S(T)-coupling of the 
F-int. In the Rochester data 
for charged K,, the second 


(p sin@ d0/ (M—E-+ pcos@)"). 
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Fig. 2a. Energy spectra of the secondary muons for the scalar 
Ke: The dotted curve indicates the best result obtained by 


Furuichi et al. 


Vector K* 
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Fig. 2b. Energy spectra of the secondary muons for the vector 
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maximum in the high energy 


Sealar ee 


region of the muon distribution 
is not observed, therefore we 
do not necessarily require the 
S(T)-coupling if we only have 
some coupling type which gives 


a large distribution of the low 


energy muons, Practically the 
G3“-coupling of the KU-int. 
differs from the S(P)-coupling 
of the F-int. only by a factor 
(!q), which is reduced in the W 


rest system of the K-meson to 


Frequency in an arbitrary scale 


4 


4 HN e 
200 300 (m,) 
Kinetic energy of the electron 


100 


(/q) =—M(W—E): Fig. 3a. Energy spectra of the secondary electrons for the 


scalar TES The dotted curve indicates the best result obtained 
This factor favours the predomi- 


by Furuichi et al. 
nant emission of muons of 
lower energy than in the case Vector K+ 
of the F-int. and shifts the 
GYM) G"’ (4) 

distribution to the low energy 1 2 
regions, 

2. Charged K,, 

The agreement with the 
Rochester data for charged K,, 


is less satisfactory than in the 


Frequency in an arbitrary scale 


case of Ki, if we use only one 
coupling type of the KU-int. 
Nevertheless, the G}“?-coupling 


= ——— is N 
100 200 300, 100, (m,) 


Kinetic energy of the electron 


or the G}-coupling again 
yields almost the same result Fig. 3b. Energy spectra of the secondary electrons for the 
as that obtained in reference vector K;;. 
5) (an appropriate combination of the S(T) and S(P)-couplings) except the second 
maximum at the high energy end. The absence of the second maximum in our theory 
may become mote significant. Of course, we can realize the bimodal distribution of 
electrons by an appropriate admixture with the other coupling types. It should be noticed, 
however, that if there exists the two-body decay mode K->e+» the resulting electron will 
have an energy ~246 Mev. Within the accuracy of the present experimental technique 
it will be very hard to remove such a contamination, At present it seems to the author 
that we cannot entirely rule out the possibility that the second maximum at the high 
energy end is due to the K,, mode. 

Thus, it is very likely that a single coupling type of the KU-int. (G3“- or GY- 
coupling) can describe both the electron and the muon distributions in the K& and K%- 
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decays, eg in the case of the F-int. two different selections of the coupling types have 
been required (S(T) +S(P) for KX and S(T) +S(A) for K+) 


us) + 


§4. Energy spectra of neutrinos in neutral K,,(K,,)-decay 


As has been noticed in the introduction, the characteristics of the KU-int. are that 
they are more favourable to the emission of high energy neutrinos than the F-int. Conse- 
quently, it will be the energy distribution of neutrino that decides whether the F-int. 
or the KU-int. is participating in the process. Unfortunately, however, the neutrino energy 
in charged K,,,- and K,,-decays cannot be measured experimentally, since there is only one 
visible secondary particle. Yet recent discoveries" of the possible decay mode of 
neutral K-particles K?,(K);) >e=(v*) +¥+77 may give a direct test of this question, 
In these processes we can get experimental data in the laboratory system about the energy- 
momentum of the electron (muon) (), p), that of the pion (/,, 1) and the angle 
between them, from which the neutrino energy q, in the rest system of the K-meson can 


be evaluated, i,e., 
go=|M?— (p+ 1)? + (p+ D*]/ 2™):. (4-1) 


Thus, we can easily compare theoretical predictions with experiments in spite of the vague 
information about the momentum or the direction of the incident neutral K-meson which 
decays in flight. In this section we shall deal with this problem. 

Some investigations of the K°-events on the basis of the weak F-int. have been made 
by Pais and Treiman” and also by Furuichi.'® Since K°-events are mainly decays in flight, 
the theoretical predictions about the energy distribution of pions and the angular corre- 
lation between the final pion and electron (muon) cannot be compared with experimental | 
data until the direction and the momentum of the incident K°-meson are determined. 
Thus, the only practical data which are available for a comparison between theory and 
the neutrino, with which we are concerned 


experiment are the energy distributions of 
spectra of electrons (muons) are almost identical with those in charged 


here. (The energy 
K .,(K,,3)-decay except a small correction due to the mass difference between charged and 
neutral pions.) Recent experiments on @- and z-mesons strongly suggest that they are 
Moreover, from the fact that K-particles, which have various decay 


particles with spin 0. 
we here consider only the K-meson with spin 


modes, have almost the same mass and lifetime, 
0, although we cannot exclude the possibility of spin 1 K-meson as is seen in the previous 


section. 
The energy distributions of neutrino for the various coupling 


types of the KU-int. 


are : 


PS (g,) = (6849/1675) M?qy![ (1/2) Exiax—Esiin) — W = 40) Envax= Bos) 
PS (q,) = (GS?/16n8) (2/4) | W—qy— Emax) — W Go Eni) 
PS (g,) = (GS /16R*) M2 (1/4) {W Eas) W Evin) 

= (44/3) {WE nas) — W Ens) } 
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PO (q,) = (GX /16n) MEE — (ME 
=I (m? q,°/2) i (W —qy—E Emax)” + (W =qo— Emm) a 
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4) { (W qo Emax) (W —qy—Emin, fi | 


+ Mq,(W —4)? (Exiax > Emin) (4Mq,, 3) (W —qp) Ce ey) | 


== (Mq, ‘2) Chee —E,i.,,) | ? 


where 


max 
min 


Q=(M? — (mK)? |/ 2M), 


These curves are given in Fig. 
4 (assuming K’-mass=K*-mass= 
966 m,) and, as are expected, have 
large distributions in high energy 
regions both for K?;- and Kjjs-decays. 
Here we are especially interested in 
the energy distribution of neutrino 
in the K?,-decay. 
based on the 


In the theory 
F-int. the transition 


matrix elements contain the four- 
momenta of electrons and neutrinos 
always in the combination p+q for 
Further the 


electron mass is negligibly small. 


every coupling type. 


Owing to these circumstances, the 
neutrino distribution almost coincide 
with the electron distribution for any 
combination of various coupling types 
of the F-int. 
the linear combination of S(T)- and 
S(P)-couplings of the F-int., by 
‘ which the fittest result to the ex- 


Therefore, if we use 


perimental distribution of electrons 
in charged K,,-decay can be obtained, 
the neutrino distribution in the K,,!- 
decay will have its maximum at 
~100 Mev and have a large distri- 
bution in the region 50 Mev~150 
Mev. In contrast to this, the result 
for the G3“?-coupling Gye tay JRUE 
int. behaves quite differently and has 


=[(M—q) W 4) £40 (Q— 4) (Q = 4) |/ M— 240)» 


Q’ =[MP— (e—m)")/ (2M). 


Sealar K2 


GST) 


GSA) 
2 
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Energy spectra of the neutrinos for the scalar 
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‘100 
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Fig. 4b. Energy spectra of the neutrinos for the scalar 

K° 
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a large distribution in the energy region 160 Mev~210 Mev. Thus, the neutrino 


distribution i u isi 
Weatien in the K,;-decay has a decisive role whether the KU-int, or the F-int. is 
participating in these decays. 


At present we have few experimental data on the process Kes (Kas) et (y*) +y4+at 
and fewer data in which both pions and electrons (muons) are identified. We record 
in Table 2 the experimental data concerning events which are probably K?;-decays, together 
with the neutrino energy gq, calculated by (4-1). It seems that the neutrino is likely to 
be emitted with rather high energy and this tendency is consistent with our predictions. 
But, in view of poor statistics of the experimental data and much uncertainty in the 
momentum measurements, we cannot draw any definite conclusions, Further experimental 


‘ ; A : ; : 
information on the K)},-decay process is very important and desirable. 


Table 2. Data of the probable K?,-decay 


event |) “tate momentum —momentum angle qo 

No. (Mev/c) (Mev/c) (degree) (Mev) 
4 224+5 | 58.5+4 91.543 195 (probable e~)}”) 
9 24033 | 67 +20 | 1424-3 163 (probable e~)! 
ES; >150 | 62 9943 - 198* (probable e~)! 

59647 409 —~535 39) 5s) 83+1 188 ~196 (xt, e-)1) 

| 
69328 11.9409 | 200*38 46.1 202 Geateay 


eT 


* go for event 15 is calculated for pp=150 Mev/c. 


§5. Remarks on the hypothesis of the KU-int. 


In this paper we have assumed that the KU-int. plays an important role in the weak 
interactions in which the existence of strange particles must be taken into account, and 
decay events of charged and neutral K,, and K,,, have been investigated. If, however, 
our assumption is close to reality, some modifications will be necessary of discussions about 
the other phenomena, such as the K,-decay and the [-decay of Hyperons. In this section 
we make some remarks on these problems. 

1. Decay of the K-meson into two leptons 

Concerning the decay of the K-meson into two leptons we are informed of the decay 
mode K#,>y*+», but the corresponding decay mode K3—e*+v has not been found.* 


The situation is quite similar to the well-known 7—/4 and m—e puzzle. So far the 


abeence of the —e- or K,,-decay has been interpreted by assuming the interaction among 
pion (K-meson), neutrino and electron or muon of the following form : 
~PisiuP uf (5-1) 


((5-1) can be regarded as the pseudovector interaction among two Fermions and a Boson,’ 


or alternatively as the transition matrix element of the Boson decay via baryon loops by 


* There are two events which may belong to the Keo mode.9?,19) 
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the pseudovector coupling of the Pint?) 
In our theory in which the KU-int. is assumed for strange particles, the possible 
coupling which contributes to the K,,.(K,») -decay is the vector coupling for scalar K-meson 


(pseudovector coupling for pseudoscalar K-meson). Hence we have 
T x-p/Tx--= MW? —m,’) OY beer i, (5 -2) 


which is close to unity and is inconsistent with the experiments. This may be a defect 
of our theory. If, however, we tentatively assume, besides (2-5) —(2-7), the following 


interaction 
~ (7, 0,w +207, 0,4) ($7.9), (5-3) 


which contains an additional derivative of the baryon wave function* and is symmetric 
with respect to indices 4 and », the transition matrix element of the following type is 


possible for the K,»(K,»)-decay : 
~$7,9,9-0,9, D. (5:4) 
This leads to 
Tx—y/Tx-e= (m,"/m,”) » (M?—m,?)*/ (M?—m,’)'~10™, (5-5) 


which is consistent with experimental observations. 

The interaction (5-3) will also give rise to K,,- and K,,-decays. There are, how- 
ever, some difficulties in treating such an interaction, where the notion of free particles 
and their mutual interaction becomes somewhat ambiguous. Moreover, as was mentioned 
in § 3, we cannot distinguish the electrons at the high energy end of the K,, mode from 
those due to the K,, mode within the accuracy of the present experimental technique, and 
the relative ratio K,,/K,. may be altered in future experiments. Therefore, we merely 
suggest (5-3) as a tentative assumption and do not consider this problem any further. 


The problem of the K,,-decay must be further investigated both theoretically and ex- 
perimentally. 


2. -decay of Hyperons 
The existence of the KU-int. will bring about the possible (-decay of Hyperons, 
€, g 


M>P+e+y, (5-6) 


It has been pointed out by Furuichi’? that the assumption of the primary F-int, 
also leads to this process. If, however, (5-6) is caused by the F-int. the energy will be 
equally distributed among electron and neutrino,’ and the most probable electron energy 
is ~E,/2, where E, is the maximum electron energy. In contrast to this, if the KU- 


int. is responsible to the process (5-6), the electron receives on the average much less 


p ; . ; ee: : 
So far we have not met with phenomena in which derivatives of the wave function of heavy particles 


are required. It is interesting, however, to notice that the very weak interaction between the gravitational 
and the matter field may contain such a derivative)” 
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than half the maximum energy E, and the most probable energy will be shifted to 
~E,/3. At present we have only one event which may be a f-decay of 2” and 


further experimental investigations are eagerly awaited, 


§ 6. Concluding summary 


Under the assumption that some universal interaction of a new kind may play an 
essential role in weak interactions in which particles with strange properties take part, we 
have analysed the decays of K-mesons and Hyperons with lepton secondaries, Our start- 
ing points are: 

1. Transition matrix elements are Lorentz invariant. 

2. The decay of K-mesons is caused by the collaboration of the strong and the 
weak KU-int. which acts only once in the whole course of the decay process. 

In the theory based on the F-int., different selections of coupling types are required 
for the energy spectra of electrons and muons in the KZ- and K/{j,-decay respectively, 
while in our theory a single coupling type (GE. or GY coupling) gives. the results 
which agree with the experimental data to the same extent as those obtained in the case 
of the F-int. (§ 3). In order to make clear the contrast between the F-int. and the 
KU-int., we have investigated the neutrino distribution in the neutral K,,(K,;)-decay and 
have found that the KU-int. is more favourable to the emission of high energy neutrinos 
than the F-int. Let it be emphasized that the neutrino distribution in the K(s-decay 
gives a crucial test which of the two is responsible to these processes. Though we have 
very few experiments on the K{;-decay, a preliminary investigation on available data seems 
to be favourable to, at least not inconsistent with, our predictions (§ 4). In the last 
section the K,.-decay and the possible -decay of Hyperons are briefly discussed. 

It is indeed very interesting from the view-point of aesthetics as well as economy of 
thought to describe all phenomena through the collaboration of the strong and the familiar 
Fermi interaction. Nevertheless, those phenomena in which strange particles play an active 
part are, as it were, the new and unknown world and it will not be hard to imagine 
that there are various strange factors which are unfamiliar to our present knowledge. 
Therefore it may be promising as well to assume that some new kind of interactions, such 
as the KU-int., may play an essential role when we go a step further inside this world. 

We have noticed the existence of two classes of phenomena. Practically speaking, 
however, the border between these two classes is not so clear and there are phenomena 
for which it is not apparent to which class they belong. For example, if the 7—j(e) decay 
is caused through the intermediation of the baryon loop, it will be possible that the 
hyperons as well as nucleons participate in this process. Although the borderland is rather 
obscure at present, it is an interesting problem to what extent we can reduce it. 

Throughout this paper our considerations have been confined to the weak interactions 


which involve neutrinos. We also know, however, other weak interactions which are not 


neutrino processes. It still remains to be an open question whether they can be described 
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consistently in terms of the KU-int.* 
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In view of the results obtained in the present 


analysis, further investigations into this problem will be of much value and of great 


importance. 
The author wishes to express his sincere thanks to Professor Y. Mimura for his kind 


interest in as well as for his untiring encouragement throughout this work. His thanks 


ate also due to Mr. Furuichi for sending the preprint prior to its publication. 
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Iso 2po *>}, State of H, 
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The repulsive state 1so 2po *S\, of H, 


is treated by the molecular orbital method 


U 


within single configuration approximation. 


The wave function assumes the form : 
P (1, 2)=(/ 2) {p,(1) ¢..(2) 
— (1) Po(2)} 
The first choice (1) of @, and ¢,, is 
Ci —Wer Ves Cys 
Cee Ye 5 Sas 


where 
La= (Z?/7)'" exp(—LZra), 
k= (Z?/m)"" exp(—Zr), 
hve (/ B) exp (—2Z' 7); 
ipl = (Z9/n)'" exp(—Z'n). 


This is an LCAO MO type approximation. 
The point is that we take Zo@Z’.. The 
second choice (II) of ¢, and ¢, is 


Cyrene (1 a3 cy") z 


Be 


Du eee 


> 


where $= (r,+r,) /R and 4= (ta—1) /R, 
R being the distance between two nuclei a 
and 6. This may be called a James type 
approximation, 

The calculations of the repulsive energy 
are performed at three values of R: 1.0, 
1.5\ and 2.0 aa. and the results are 
summarized in Table 1. The values of 
the parameters in Table 2 ate fixed by 
simple guess work. Notice that we take 
Zh 2 ean ee Zia) Li=2 8. c 
determined by the Ritz procedure. 


1S 


Table 1. The repulsive energy in Keal/mole. 


| : 
Ra.u.)| () | GD | Jcp* | HL ek 
= | : Lege 
1.0 249.9 246.8 2450 4% 442.3 
ifeS) 128.6 126.8 | 119.8 142 200.2 
2.0 71.0 69.0 65.9 96.6 


* James-Coolidge-Present 
*® Hirschfelder and Linnett 
*** The value due to the formula (12) of HL. 


Table 2 
(1) e80) 
R(a.u.) is ae 
ZR Z’R 2a 2B c 
10: 1165) On 15) 0.5 0.153941 
U5 2.0 1.0 2.0 0 0.350896 
2.0 Ze) 1S) PS} iB) 0.635077 


Table 1 shows that the present single 
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configuration approximation yields rather 
good numerical results, The most attractive 
feature is the preservation of the simple 
image of the molecular orbital point of 
view. This becomes quite clear if we 
compare the present treatment with that of 
Hirschfelder and Linnett.” 


treatment indicates how to improve the 


The present 


floating function method of Hurley.” The 
origins of the atomic orbitals should be 
floated separately, that is, inward direction 
in the case of o, orbital and outward in 


As for the He-He 


the case of o,, orbital. 


repulsive energy, similar calculations have 
already been performed by the present 
author” with the function of the first type 
(I) and by T. Murai” with the second 


type function (II) with considerable success. 
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An attempt is made at reformulating pion-nucleon interaction in such a form that the large an- 
nihilation cross section of antiproton or the recent experiments at Stanford could be understocd better. 
For this purpose, a new space which we name K-space is intrcduced. In terms of K-space, charge 
conjugation can be expressed as a rotation through z around its second axis multiplied by a rotation 
through z around the secord axis in the usual isotopic space. It is shcwn that if pion-nucleon interac- 
tion is assumed as invariant under rotations in K-space (it is already invariant under rotations in the 
usual isotopic space if we assume charge independence), it can not be local, especially the part re- 
sponsible for the creation and the annihilation of nucleon pairs. Possibilities of checking this assump- 
tion experimentally are discussed, and among these the annihilation of antinucleon by nucleon is 


discussed in some detail. 


§ 1. Introduction 


Recently, experiments on the scattering of high energy electron by nucleon or by 
deuteron’ and the annihilation of antiproton by nucleon” have become possible, ard several 
new facts have been found about the structure of the nucleon or the pion-nucleon interac- 
tion. Among these, the most’ striking is that the core of the nucleon seems to extend 
to about the same order of magnitude with the Compton wave length of the pion. It 
is very difficult to understand this fact from the usual theory. The purpose of this 
paper is to describe an attempt at reformulating pion-nucleon interaction in such a form 
that this fact could be understood better. 

The starting point of the discussion is the conservation law of charge. Consider, 
for example, the simplest case of pion. Its charge is given by 


Q=el,, (1*1) 


where JI, is the third component of the isotopic spin. In this case, therefore, the conser- 
is nothing but the conservation law of I;. This fact, and the 


vation law of charge fact, 
That is, it is a three 


charge independence suggest a simple picture for the charge space. 
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dimensional real orthogonal space, and in it only the direction of the third component is 
characterized by the electromagnetic field. Therefore, it is symmetric under rotations 
around its third axis, and can be regarded as effectively isotropic in the approximation in 
which it is neglected. 

As is well known, the gauge transformation (of the first kind) 


deb, pet G 


(q@ is an arbitrary real constant) 


can be regarded as a rotation through a in the charge space around its third axis. The 
above picture, when combined with this interpretation of the gauge transformation, makes 
very clear the meaning of gauge invariance or the character of the conservation law of 
charge. For example, we may say that why the theory is invariant under the gauge 
transformation is because it is a rotation around the third axis in the charge space, and 
the charge space is symmetric under it, or why the conservation law of charge follows 
from the gauge invariance is because it is a conservation law of the third component of 
an angular momentum in the charge space, and the gauge transformation is a rotation 
around the third axis,...etc. 

Such a picture, however, can not be used in the case of nucleon, where the charge 


is given by 
Q=e(1,+1/2), (a2) 


where +1/2 and —1/2 correspond to nucleon and antinucleon respectively. Therefore, 
if we take the above picture seriously, it becomes necessary to assume that this is also 
the third component of some angular momentum in the charge space.* We shall call 


this K, and assume that 


|\K|=1/2, (1*3) 
and 


+1/2 for nucleon, 
K,= (ie) 
—1/2 for antinucleon. 

If these assumptions are made, the charge is given by the third component of an 
angular momentum in the charge space as a whole, and the interpretation of the gauge 
invariance or of the conservation law of charge becomes much simpler, 

Now, the charge conjugation is the exchange of particle and antiparticle. In our 
picture, however, they are related to +1/2 and —1/2 of K,. Therefore, in our picture, 
it is expected that the charge conjugation can be replaced by a simple geometrical opera- 
tion in the charge space, and in fact, as will be shown in § 4, it can be replaced by a 
rotation through 7 around the second (first) axis in I-space multiplied by a rotation 
through = around the second (first) axis in K-space. 


Corresponding to this, the charge space is assumed as a direct product of [- and K-spaces for nucleon 
For pion it is the same as before since K is always assumed as zero for it. 


An Attempt at Reformulating Pion-Nucleon Interaction, I 13] 


The invariance of the pion-nucleon interaction under rotations in I-space is known 
as charge independence. Therefore, the requirement of invariance under charge conjugation 
is equivalent to the requirement of invariance under rotation through 7 around the second 
(first) axis in K-space. The assumption we shall make in this paper is that the pion- 
nucleon interaction must be invariant under the full rotation in K-space. This is exactly 
analogous to the one which we have made on the passing from charge symmetry to 
charge independence. As for the electromagnetic interaction, it is assumed as the third 
component of a vector in I and K-spaces. 

We shall discuss the consequence of these assumptions in detail in the following. 
It is shown that, if these assumptions are made, the pion-nucleon interaction, especially 
the part responsible for the creation and the annihilation of nucleon pairs, can not be 
local so long as it is assumed as bilinear in the nucleon field and linear in the pion field. 
It would be natural to expect that such non-locality will be responsible for various anomalies 
mentioned at the beginning. 

We shall also discuss the possibility of checking basic assumptions experimentally. 
According to these, K is conserved in pion-nucleon interaction, and this gives new selec- 
tion rules in some cases, Therefore, by comparing predictions from these selection rules 
with experiments, it is possible to check them. This will be done concretely on a few 


examples. 


§ 2. Generator for infinitesimal rotation in K-space 


To discuss the transformation properties of various quantities in K-space, we must 
construct the generator for infinitesimal rotation in K-space. 

We shall describe proton and neutron fields by ¢,,(x) and ¢,,(x) respectively.* They 
contain destruction operators for protons (neutrons) and creation operators for antiprotons 
(antineutrons). It is convenient, therefore, to start from momentum representation. Thus, 


expanding them into Fourier series, we have 


hy) =A/VV) Su, @) e* p(k 2) +0(k 0) PC, 0), 
$.0) =0/VP) Slut o) en (k, 7) +u(k o) e“*A¥(k, o)], (2-1) 


and also for antinucleon fields 


ty @) = C/V) Se 2) Ph 0) Folk, a) er p* (be) |, 
Jule) = (/-YP) Slat o) ea (k, o) +u(k, o) ew **n*(k, o)], (214) 


where u(k, «) and v(k, 7) are usual solutions of the Dirac equation, and p(k, «) (n(k, 


o)), p¥(k, o) (n*(k, o)), p(k, o) (i(k, &)) and p*(k, o) (n*(k, &)) represent the destruc- 


* In the following, interaction representation is used throughout, so that ,,(x) and (x) satisfy the 


equations of motion for free fields. 
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tion and creation operators for proton (neutron) and those for antiproton (antineutron) 

respectively, According to § 1, nucleon and antinucleon correspond to +1/2 and —1/2 
of K,. Therefore, following the idea of K-space, let us introduce y(k, 7) defined by 

[ pth 7) | 

| n(k, 7) | 

| —Aa(k, o) | 

B(k, 0) 


as our basic quantity. It is quantized according to 


1 (k, ©) (2-2) 


ne (k, co) ’ G (k’, oa’) I = 0:5 Ones Oses > 
LY; (k, a), GG ae o’)} =0, (23) 
and 


{xe* (k, ©), 75" (R’, 0’) } =0. 


In terms of 7(k, 7), the operator for nucleon number N (number of nucleon—number 


of antinucleon) is expressed as 


Nay ok o) Kz 7 (R, v), (2-4) 
kyo 


where «, is one of Pauli matrices in K-space : 


(Q). TES ie rei fo °) 
= 5 2 ’ — Pp | 2:5 
ONE / Se ae, "Saag lee Gr) 


Also the isotopic spin operator is given by 
f(t) 2) \e (x) 7; oh (x) dx 
= (1/2) Six" (ho) rex (ks @); wea Ses 
where ¢/(x) is an abbreviation for 


tp (x) 
(bn (x) ) ; 


In terms of (2-6), the infinitesimal rotation in [-sapce through €; around its i-th axis can 
be represented as 


(x) =( (277) 


F=1+i6,I,. (2-8) 


In fact, using (2-3), we can show easily that 7(k, o) is transformed according to 


* In the last line of (2-6), rt; stands for a four rowed and four columned matrix 
a) 
Ome ces 


This obvious abbreviation will be used whenever r; operates on four rowed matrices such as x(k, 7) 
AD) 


An Attempt at Reformulating Pion-Nucleon Interaction, I 133 


Oy (ho) GP =4(k, o) + (i/2) 2,7 (ko). (2-9) 


We shall introduce the generator for infinitesimal rotation in K-space in a form 
analogous to (2-8). Let us define first K; by 


Ky= (1/2) 217" (& o) K(k, o). (2-10) 


, > = c A A 5 , 
These K,’s are obviously Lorentz-invariant, and are commutative with [,. It can further 


be shown that they satisfy following commutation relations : 
[Ky Bil=1K,,. (ie js kecyclic): (Ze) 


These commutation relations are just the ones between the generators for infinitesimal 
rotations in a three dimensional space. Defining J by 


KR=1+i€,K,, Ga 


we can show in a way exactly the same as before that y(k, 7) is transformed according 
‘to 


mh Ve NAHE ao) + (1/2) EK, 7(k, ) (2-13) 


under an infinitesimal rotation through €; around the i-th axis in K-space. 


It is convenient for later purposes to introduce the second kind spinor defined by 


pr tk, o) 
a*(k, 7) 
Lb N=G)GNL&O=| ey gy | (2-14) 
p*(k, o) 
From (2-9) and (2-13) we see that they are transformed according to 
IY (hy 0) 9=7 bo) + H/DET b ), (2-15) 
and 
Ky (k, 0) K=7 (bo) + G/2) Erez! (hs 7). (2-16) 
Returning to, the original representation, we have from y(k, o) and y'(k, o) 
£6 @) = (1/27) Sk 0) 7 (b 9), (2-17) 
and 
f= (01/27) parlhve ey (ko). (2-18) 
It should be noted that of) (x) and 7‘~(x) are connected by 
| £0? (x) = (ie) G2) LO") 
and 


of (x) = City) 7) LO*@); (2-19) 
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where it is assumed that Majorana representation is used,* and u(k, o) and w(k, 7) are 


connected by 
u(k, 0) =0%(k, O29). (2-20) 
Combining 7) (x) and y‘~’(x), we can define 7(x) by 
10) =1P OM +717), (2-21) 
which is related to ¢(x) by 
1 p(x) 3 
== As onl) (2-22) * 
10=Fa( safe) 


Expressed in terms of 7(x), I; and K; are given by 


l= (1/2) |y*@)7@)dx, (2-23) 


and 
c= (1/2) | x*@)e.7@)dx. (2-24) 


It would be obvious from (2-9), (2:13), (2-15) and (2-16) that their transfor~ 
mation properties are given by 
Oe =f Oy ay es (2-25) 
Oy (x) 9 =y(~ + (/2)& 4), (2-26) 
KAP OKALOOTH YD O OM G27), 
and 
K-74) X=) + G/2) Ex (%). (2-28) 


§ 3. Electromagnetic and pion-nucleon interaction 


According to assumptions made in § 1, the electromagnetic interaction must be 
transformed as the third component of a vector, and the pion-nucleon interaction as a 
scalar in I- and K-spaces. In this section we shall examine whether the interactions 


usually used satisfy these requirements, and if they do not, what modification must be 
made. 


a) Electromagnetic interaction 


The usual electromagnetic interaction is 


ju(*) A, (%) = (ie/2) $@) 7s +1) $4, (4). (3-1) 


* Of course, the results of this paper are entirely independent of the choice of representation. 


** G(x) is defined by 


Pe One) 
ga Yn (x) 3 


where bp (x) and dn (x) are the charge conjugated field of ¢,,(x) and ¢, (x) respectively. 
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This can be written in the following form : 


(ie/2) 7, (x) Tw (z3-+ Ks) z (x) Ag (x). (32) 


Therefore, the electromagnetic interaction transforms as the third component of a vector 
in I- and K-spaces, which is just the required form. 


6)  Pion-nucleon interaction 


While the electromagnetic interaction satisfies our requirement, this is not the case 
with the pion-nucleon interaction as will be shown in the following. Consider, for example, 


the usual pseudoscalar interaction 


A(x) =ig ag (x) 75 Tah (x) 0; (x). (23)s 
Here ¢b(x)7;7;¢(x) can be written as 


L(x) 75 7eKs3 7%). (3-4) 
From (2-28) we see that (3-4) is not a scalar but the third component of a vector in 
K-space. 
Before discussing necessary modifications, it is instructive to examine (3-4) in some 
more detail. Decomposing into positive and negative frequency parts, 
LO) 75 Tks 1) any (x) 7sTeks YX >) +4 (X) 75 Tits 7 (x) 
$7 (Fs FehsXO OO) FLO Ws 7eheHPO)- (3-5) 
Using (2-19), the second term of the right-hand side of this equation can be written as 
LO" (TT ste LO)s (3-6) 
which is identical with the first term. They describe the emission and the absorption of 


pion by nucleon or by antinucleon, and correspond to the graphs Fig. 1 and Fig. 2. 


Similarly the third and the fourth terms can be written as 


ig Tarte» 6-7) 
and 
iy (*) LaF s Tete Y )- (3-8) 
| 
| 
| 
| ys 
| 
Fig. 1 Fig. 2 Fig. 3 Fig. 4 


* $;(i=1, 2, 3) are real fields, and ¢, and ¢2 are related to ¢ and ¢* by $= (1/W 2) (d+ig2) and 


o*=(1/V 2) (b1 #92). 
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They describe the creation and the annihilation of nucleon pairs, and correspond to the 
graphs Fig. 3 and Fig. 4. 

We shall next discuss modifications necessary to make (3-4) invariant in K-space. 
For this, it is important to notice that 7 (x) and ¥/(x) are the only quantities that 
transform as spinor in K-space. Therefore, to obtain scalar in a form resembling the 
original one as closely as possible, we must replace «, by unity. Thus, terms in (3-5) 


must be modified according to 
fe 15 Thay.” ae ae v% oper 
fr T,K 7 ie rid yi 15 ent’, 
ihe ac ves idl a= Ae (3-9) 
and 
FLL Saidiec a GLE C7 Gabe 
If these modifications are made, however, (3-5) vanishes. To see this, it is sufficient 


to observe that 


TORTS a eh CME 7 Be (3-10) 
and 


=) 


i¢ (aya = YO zt. 
‘Thus, when modified according to (3-9), the first and second terms of the right-hand 
side of (3-5) cancel each other, and the third and fourth terms vanish by themselves. 
As for the first and the second terms, one way of avoiding cancellation is to alter 


the sign before the second term, and to use 


(+) yo ) = ae ay (— 
LORE SO HX Oem ei: (3-11) 
If we remove the restriction that the interaction must be local, another possibility arises. 


For example, we can use a non-local interaction of the type 
\| dx, dX 0 (xX, —X, X—X) ine (x) 574? %) + panes) Tovey Va es 


where (x,—x, %,—x) is assumed as scalar for simplicity. Here the second term can be 
written as 


=| [dade x, 1-7 Ce reteL ). 
Therefore (3-12) is equivalent to 
2\ {dx dre —x, 2) FH) 75te7 (om), (3-13) 


where ,(%,—Xx, %,—x) means the antisymmetric part of o(x,—x, x,—x) under the ex- 
‘change of x, and x,: 
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Pal%—%, %y=x) = (1/2) [0 (x,—x, x X) Hy. %y— 2, 24) Ie (3-14) 
‘Taking the hermitean conjugate of (3-13), we get 


re 


2\| dx, dx, 0,* (x,—x, Xy—x) ee COhuL Ge 


Therefore, (3-12) is hermitean if ¢(x,—x, X)—x) is assumed as real, and hermitean 


anteraction hamiltonian corresponding to the graphs Fig. 1 and Fig. 2 is given by 


g \| dx, dx50q(x,—x, Xy— x) fer? eg) Peta YL’ (%) + of) (x,) Ts te fr (Xp) | @; (x). 
(15) 
As for the third and the fourth terms, the former way can not be used, since the 
cancellation occurs by themselves. Therefore, we are necessarily led to the second possibility, 


and. the introduction of the non-local interaction becomes inevitable. Thus, the third term 


must be modified to 


g\\dx,d0! (mx, Xy— x) (x1) 75% YO (9) 5 (3-16) 
where '(x,—x, %,—x) are assumed as scalar as before. This can easily be written in 
the form 

g\) ded xp a! (= *, —A) LO (M757 LO OH), (3-17) 


where (,/(x,—%, %,—Xx) is the antisymmetric part of 0’ (x,;—x, x,—x). 
As for the fourth term, the situation is exactly the same, and we are led to 


er 


a\| dx, dx, i_! (Xj —%, %—*) YO (4) 757%) - (3-18) 
‘The hermitean conjugate of (3-17) and (3-18) are 

| fdr daapal® (Xs TO CTL OH), 
and 

g\\dadrea!* a, DLO CTF?) (3-19) 


‘Comparing (3-17) and (3-18) with (3-19), we see that it is necessary to assume that 
p! (%—%X, %—x) and pl! (%,—X, %—x) must be real, and further be subjected to the 
i ik > 2 
condition 
Oo! (%—%, %—x) =O" (%,—%, %—%) 
to obtain hermitean interaction. 
Under this condition, interaction hamiltonian corresponding to the graphs Fig. 3 and 


Fig. 4 is given by 
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[fda dred ay BDZ GIF? OD) FLO Dis eL 9) 18.09. 
. (3-20) 


Summarizing, it is seen that pion-nucleon interaction hamiltonian that is invariant 


under rotations both in I- and K- spaces is given in either of the following forms : 
Hi (x) =93) Sify (X75?) —YO WruaL- J 
t=1 


% \\ dx, dK Oa Ga a) yey) 5 %4 ’ me (Xp) +7 (x1) 757% ys (xy) ]} 0; (x), 
(3-21) 


or 


A(x) =9>)}| dx,dx,X 


X {0a a, —— OP AD ruL” &) +7 @Dnnr” C)] 
+ fal (%—%, %— [YO CD75 TeX? He) FLO Ca) HEL (%) I}. 
(3-22) 
If we assume in the second alternative 


p(4—2, %—%—x). =p’ &)—*, %—%—2) (3-23) 


(3-22) reduces to the simple form 


F(x) =9>3 | {ax A Xp 0q(Xy—%X Xy—X) ¥ (X1) 75TH (%) Oi (x). (3-24) 


These are the results obtained by making the minimum extension to the usual one. 
The essential point is that it must be non-local, especially the part responsible for the 


creation and the annihilation of nucleon pairs.* 


In this point, pion-nucleon interaction 
behaves very differently from electromagnetic interaction, and we see that a qualitative 
difference between these two interactions is revealed by requiring the invariance under the 
rotation in K-space. 

Written in the form of (3-3), equations (3-21), (3-22) and (3-24) are given 
by 


HO) =9 Si ©) roth @) FP WreG' OJ 


=ils || dada ix ek) [oo (x1) 757s p~ (x) + gO (%1) 75 Te go (x) |} 0; (x), 


(3-25) 


* Exactly the same situation occurs for pseudovector interaction, too. Thus we see that this non-locality 


is a general feature of pion-nucleon interaction so long as we assume that it is bilinear in nucleon field and. 
linear in pion field. 
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H(x) =9>\{ dx dex 


x {Pa sx; Xy— x) ie (X41) 75 Ts g@ (%) + gO (x1) 75 TP? (%) i 
+ Pa! (%—%, %y— x) [PO (x) 757 P (%) +P (x) 5TeP™ (9) J} 0), 
(3+26) 
and 
H (x) =9>| 4x, dX (0g Ga, Xo %) ¢h (x1) 75 Te (%) 6: (x), (3-27) 


where #*?(x) and ¢~?(x) denote positive and negative frequency parts of ¢/(x) respec- 
tively. These interaction hamiltonians involve form factors and moreover (3-25) and 
(3-26) are written in terms of ¢'’(x) and ¢~’(x). So they have very complicated 
non-locality, and do not satisfy the requirement of causality in general. Into these 


difficulties, however, we do not proceed at present. 


§ 4. Charge conjugation 


i) For nucleon 
Denoting charge conjugation operator by C, we have by definition 
C$, (x) C= 4, (x), 
C71, (x) C= n(x), 
CG (x) Ga balan), 
and CH bu). Cab) (4-1) 
Therefore, 
( p(x) 
C71y() C= Fo C7 Pn) Ic 
— n(x) 
$y (%) 


gy (X) 
~! diy (x) 
ee — Pn (x) 
ty (x) 


2145) (07>) 7) (4-2) 
Thus, in our picture, charge conjugation is equivalent to the rotation through 7 around 
> . . 
the second axis in K-space multiplied by a rotation through 7 around the second axis in 


I-space,* and C is given by 


* These axes can be the first axes as well. They are related by simple unitary transformations. 
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C=exp|iz(I,+ K,) ]. (4-3) 
The equation of motion for (x) is 
{¥ul9,— (ée/2) (Fs +5) A,]+ Mix) =0. 
Under the rotation (4-3), this goes into 
{7u[9,.+ (ie/2) (ats) AuJ+ Mj} 7 (*) =0, 
where 
L(x) = (ik) (472) 1 (X)- 


This is just the equation of motion to be satisfied by the charge. conjugated 7(x). 
ii) For pion 
Usually charge conjugation for pion is defined by 


C-'d,C=$,, 

C~"¢, C= — by, (4-4) 
and 

CiC= 0) 


It must be noted, however, that there is no reason to fix the phase like this, and 


we can use the following definition as well : 


C"$,C=—$,, 
C7" $,C=¢., 
and 
C7¢:C=—4,, Cx) 


If we adopt the second alternative, charge conjugation for pion can be expressed by 
a rotation in I-space, and we have 


C=exp(izL), (4-6) 


where for pion J, is given by 


L= | [$@) x=) hax, (4-7) 


* In terms of ¢, (4-5) corresponds to 


Oe o*, 

o> a ¢, 
and 

go> ar go, 
whereas (4-4) corresponds to 

> ¢*, 

o*— ¢, 
and 


go go- 
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cee bold face letters mean vector in I-space, and 7;(x) is the momentum canonically: 
conjugate to 0; (x). 


Thus we see that at least for nucleon and pion, charge conjugation can be replaced 
by rotations in the charge space. 

Here it must be noted that if we adopt (4-5), and formulate the interaction in a 
form invariant under it, some results of the usual theory must be modified. For example,. 


ae 0 . . . & 
27-decay of z° through virtual nucleon pair becomes forbidden. To cause this process, 
we must introduce the interaction of the form 


G(E-H) 6, 


somewhat arbitrarily, where E and H denote electric and magnetic field strength respec- 
tively. 


§ 5. Experimental check of the theory 


As seen in § 3, our assumption leads to pion-nucleon interaction somewhat different 
from the usual theory. Therefore, it is possible to check its validity by comparing the 
prediction from it with experiments. Of course, it is not simple to get unambiguous: 
result, since our hamiltonian is a very complicated non-local one, and moreover the ex- 
plicit form of the form factor is not known, To get unambiguous result, therefore, we 
must seek for characteristic features of the theory not depending upon the detail, or 
process where definite predictions can be given from kinematical consideration alone. In 
the following will be discussed some examples of them. 

i) Nucleon-antinucleon potential 

As seen in (3-9), it was necessary to replace x, by a unitsmatrix to get invariants 
under rotation in K-space. This means that the vertex responsible for the emission. and’ 
the absorption of pion by antinucleon becomes oppositely signed as compared with the 
ordinary one. Therefore, the potential between a nucleon and an antinucleon resulting 
from the exchange of odd number of pions becomes oppositely signed as compared with 
the ordinary one. In particular, the simplest second order potential becomes oppositely 
signed. This may be checked by examining the angular distribution of antinucleon 
scattered by nucleon. 

ii) Annihilation of antinucleon by nucleon 

An example of the process where definite prediction can be given from the kinematical 
consideration alone is the annihilation of antinucleon by nucleon, Consider, for example, 
a system composed of a nucleon and an antinucleon. Its nucleon number is zero, Accord- 
ing to our picture, however, there can be two states corresponding to K=0 wand 1° 
respectively. The former can annihilate into pions as usual, but for the latter this is. 
impossible from the conservation of K, and it can annihilate only by emitting 7-ray.. 
(The selection rule for 7-transition is given by Al= +1, 0, 4=0 and 4ZK= +1, 0, 4K,=0,, 
since electromagnetic interaction transforms as the third component of a vector in I- and 


K-spaces.) Thus, according to our picture, the neutral annihilation product will become 
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more abundant than would be expected from the usual theory.” 

It is difficult to estimate the fraction of the energy carried by the 7-ray thus produced, 
In the following will be given a very rough estimate based on the statistical theory.” 

When the annihilation takes place, the total energy is released to the pion cloud. 
In the usual theory, it is assumed that a statistical equilibrium is reached in this pion 
cloud, According to our picture, however, a somewhat different situation exists in the 
state corresponding to K=1. In this state the most rapid process is forbidden, and 
therefore the lifetime is lengthened. We assume that during this time, the modes for 
y-rays are also excited, and reach a statistical equilibrium. If this is assumed, the fraction 
of the energy carried by 7-ray can be estimated from a simple statistical formula. 

According to Belenky and Landau,” the particle density and the energy density of 


pion cloud in a thermal equilibrium n,, and €, is given by 
N= (Jn/ 27°) (T/bc)*F (2); 
and E,=T (Yn/ 27°) (T/bc)*,,(z), (3-4) 


where g=/c’/T, 4 the pion mass and g,, is the statistical weight. F(z) and @,(z) 
are some functions of z defined by 


> 


t x dx 
1a i =< f 1 9 
(2) ) exp (zi 14x) —1 


and 
¢ T+ 2x2 dx 
PD ==y" Ls i —$<—=—- 
Ee) “| Sait 


(5-2) 


On the other hand, those for 7-ray are given by Planck’s formula as follows : 


n, = (9,/2%) (I [bc) Bes, / (5-3) 
and 
€,=T (9,/27°) (T/bc)*@,, 
where 
¢ x dx 
iS coe 
Nj \ (Al > 
0 
and 
¢ x dx 
O.= \ ————_ 
= | Os) 
0 


From (5-1) and (5-3), we get 


Here we discuss annihilation at rest exclusively. To annihilation in flight will contribute only the 
states corresponding to K=0, so that no difference will appear in this case. 
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n/N, = (9+/In) ‘ (ESOP, (z) ) ? 


and 
E/E n= (Gx/Gn) - (P,/ Px (z)). 

F./F,,(z) and 9,/@,,(z) are slowly vatying functions of z, and, at z=1, are 1.3 and 
1.1 respectively. g, and gy, are 2 and 3 corresponding to two directions of polarization 
of photon and three charge states of pion. Therefore, if we assume that at equilibrium 
fe SOB gs 

Net Be 3 (9/92) = 0.87, 
and 

Gefen = Let oO oe 
Thus, it is estimated that about 40% of the energy will be carried by the direct j-ray 
in the state corresponding to K=1. Since the states corresponding to K=O and 1 exist 


equally, the average fraction of the energy carried by j-ray will be about 20%, and 


fractions of the energy carried by neutral and charged annihilation products are given by 


neutral ~ 7/15, 
and 
charged ~ 8/15. 
Therefore 
neutral/charged ~ 0.9. (5-4)* 
According to the usual theory, this ratio is estimated as 


neutral/charged ~ 0.5 (5-5) 


from Watson’s theorem.” (5-5) is considerably different from (5-4), and the validity 
of our assumption may be checked by examining which of them fits experiments.**) *** 


* Tt should be noted that this result should be regarded as the uppper limit, since the assumption that 
stical equilibrium presupposes a strong interaction between y-ray and pion cloud. 


y-ray also reaches a stati 
At first sight (5-4) seems to be inconsistent with this 


** Recent experimental value for this is 0.53.° 
It should be noted, however, that these experiments are done with emulsion. Therefore, the annihilation 
and various corrections must be made, which makes the result ambiguous. More definite 
quid hydrogen or liquid deuterium bubble chamber. 


value. 
occurs in large nuclei, 
result may be obtained if experiments are made with li 
Especially liquid deuterium bubble chamber will be convenient, since in this case Watson’s theorem holds 
and we need not worry about from which orbit antiproton annihilates. 


exactly, 
d in the annihilation of antinucleon (nx) is believed to be 


* The average number of pion produce 
5.3+0.4 (Barkas et al.) or 4.7+0.4 (Ekspong)). These were estimated by two different methods : 
i) from the average number of charged pion observed (nxt). mx is given by 1.5Xn,+ from charge 


independence. This gave 5.3+0.6 (Barkas et al.) and 4.7+0.4 (Ekspong). 
ii) from the total energy (W) and the average energy of charged pion (Ext). mx is given by W/Ex+. 


This gave 5.20.5 (Barkas et alae 
These results seem to be somewhat larger than would be expected from the statistical theory, and also 


there seems to be a tendency that the later estimate gives always larger value. According to our scheme, 
in the annihilation at rest, about 20% of the energy is carried by the direct y-ray. This alters the interpre- 
tation of the data incase ii), and nx is given by (W—energy carried by y-ray) /Ex+. This gives, if we 


asume tentatively that the annihilation occurs mainly at rest, 4.2=20.5 (from Barkas et al.’s data) and 4.4 


(from Ekspong’s data) respectively. 
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§ 6. Concluding remarks 


Thus far, we have shown that by introducing K-space, and assuming invariance under 
rotations in this space, it is possible to reformulate pion-nucleon interaction in such a 
form that various anomalies recenty found might be understood better. 

In conclusion, a few comments will be added. 

i) The problem of pair suppresston 

Our theory relates to this problem in two points. The first point is that our 
interaction is non-local. Therefore the effect of virtual pair will be cut off at the cor- 
responding critical length, and this will reduce the pair effect. 

The second point is that in our picture the Pauli principle operates in a form some- 
what different from the usual theory in intermediate states. Consider, for example, the 


decay of pion through nucleon pairs : 
T>N+ N-e +y, 


According to the usual theory, such process occurs inevitably so long as pion-nucleon 
interactions and -decay interactions exist. Several attempts have been proposed to over- 
come this difficulty,” but if the pseudoscalar type interaction exist in /-decay interaction, 
all of them would fail. 

According to our picture, the situation is changed. In the rest system of the original 
pion, the intermediate state composed of a nucleon and an antinucleon must have angular 
momentum zero and parity odd since pion is pseudoscalar, It must have at the same 
time I=1 and K=O since for pion I=1 and K=O. It is clear, however, that it is 
impossible to construct such a wave function in accordance with the Pauli principle. 
Therefore, in our picture, such intermediate states are completely suppressed, and the decay 
of pion into e+» through nucleon pair is completely forbidden.* At present it is not 
definite whether the pseudoscalar type interaction exist or not. If its existence is established, 
it would be worth while to adopt suppression due to this mechanism somewhat seriously, 
since until now no sensible idea has been proposed for this problem. 

ii) The effect of non-locality on the scattering of high energy pion by nucleon 

At present we have no principle to determine the form of form factor. Therefore, 
it must be determined phenomenologically. Annihilation cross section of antinucleon by 
nucleon and experiments at Stanford suggest. an interaction range of the order of the 
Compton wave length of pion. 

For pion with kinetic energy larger than about one Bev, its de Broglie wave length 
becomes shorter than this range, and it is expected that the effect of non-locality will 
appear explicitly. For example, it is expected that in the scattering of high energy pion 
by nucleon, the dispersion relation based on microcausality might be destroyed in some 


cases, In this respect, Puppi’s recent result” seems to be very interesting. 


* Strictly speaking, this is not more than a conjecture. The reason is that the wave function might lose 
meaning in intermediate states, since our interaction is non-local, and so the usual hamiltonian formalism will 
not be applicable there. At present we have no theory to treat non-local interactions correctly, but it would 
be reasonable to assume that mechanism mentioned here will suppress the pair effect strongly. 
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Note added in proof In usual literatures annihilation in flight and at rest are not distinguished. If we 
assume that both processes occur equally, and take average over both of them, the fraction of the energy 
carried by the y-ray become about 10%, and the fraction of the energy between the neutral and charged 


annihilation product is given by 
neutral /charged=0.7 
instead of (5-5). Also multiplicity of pion in the annihilation calculated from 
(Wc2—energy carrid by 7-ray)/Ex+ 


is modified to 4.6-£0.5 (from Barkas et al’s data) and 4.8 (from Ekspong’s data) respectively. It should 
be noted that these values are very close to Ekspong’s result (4.7=0.4) obtained from the first method in 


the footnote of p. 143. 
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Invariants in K,,; and K,; Decays* 
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A discussion is given of the K,3; and K,; decay modes, making use of the invariance properties 
of the theory, under the general hypothesis of parity nonconservation and lepton nonconservation. The 
assumption of local interaction between the final fermions is examined in detail. Detection of a 
possible updown asymmetry, with respect to the K,; decay plane, of the electrons from the subsequent 
uw. decay is suggested 'as a possible test of time reversal. 


The K,; and K,; decay modes have recently been discussed by Furuichi et al.’? and 


) 


by Pais and Treiman.” We present here some general results for such decays which can 
be directly derived from the invariance properties of the theory. We consider the general 
case with parity nonconservation and with nonconservation of leptons, The discussion 
will be limited to local interaction between the two final fermions, and a detailed exami- 
nation of such a hypothesis will be given. 

Following the methods used by Furuichi et al. and by Pais and Treiman, we write 
the transition-matrix element for a decay process K—>/-+72-+v, where / denotes either 


or e, in the form 


Tye= U(Ce+ Cs 75)) t+—— (Va (Cy + Co! 1) ¥) + Crag VU s (Cot Col 7) + 
M re 


Mee k 


1 


sie (1(Bs Bs p>) + (Ge V! (By + By'75) 4%) + iy (loz, VL! U,! (Bp 4+ Be 7,5) 7): 


(1) 


In eq. (1) we have denoted the free-particle spinors with the same symbol as used 
for the corresponding particle; V,, U,, V,’ and U,’ are linear combinations of the 
independent four-momenta in the decay; the scalars C, C’, B and B’ are also formed 
from the independent four-momenta; mx is the mass of the decaying heavy meson. We 
use the Pauli notations; in particular /=/*7,, o,,= — (i/2)[7a, 73] and Y°=C7'Y, where C 
is the charge-conjugation matrix, satisfying C7,,C~'=—y,” and CC*=1. The 4 available 
four-momenta are restricted by conservation of the total four-momentum, In both 
references 1 and 2 it is assumed that the four-momenta of / and of v appear in T only 
in the combination P“ +P“, This assumption rests on the hypothesis that both leptons 
are produced at the same local vertex and on the neglect of electromagnetic corrections. 


* This work was done under the auspices of U. S. Atomic Energy Commission. 
** On leave of absence from Istituto di Fisica dell ‘ Universita’ di Roma, Italy. 
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We shall refer to this assumption as the locality hypothesis. It must be stressed that 
such locality here refers only to the weak interaction producing the lepton pair. Because 
of total momentum conservation and of the locality hypothesis, only two four-momenta 
are independent, and we choose as such the K four-momentum P, and the 7 four- 
momentum p,.” Making use of the locality hypothesis, of the Dirac equation for the 
leptons, and of the antisymmetry of o,,, we can write eq. (1) in the form 


Bay, mn wore 1, Bs 
T= U(Gs+Go'75) ») +7 MlirePa(Gr+Gr' rs LD) ite (loos Pa Ps (Geo +Gr 7s) ¥) + 


+ (I(Fs+ Fs! 73) ¥) +57 ie P, (Fy +Fy’75)¥°) a (Loss paPs(Fr+ Fr! 75)¥). (2) 


In eq. (2) Gy is of the form C,+ (constant) (m,/mx) Cy, where m, is the mass of the 
emitted lepton, and similar relations hold for G’s, Fs and F’s. Therefore, as remarked 
by Treiman and Pais,” even in the absence of scalar interaction at the lepton vertex, the 
transition matrix will contain a scalar term proportional to m, if any vector interaction is 
present. This term, however, is negligible for K,; decay because of the smallness of the 
electron mass. 

As first shown by Pauli and by Pursey, under the assumption of zero rest mass for 
the neutrino, there exist two commuting subgroups of transformations of the neutrino field 
which leave the free-particle equation and the commutation relations invariant and transform 
the interaction Hamilionian into a physically equivalent Hamiltonian.” The trans- 


formations of the first subgroup are 
(1) wW=av+p7,C7¥, W=artv+ B*vC7, 
with @ and ? constants, satisfying 
|a)P+|a/P=1. 
The transformations of the second subgroup are 


eee [ret Sh 1 bes il Fa a 
ic Deana)! —— rex | -is + —17} 
+ : 77s| > Pp 3 2 Q15 


(II) =exp| 
with € and 7 real, A transformation (1) is equivalent to a substitution on the scalar 
quantities G;, Gj, Fy; and F,/ of eq. (2) according to 

G,>G,a* + F/ 3*, G/>G/ a*+F,8*, (3) 
F,>F,a—G/8, F/R a Gp. 3) 
A transformation (II) is equivalent to 
G,+G/> (G,;+G,) Ps aU aad Ii G,--G;—> (G,—G;) et1/29n+ 81 /2)5 (4) 
ead 
Pines (eR) enw EK Bs > (Py 2) ki Bettis (4) 
j 


Since we shall be concerned with the product transformation of (I) and (II), we can 
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choose €=0, because an arbitrary phase factor is already contained in (I). Following 


the method in references 4, 5 and 6, we construct the quantities 


Gi Pes 
ional ‘ | Ui sal 12 ie (5) 
J lg d G‘ ) 


where GY’ =G,+G/, FS?=F,;+ Fj. -Such quantities transform under the product of 
(I) and (II) according to 


VSM (6) 
the matrix M is given by 
i areal st ". (7) 
—? Qa 


Regarding VS*’ as vectors in a two-dimensional space (with complex coordinates), one 
sees that they are transformed according to a unitary transformation. The invariants under 


the group of Transformations (7) are given by the scalar products 


USERS. 3 NARA EAE: DP iis COD (8) 
PONY = EG at iar ye (8’) 
Asai aa Eade Gok ace, Gir (8’’) 


and their complex conjugates. Only invariants of the forms (8) and (8/) can appear 
in the description of the decay process. It will be convenient to substitute for them an 
equivalent set of invariants which have the property of remaining unchanged under one 
of the operations T, C, P or under all three such operations. To this purpose one has 
only to substitute into eqs. (8) and (8’) the expressions 


PREVA LV RY 3} (9) 
EIVS AVP £VOVS)]. (9) 
One finds that eighteen different invariants can be constructed in this way. The list is 
as follows : 
By iG |G te | Bel (10) 
D,=R[G*G/ +F* Fy], (10) 
E,=R[Gj*G,+G/*G/ +F,* F,+F/* F/|=Ej, (10) 
Dy=R[G,*G/+Gj*G,+F,*F/ +F/*F,|=D,, (10/”) 
Qe 1G" GPG" GF tPF Sr | Oy, Choe) 
Na=lG? G2 GAG Ee ARIA EieG | = INi5. f4 O27) 


For each of the above six classes, there are three independent invariants. These invariants. 


are not all independent, but have to satisfy relations and inequalities that follow from. 
their algebraic structure. 


"arg? 
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In the K,; decay modes it is a good approximation to neglect the electron mass in 
comparison with the large available energy. In this approximation, and for experiments 
that do not involve any observation of the possible transverse polarization of the electron, 
the transition probabilities can only depend on those invariants which remain unchanged 


under the group of transformations induced by the substitutions 
(IIT) e’=exp[die+hidy.Je, ee exp[—die+iid7,] 


on the electron-field operators. The group of transformations on the scalars G, G’, F 


and F’ induced by (III) is given by 


GEICO ete Ee See ee for j= 5,15 (11) 


ree ET ee Perr er for j=V, Ci 


Invariance under this group is therefore equivalent to requiring that there is no interference 
of S and T with V. Therefore only S—T interference terms, and no S—V or T—V 
interference terms, can be measured in experiments in which no measurement is carried 
out of the transverse polarization of the emitted electron (i.e., only intensities or longi- 
tudinal polarizations are measured). The only invariants that can occur in the description 
of such experiments are E;, D;, Esp, Dsy, Qsp and Nor. 

The invariants D;, D;, and Nj, change sign under space reflection, In the expression 
for the transition probability they must be multiplied by pseudoscalars formed from the 
observed momenta and spins: they cannot appear in the description of experiments where 


no pseudoscalars are observed. Invariance under time reversal implies the relation 
(Y,, Ti) = (Fs, T¢,), (12) 


where «/ is the time-reversed state of the state ¢. If one can show that the T matrix 


behaves for the particular transition as a Hermitian matrix, one then can substitute for 


eq. (12) the equation 
(b,, Th) = (bjs TH,)* (13) 


which in our case for instance implies specific phase relations between the quantities G, G’, 
F and F’. The transition matrix is Hermitian if calculated at first order in perturbation 
theory. Relation (13), however, also follows from time reversal, independent of the order 
of perturbation theory, for transitions such that contributions from intermediate states on 
the energy shell are absent or negligible (this condition is obviously satisfied in our case) . 


If a weak interaction is essentially involved in the transition and if final-state interactions 


‘can be neglected, a general proof follows from the unitarity of the S matrix which is 


expressed by 
Tifa 1 (14) 


The largest contribution to a matrix element (,TT1;) comes from terms, for instance, 


| (Tn) (sb ps Veh) 5 where (Ty) is due to the final-state interaction and 


(by TT) to the weak interaction. Therefore T behaves as Hermitian as long as final- 
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state interactions can be neglected. Such a condition is verified in our case, for which 
the only final-state interaction is electromagnetic, and therefore the right-hand side in eq. 
(14) is, for the transition, smaller by a factor ~e” than the left-hand side. To construct 
the time-reversed states we recall that time reversal corresponds to replacement of c numbers 


by their charge conjugates, and, for spinor fields, to the substitutions of 
eUd for ¢ and «*fU~ for ¢, 


in which € is a phase factor depending on the particular field and U is defined (apart 
from a phase factor) by” 


Uy fU=7,, UU" =1, (15) 


It follows that UU*=—1. A state of a fermion described by the spinor u can be 
represented by 


b.= | Grinds Pe 


where @, is the vacuum, Applying time reversal and using eq. (15), we find that the 


time-reversed state is 
ow pei — 5 cq 
$= | 97 u*dr-Qy. 


One finds in this way that under time reversal u*—>—¢€ Uu and a*=—e*a#U", By a 
similar argument, and using the commutation relation CU*=UC%, one finds 


nS e* Uae 


We should also remark that under time reversal the four-momenta P, and p, of eq. (2) 
change sign (in fact for the time-reversed state) 


P,>(—P,, Ps), 
and by complex conjugation 
Pu (Pi, —Pi). 


With such substitutions,” and making use of eq. (15), one finds that in order for eq. 
(13) to hold (invariance under time reversal) G;, Gs’, Gy; and Gy,’ must have the same. 
relative phases, and similarly G, and G,’ must have the same relative phase, but their 
phase relative to G;, G,’, Gy and Gy’ is 7/2. The same holds for the scalars F and 
F’, Making use of the TCP theorem, one then finds that measurements of the different 
invariants imply violations of P, T and C according to the following table (where we 
cross the symbol corresponding to that symmetry property which is violated) : 
Eee, fie 


Die Pan eG 
By, eoPyeTyACeforapeS, (=Ves Pi, Coton j=5, V, 1ST 
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Dis: Plea iapor j= S, lea BT, .C for j=S, Vo l=T 
Nj ey 4g foe fo, 1 PNT Clif Ss eta 
Navies id 2 for j= 5, (=V iP. T, € for j=S, V, l=T 


In the decay probability, invariants that violate P can appear only as factors of pseudo- 
scalars (number of momenta odd), invariants that violate T only as factors of pseudo- 
scalars under time inversion (total number of momenta and of o factors odd), and 
invariants that violate C as factors of pseudoscalars under charge conjugation (number of 
o factors odd). For K->/+7-+» the most general distribution will be of the form 


W~a+b(p,-%,) +c(Px°F) +d(6, X pr- Pu) > (16) 


where a, 6, c, d can depend only on $/, p, and (f;,:p,). Accordingly only E;, Esy, 
Qsr and Qy, can appear in the term a; Dj, Dsy, Nop and Nyp in 6 and c; and Esp, 
Ey, and Qsp in d. If / is an electron, in the approximation in which the electron mass 
is neglected, only E; and Qsp can appear in a, and only D; and Ney in b, while no 
further general restrictions can be given for the other terms (involving transverse polari- 
zations) . 

Observation of the last term in eq. (16) would be a proof of noninvariance under 
time reversal. From our discussion it follows that such a term will generally be expected 
to occur in the distribution, provided that in the leptonic vertex two of the invariants 
S, V and T are present. The experitnent consists in detecting a possible polarization of 
the emitted lepton normal to the plane of decay. Detection of such polarization would 
imply noninvariance under time reversal. In K*+—p*-+7°+ and in K°>p*+7*+y the 
muon polarization can be inferred from the angular distributions of the electrons from 


the decay of the muon. In the cascade K>ptaty, poe+y+y the electron distri- 


bution has the form 
1 +ace),-pe= 1 +A(px Pe) + B(p, pe) as C( ix X pu) “Pes 
when A, B, C depend on fp,’ and on be Py and (px‘Py)- Therefore, any forward- 


backward asymmetry of the decay electrons with respect either to the pion direction or to 
the / direction implies violation of P and of C; any up-down asymmetry with respect to 
the decay plane implies violation of T and of C. 

We want finally to discuss the assumption of locality, which was explicitly introduced 


to derive expression (2) for T,. By such assumption we mean that the two momenta 


P® and P™ of the two final leptons always appear in the form P“-+P™ in the transi- 
If electromagnetic corrections in the final state are neglected such a 
requirement is satisfied if both leptons are emitted from the same local yarn: Lee and 
Yang have recently proposed to account for the deviation of p from 3/4 in #4 decay with 
+ the interaction between the four fermions.” We shall consider 


tion amplitude. 


a nonlocal structure fo 
two different possibilities as to the origin of such nonlocality: (a) that an intermediate 


heavy boson is involved in the process; (b) that an intermediate pair of fermions, formed 


by a neutrino and a heavy fermion, is involved. This second possibility was suggested 
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by Lee' as a possibility for relating parity violation to the neutrino interactions only. 
In both cases the decay process would by a second-order process in the semiweak interac- 
tions of the intermediate bosons or of the intermediate fermion pair with the two spinor 
fields. Now, if in K decay the two emitted leptons interact with the intermediate boson, 
or fermion pair, at the same semiweak vertex, the locality hypothesis is of course satisfied, 
Therefore we have only to consider the possibility that they interact each at a different 
semiweak vertex. This is impossible however, in Case (a), because two other leptons 
would have to be emitted, one for each semiweak vertex, and their reabsorption would 
cause the process to be of higher order. In Case (b) a neutrino would have to be 
emitted at the 2 vertex. Because of conservation of the nucleonic number, the baryon- 
antibaryon pair must be absorbed at the same vertex, and necessarily, at the » vertex. 
Therefore, the » emitted at the / vertex must be reabsorbed at the / vertex again. 
Diagrams of this kind are, however, usually assumed to give zero contribution because of 
the antisymmetrization of the interaction Hamiltonian with respect to all fermion operators. 
In conclusion: for both the above possibilities (a) and (b), it appears that no conceivable 
deviation from the locality asumption should occur, apart from electromagnetic interactions 
in the final state. 


The author is indebted to Gerhart Liiders for interesting discussions. 
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An investigation is made concerning the influence on the dispersion relation of plasma oscillations 
‘of the electron exchange which has been left as an open question since the work of Bohm and Pines. 
The dispersion relation is derived by adopting a canonical transformation which is a little different 
from that of Bohm and Pines. The result obtained shows that the electron exchange gives a small 
contribution to the Bohm-Pines’ dispersion relation. We compare our result with that given recently 
by Ferrell using the Hartree-Fock self-consistent method, referring to the experimental data. 


§ 1. Introduction 


The dispersion relation of plasma oscillations in a dense electron gas derived by Bohm 


and Pines’ is 
wo =0,2 + 3h R,/5m) (/m) +0 (k), (1-1) 


where w,/=47ne'/m, n being the number of electrons per unit volume, and 6k, is the 
Fermi momentum. Wolff” has noted that electron exchange contributes a term proportional 


to R to the dispersion relation. By the use of the Hartree-Fock self-consistent method, 


he obtained 


Aw = (eb? /nm) D6 (ke (pi— P;)) (k- (2p:— p,;)) / (Pi Pa)» (1-2) 


where p; is the electron momentum. Ferrell” has recently calculated the effect of electron 
au 


exchange.* His treatment is equivalent to that of Wolff, but his result is different from 


(1-2) and is given by 
Aa HE, k jm, (1-3) 


where E,, is the exchange energy per electron. Ferrell has replaced E., by the exchange 
- for the screened Coulomb potential, although this replacement would not be 


energy E°;’ 
- framework of the Hartree-Fock self-consistent method. Then the 


justified within the 


dispersion becomes 


* We are indebted to Prof. Ferrell for sending his paper before publication. 
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o/@,=1+ (67°/5) (1+ 5E eg (8) /6E,) (k/ko) 5 (4-4) 
where 7=E,/bw,, E, being the Fermi energy and / (8) =1—48/3+/?/2—f*/48, 8 


c ’ : : 4) ; 
being k,/k). Ferrell’s result agrees with an estimate given by Pines,” except for sign. 
Pines’ estimate gives 


Ao? = — E37 /m, (1-5) 


In the present note we show that a little modification of the treatment of Bohm 
and Pines leads to the dispersion relation under the influence of electron exchange and 


then we compare our result with Watanabe’s” experimental one. 


§ 2. Dispersion relation 


The Hamiltonian for an aggregate of electrons embedded in a background of uniform 


positive charge may be written” 


H=H,+H, ah fast Ri gens ne’ >) 1/F, (2-1) 
kche 
where 
A,= > 6 (Pp) bx, 6 pot By Polael each 2 Be ome 2 wad |BasP P2\" }n mo"poa> (2- 2a) 
|p3— po| >ke 
= (eb/m) ay nate +k/2} (dp be pe bpe 4,” Boo Us5%0) > (2-2b) 
kche 
po 
fee: Se , = 27S ty 1/R- Oiueke Chel Ee, o! pag (2: 2c) 
KSI é 
Hin= >) (6/40) (w,? —@”) (a,* ay +a, ay* —a,a_,—a,* a4,). (2-2d) 
kik 


Here €(p) =6'p’/2m, to = bys) Ex=k/|k|, 55 and byo, 4,* and a, are respectively 
the creation and destruction operators of electron and plasmon, and o denotes the electron 
spin. It is to be noted that the third term in H, represents the exchange energy. The 
prime in the summation in H,’,. denotes a sum in which p,+k=p, are excluded. U 
corresponds to the nonlinear plasma-electron interaction and may be neglected (random 
phase approximation) . 


We now consider a canonical transformation to eliminate the plasma-electron interac- 
tion, f4,; 


ty ae — en” Fie 
=H,+H,-+H,',.+Hiy-+ifH,, S)-+-i[H,, S]+ (2/2) [[y, S], SJt--. (2°3) 


Our generating function S is given by 


S= (cb/mi) 3} (2nb/o)#___Cx-P) +4/2 bi 1a bya —ag* bX b 2-4 
(e (mi) 7 ( /w) bo +E(p) —E(p+k) (a, pt+ko “pa ay po een) ( ) 


po 


where 
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DEE ok Oar? = {1/1 Pl} wa (2-5) 
Ppl >k, 


Noting that [n,,, 1,»5,]=0, we find 


H,+i[H,, S]=o. (2-6) 
Hence 
Fhyew= Hy + Hy). + Heo + (i/2)[Hy, SJ4+--. (2-7) 
We obtain 
G/2) [Hy S]=HartH, ».+ (/2)[H,, SY, (2-8) 
where 


Sp: pr {(€&:p) +k/2}° (E.:p) =k2y uy |, 
Heat = — (eb /m') > bd Gee errands meant andl ate 


po 
(oe) 
2/. 2 . kya) 
A, = (276 b*/m" b iE p) + po "pn +ko 
pp. (27°? /m ) >: 6 /o) EELS OLE) Pe er 
ps 
ae (ze*h?/m) > (6/«) { (Ex: p) +k/2} { (&,- p’) “Pk 2} (Ores Diba kot OF ts Oe 
<he 
fed 
1 
ee 1b to! bx, 6 +ko 5) (2- 10) 
Pb pret Porat Ure Pose) bo +E(p) —E(p+k) 
and 
(i/2) (Hi, S!= (ze° hb? /m*) 2, (b/w) (a,* a,+a,a,* 
k<he 
po 
OP enh *a%)| { (€,: p) +k/2}* ss {(&,- p) —k/2}” |e 
An Gk oe | byt E(p) -E(pt+k) bw+E(p—k) —E(p) 
+ (eb? /m?) S} (b/w) { (Exp) +k/2) (CEP) 
ke 
a 
+k/2) (a,* dp [B, Porake bare | bs borzo— tn 4n* [B, ae bar Lie bye Cs) 
at ((€,: P) +k/2) ((&,: p’) +k/2) (4,4_;, [B, ee bore] bate Des 
— a,* te [B, ee ea bse ae a) } C (2 fs ely) 


H... is the electron self-energy and H,,, is the residual weak electron-electron interaction. 
self cee 


The first term in H,,,, represents the exchange energy of the interaction. In (2+11),.8 
denotes 1/{hw+E(p) —E(p+k)}. In obtaining (2-11) we have neglected a number 
of terms which are quadratic in the plasma field variables. These terms are of the same 


character as U. The second member in (2-11), each term of which is non-diagonal with 


respect to the electron variables, may also be neglected. In fact, for example, we get 
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H! = — (meh? /m’) >) (b/@) { (Ex: p) +4/2} { (E-2° PD 
k<e 
pplooal 


a k/2} [B, bir Ko! barat | Powis bio ay,4_p 


949 9 €,- )+k/2 4re \ 
=(teh ne) SS) b/w) —— (€.:P si Stee » 
( e mpm) Or w) bo +E(p) —E(p+k) ( b ) 


po 
| S 2) & ash . 1 oS 1 
Bits, \PagPlliee elec fIH wel =P tate prot, pp +kf 
Ip —P’|>k. [p—p’—k| >k Ip—p’ +k| >k 


X { (x: p) +£/2} bor bor snor Ono Bp 


a a,4_ x, 

bo+E(p) —E(p+k) 

where we have used the relation [1/A4, B]=—1/A-[A, B]/A. An analogous expression 
is obtained for the term H’’ which has the factor a,*a_,. From second-order perturba- 


tion theory, we have 
AE = py CHS, cla: (Ef, — £4) . 
This is roughly of the order of (6°k,”/m) (e7k,/bw,) (k,/k)) n”/n® apart from a numerical 
factor, n’ being 47k,’/3(27)°. 
Then the equation (i/2){H,,S|/+H/,=0 leads to the following dispersion relation 


w — 0, = (47 b?/m’) >| (Cen p) +e/2y > A py) k/2}* |e. 
bo+E(p)—E(p+k) bo+E(p—k) —E(p) 


pa 


(2-12) 
where E(p) is given by (2-5). 
The subsidiary conditions* of Bohm and Pines are given by 
2, O=0,. (kk) (2-13) 
where 
2,4," + a_,— (8%? /bok)? SO, 15 bye - (2-14) 
ps 
Applying the canonical transformation, we obtain 
(22;) dew ef 2 = 0, + i[ Op, Slab: 
= (25) new t+ C2z) new (2p) Soy og (2-15) 
where 
(21) y= a {1— S) (4ze*b/mook) ( ONG Sis 2 (€,-p) —k/2 " 
79 bo+E(p)—E(p+k) tw+E(p—k)—E(p)/ ™ 
+4. {1— 3) (4766 mot) ( Ee ee ee )p| 
pe bo+E(p+k)—E(p) bo+E(p) —E(p—k)/ ™) 
(2-16) 


These subsidiary conditions are too stringent and accompanied by a mathematical difficulty.® 
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(2,) —_—- s (27673 /wm?) 1/2 | pak ‘ (&;° P) +k/2 
pa bk bo+E(p)—E(pt+k) 
(&,. +p) +k/2 | Fao bGe (2-17) 


bo +E(pt+k) —E(p)! 
(2,) 2, = —a,* SY (4z€b/mok) { (Ey: p) 4/2} 


ppla 


1 1. 
x| BS so byr | Bind pi 
bo+E(p) —E(p+k) pl +ko “7 po “p+ka 


—a_, >) (4x67 /mok) { (€,-p) —k/2} 


pplo 


x| z ‘ 
bo+E(p) —E(p—k)’ 


U5 -sobyre| Ds Grate (2- 18) 


In obtaining (2-15) we have made use of the random phase approximation, Expanding 
the ‘coefficients of a,* and a_, in (2-16) in powers of k and using the dispersion rela- 
tion, we find that they are ~do*/w,7. Since this ratio is small as will be shown in the 
next section, we may possibly neglect (2,)Sev and also (2) ©. Then the subsidiary 


conditions become ~ 


2,) voy P=0, (Reo RS) 


§ 3. Comparison with experiment 
Expanding the dispersion relation (2-12) in powers of k and assuming the Fermi 
distribution, we get 


w=a,7+ (2h /nm) > [36° (€,- p)°/m— 8re {b° f/m 
p—P’>ke 
Lb (Eq- py? fie/m+ 2 (Exp) (Ex P) for! /\P—P' fp tO®), GI) 


where f, is the Fermi distribution function and f,/ and f,/’ ate respectively 9 f,/9&(p) 
and 3°f,/0&(p). Performing the summations over p, we find 


w=w,2 + (30 ky /5m) (k?/m) + dw? +O (k'), (3-2) 
where Jw? is the contribution from electron exchange and is given by 
A? =E,.(¥/m) 9 (P). (3-3) 


Here E..=— (324/47) and g (8) = — (4/5) log (2/8) +4/5—78/6 + 1139'/60—#/9, 
3 being k./ky- (3-3) may be rewritten as 


(o/ @p=1 4677/5 (1+ 5E.x/6E 0: 9 (B)) (k/ ky)”, (aaa) 
where 7=E,/bw,. Thus we obtain for the correction factor due to exchange 


1+ (5E¢x/6E,) 9 (8) =1—0.2087,9 (8), (3-5) 
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where 1,= (3/47a,?n)'/* is the radius of the unit sphere in Bohr radii, The result of 


our calculation is shown in the Table. 


Dispersion coefficient 


Eigenloss Theory 
Metal 7d bop Exp. No exch. | Exch.* | Exch.** i Exp.» 
Be 1.88 18.2 19.0 0.72 | 0.85 | 070 | 0.64 | 0.65+0.06 
Al 2.07 15.7 15.0 0.65. | 90.77 (0.62 0.58 0.74+0.07 
Gey, me2:08 15.6 16.5 0.655 i hiv O77 pip O.62 ) jad 0-58 1.22-+0.22 
Mg 2.65 10.9 10.5 0.51 | 0.58 | 042 | 0.44 0.81-£0.05 


* The values are calculated, using B=0.353 nl? which was derived by Pines. 


** The values are calculated, using r; =6.02 8? [(2+ ) log(1+2/8) —2]-! which was derived by Ferrell.*) 


We see from Table that the exchange correction does not improve the agreement 
between theory and experiment. As has been pointed out by Ferrell,” the discrepancy 
may be due to departures, caused by the positive ion lattice, from free-electron behavior. 


Our approach may be extended to take the effect of the lattice into account. 
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Note added in proof. It is to be noted that i[H’,.,.,5] and (i?/2) [[H’..,.,5], 5S] do not give dia go- 
nal terms. If the generating function Szp of Bohm and Pines is used instead of our S, (52/2) Midna Ot sod 


(not H’,.,. !) give diagonal tesms which contribute to the dispersion relation. However the dispersion 
thus obtained will not be such a closed form as (2.12). 
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The problems of infrared divergence in perturbation theory are generally discussed, including not 
only photons but neutrinos which interact with other particles in various ways. A completely general 
proof of the cancellation of infrared divergence in each order is given, as previous works on this 


problem seem insufficient. 


§ 1. Introduction 


As is well known, there appears infrared divergence in quantum electrodynamics owing 
‘to the vanishing mass of photon. But that is merely a defect of perturbation calculation, 
in which matrix elements are distinguished by the unobservable number of soft photons. 
In fact it was shown by Bloch and Nordsieck”) and many others that this difficulty 
-disappears if we calculate them by an appropriate method. Hence many people conjectured 
that the infrared divergence in perturbation theory would be cancelled out in each order 
of e2 in the calculation of transition probability. This conjecture is easily verified in the 
lowest order, A general proof has been presented by Jauch and Rohrlich,” but it is not 
completely general since their proof does not include the divergence caused by many soft 
* and also in their proof the natural reason why the cancellations take place is 


photons, 
On this point Kinoshita’s proof” is more instructive, but his method cannot 


not clear. 
be applied straightforwardly to general cases.** These details will be mentioned in the 
next section, 

Now, the main purpose of this paper is to give a completely general proof of the 
cancellation of infrared divergence in perturbation theory for the most general case of the 
‘conventional field theory. This has the following significance. 

1) Previous works on this problem have been restricted to quantum electrodynamics, 
in which the interaction Hamiltonian is very special and renormalizable. But there exist 
neutrinos with the vanishing mass which interact with other particles in various ways. 
‘Therefore it is necessary to throw light on the infrared problem of neutrino. 

2) Since the proof of the cancellation remains insufficient as was pointed out above, 


it must be accomplished. 


* See §§ 2 and 3. 


which is its generalization, seems meaningless, because he considered the cancellation 


** Tto’s proof,” 
‘between physically distinguishable processes. 
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3) By clarifying the essential mechanism of the cancellation, we might be able to 
make a criticism on the attempts at modification of the present field theory, as was 
previously noticed by Bethe and Oppenheimer. 

In § 2, we briefly review the infrared problem in perturbation theory. In § 3, we 
investigate the circumstances of the occurrence of infrared divergence, for which we obtain 
a power-counting theorem like that for ultraviolet divergence,” though there is a distinct 
difference between them. The poles which may contribute to infrared divergence are 
classified into two kinds—the first kind and second kind. Infrared divergence is generally 
caused by the addition of the poles of the second kind to those of the first kind. In 
§ 4, we prove that all the poles of the second kind always cancel out in any order of any 
process. The disappearance of infrared divergence immediately follows from this fact, and 


we can well understand the mechanism of the cancellation. 


§2. Review of infrared problem 


Before entering into general considerations, we illustrate the situation of infrared 
problem and the outline of our proof of cancellation with some concrete examples. We 


always employ the Feynman-Dyson theory” hereafter. 


vA 

The simplest example of infrared divergence is inelastic i q 
scattering of an electron, accompanied by a soft photon de 
emission, by an external field. Its matrix elements correspond- , 
ing to Fig. 1 (a) and (b) are given by q’ +k a—k oe k 

7 
i 2 rE i (q/ +k) —m 
MO= Line 4 r) Gs) iv (q/4 a) he . 
(an)? (q RTS Gi-+h?tm—ié ” ) u(q) : ; 

MO= ay, & va Chek Nam . (5) 3 b 

ae i(q') (7a) Gb? tm ie ap we (a) (b) 


Here qg, q/ and uw respectively are the initial and final 4-momenta and the spinor amplitude 
of the free electron; k, k, and € respectively are the 4-momentum, its energy component 
and polarization of the emitted photon; a is the 4-amplitude of the external field; and 
E++0. Hence, when kj is small, we easily obtain 
i) 2 3 5 ‘2 d’k | ( ¢) ( e) 2 
MO+4+MO? dk=—* — \a(q’) (ya) u(q) 2S [SSP Aeeectayate 28 
\ | | Foes HCG re) ag) FSi ee ee fee eee 


low energy 


as the (total) transition probability. This integral exhibits a logarithmic divergence at 
the low energy limit. As is well known, it originates from the artificial separation of 
real and virtual soft photons in the perturbation calculation, Since soft photons are 
unobservable, one cannot distinguish the above process from the scattering without photon 
emission. If we denote the matrix elements corresponding to Fig. 2 (a), (b), (c) and 


(d) by MY, Mi, M© and M®, respectively, we obtain 
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jt (MP 4M 4 Me) 


N 
+ (MP4+M@+4M®)*M®@|d°k (2-3) s a ale 
] is \ 
as the transition probability of the latter process 7 
at the second order. (The asterisk denotes the 4 
complex conjugate.) If (2-2) and (2-3) are (a) (b) (c) (d) 


explicitly evaluated and summed up, then one will 
find the exact cancellation of infrared divergence, 
It is of course not accidental, as was suggested by Bloch and Nordsieck’s fundamental’ 


work, But since an approximation (i.e. second order perturbation) has been employed,, 
the cancellation may not necessarily take place. 


Fig. 2 


So we want to explain clearly the reason: 


why the cancellation always take place in perturbation, This has been attempted by- 
Kinoshita.” 


We first consider a partial sum 


| Mp* MO +MP* MO) dR. (2-4) 


5 
‘ , 
j atis 
! a I 
\ 
ith 1 
7 
(d) (d’) (d’’) 


Fig. 3 


If the Feynman diagrams corresponding to each term are connected at the final state,. 
one obtains a common graph, Fig. 3 (a), for the both terms. He regarded it as a 
Feynman diagram, and then the matrix element is 


E “ 4 iy (q—k) —m a : 
#@) a 4 (q—k)? +m’ —i€ the ke —iE 


9 


(27)° 


Pg er ee 
gq? tm? iE" (4! +k)? +m? — 


va (ya) u(q). (2-5) 


Its real part is written as* 


* Of course i7’s should be regarded as real quantities. 
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e_4(q) 1, | atk AEG —Y (7a) B(R) (ira! — mT: 


4 (2n)' (q—k)? +m? —ié 
1 1 y 9 9 
[agent SE  __ _d_ 8 ttt) | 
Jog ) (q! +k)? +m’ —ié gq? +m?’ —ié @ 
- (i7 (q' +k) —m) (a) u(Q) (2-6) 


-++some other terms without infrared divergence, 


which is proportional to the corresponding term of the total transition probability because 
of the unitarity of S-matrix; that is to say, the first and second terms of (2-6) corre- 
spond to the first and second ones of (2-4), respectively. The part in the square bracket 


of (2-6) is rewritten as 
{0 (q’? +m’) —0 (q’” +m + 2q'k)} /2q'k, (2-7) 


which tends to —0/(q+m") at the soft limit. Thus the degree of singularity diminishes 
and (2-6) exhibits no infrared divergence. He conjectured that the situation of every 
infrared divergence would be same as that of the above example. But the following 
difficulties appear for general cases. 

1) The cancellation-counterparts, Fig. 3 (d), (d’) and (d’’), cannot be drawn as 
a single graph. Actually he omitted the last two. 

2) The treatment of self-energy part is ambiguous. 

3) If the matrix element of basic process has an imaginary part, the use of the 


unitarity becomes inappropriate. 


A more satisfactory proof was given by Jauch and Rohrlich. 
They correctly treated the self-energy part by taking account of 
mass and charge renormalizations. They made use of mathe- 
matical induction for the number of real soft photons. Hence 
their proof is essentially same as that for the lowest order. 
They asserted without any proof that the soft photons attaching 
to internal lines would not contribute to infrared divergence. 
But this assertion does not seem to be valid. For example, 
consider Fig. 4. A real soft photon k is emitted from an 
internal line. At the k-integration, however, infrared divergence 
does come out (see the next section). The reason is that 
when &’ is also soft the electron line becomes essentially ex- 
ternal, Such divergences as many soft photons concerning at 
the same time cannot be treated by their method. 

Therefore a method applicable to the most general case is 
necessary to be proposed. Kinoshita’s proof, though it is un- 
satisfactory, contains an essence of the mechanism of the 
cancellation. So we start from his idea. The aforementioned 


difficulties will be avoided in the following ways. 
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1) We connect the diagrams also at the initial state, This will be done by 
introducing K-diagram. But it should be noticed that real soft photons can always exist 
only at the final state. 

2) The number of the couples of the corresponding Feynman diagrams is three for 
such a self-energy graph as Fig. 3 (c). The key to the infrared problem is to extend the 
cancellation (2-7) to the case of such many cancellation-counterparts. This will be given by 
two lemmas (4-9) and (4-11), which also solve the problem of the many-soft-photon 
divergence. 

3) We should consider the cancellation directly without the aid of the unitarity. 
It is of importance to separate essentially external part intimately relating to infrared 


divergence from physical-process part irrelevant to it. 


§ 3. Inspection of infrared divergence 


We first investigate the mechanism of the occurrence of infrared divergence. The 


integrand of a perturbation term of S-matrix element is a product of such factors as 


bates n—1 

L aves Pf ie (—1) OD (4m?) Gen) 
(R +m? —i€)” (R-+m°*)” (n—1)! 

with some numerators, Here k is a 4-momentum, m a mass, and the symbol Pf denotes 


Hadamard’s finite part.) The first term of the right-hand side of (3-1) has no pole 


by definition, unless it is multiplied by a discontinuous function, The second term can 


be written as 


O(E +m) = (0 (+ VR +m) +0 (ky— V+ m)} /2V Bm? (3-2) 
for n=1, where k and k, stand for momentum and energy parts of k,, respectively. 


For general cases, differentiating (3-2) by Vk? +m’, we have 
Pics (e+ m’) 
= 3g (B97? (by VE FP) + (1) 1 OE (hy — VI a) } / E+ my 9", 
j=1 
(3-3) 


. wer - N\ . 
where a,;s are numerical coefficients, In (3-3) one of singularities is that of 0-function, 


but it merely diminishes the number of integration variables by one and does not give 
rise to any divergence. Thus if m2<0, infrared divergence never appears, as 1s well known, 
If m=0, a pole comes out when ky=|k|=0. But infrared divergence 15 generally caused 
not by this kind of poles only, but by the cooperation with another kind. ‘The propagator of 
has no pole because the numerator 1s proportional to k,, but its 
essentially different situation from the case in which there are no 


vanishing mass. The reason is that it is discontinuous at k,=0, 


the massless fermion 
presence leads to an 


propagators with the 
although it has the form &,/|k]. Therefore if the denominator of another P f-factor 


multiplied by it vanishes at k,=0, then a pole is induced and may contribute to infrared 


divergence. 
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In order to understand this fact more concretely, let us consider the case in which 
the integration 4-momentum is only one. By omitting the numerator for simplicity, the 


integral can be written as 


{4 —- ff ve ———d°*k, (3-4) 
(R—iE€)" 3 (k+q,;)? +m; —ié 


where q,’s are constant 4-momenta. If n=1, the propagators, in which equations 
qj +m; =0 (3-5) 


hold, have the poles induced, since their denominators k+29;k vanish at k,=0. If we 
denote the number of such propagators by /, 2n+/—4 is the degree of infrared divergence. 
On the contrary, if n=0, infrared divergence never appears, however many propagators. 
in which equations (3-5) hold are present, provided m;*<0. 
It is useful therefore to classify the poles, which may contribute to infrared diver- 
gence, into the following two kinds :— 
The first kind: the pole which comes out from the imaginary part of the propagator 
with the vanishing mass. 
The second kind: the pole which is induced by the pole of the first kind and comes. 
out from the real part of the propagator in which (3-5) holds. 
The first kind is, so to speak, essential and the second kind is additional. 


Similarly, for the general case, if we neglect the ultraviolet part and assume 
lim Q (k) = finite, (3-6) 
k>0 


where Q(k) is the extra factor which is the integrated result of the part containing the 
other integration variables, then the above-mentioned consideration holds as it is. But 
(3-6) holds only when Q(0), matrix element of “basic diagram”, has no infrared diver- 
gence, Jauch and Rohrlich” considered only the case in which the infrared divergences 
are factorized and reduced to the above. But generally Q(k) may contain an inverse 
power of k, 

Thus the following power-counting theorem should be taken into account for the 
general case :— 


theorem 
If D=2n-+n'—d+Il—4v<0 (3-7) 
always holds in every subintegration by independent integration variables k,(j=1, 2, +++, v)» 


which have the factors 1/(k*—i&), then infrared divergence does not occur. 


Here 


n : the number of boson propagators containing only k;’s, 
n 


~ 
. 


the number of fermion propagators containing only k,’s, 
the number of derivative couplings appearing at the terminals of such propagators, 


the number of the propagators which contain only k,’s as the integration 
variables and satisfy (3-5). 


v : the number of k,’s 


Sk. 
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“To prove this theorem, we take out the part relating to infrared divergence and carry 
out the energy integration by means of (3-3). We then obtain usual 3»-ple integral 
(the denominators have definite signs near the poles) and thus can prove the convergence 
by means of inequalities. 

Applying this theorem we can investigate the degree of infrared divergence of a given 
integral, After some considerations we obtain an inequality /< 2y if there were not self- 
energy parts. From this fact only logarithmic divergence (D=0) can appear for re- 
normalized quantum electrcdynamics. More general consideration is also easy. But these 
are unimportant for our present purpose, ard hence we omit the details.” 

The considerations mentioned above are easily extended to the integral of transition 
probability, because the propagator of a real massless particle is 0(k) or i7kO(R). But 
we should exclude the case in which there are unintegrated 0-singularities, from which 


4)8)?? 


appears the so-called “ infrared-catastrophe-like divergence that essentially differs from 


infrared divergence. 


$4. Proof of the cancellation 


In this section a completely general proof of the cancellation of all the poles of the 
second kind is given for the unrenormalized case. The cancellation of all infrared diver- 
gences is its direct consequence, 

Improving Kinoshita’s idea we intrcduce “ K-diagram”’ as follows. In a K-diagram 
we connect the two graphs not only at the final but also at the initial state, The con- 


necting lines correspond to the propagators of real particles, which are 
2776 (qy) 0 (q?+m’) (4-1) 


as the precise form. In the following we omit the numerators that always appear as 


common factors. The propagators of real soft particles* are 


276 (h) d(R), (k~0) (4-2) 
and those of virtual soft particles are 
mTO(K), (k~O). (4-3) 
But the difference between (4-2) and (4-3) is 
m€ (ky) O(K) = —7 {0 (kot |k|) —9(k,— |kI|)} /2| kl, (4-4) 
which tends to 
— 70" (ky) (4+5) 


for |k|>0. Thus the difference gives only a vanishing contribution at the soft limit. 
“Therefore we may adopt only (4-3) as the propagators of soft particles. 
In a K-diagram propagators are represented as follows : 


soft particle : dotted line ---- 


other : solid line 


* Soft particle” means a massless particle with vanishingly small 4-momentum. 
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Let us call the part that is connected with 
the line of a real particle without vertices 
when all dotted lines vanish “ essentially- 
external line”. This stands for the propa- 
gation of an observable particle. From the 
consideration in last section we know that 
the poles of the first kind appear from the 
propagators of dotted lines, and those of the 
second kind can appear only on the essen- 
tially-external lines but not on the other 
parts because of the absence of the propa- 
gators of real particles which represent the 
condition (3:5). So we denote these by 
hatching as G,, G, in Fig. 5, which stand 
for the actual physical process, On the 


Fig. 5 
(an example of K-diagram) 


way of each essentially-external line there 

may be correction parts, which are self-energy parts or one-particle lines other than the 
real one when all dotted lines vanish. We also denote those by hatching and call S,, 
S,,--:. The dotted lines whose both terminals are contained in hatched parts may be 
included in these. 

Now, inversely, we consider a K-diagram such as Fig. 5. When appropriate cuttings 
are given to it, one obtains various couples of Feynman diagrams representing the physical 
process in consideration. The cut portions correspond to real particles at the initial and 
final states. The cuttings are of course allowed only on the essentially-external lines and 
dotted ones, because one must not change observable quantities. We can indicate the cut 
portion of every essentially-external line independently. (If there are S-parts half-way, the 
whole except those should be regarded as an essentially-external line.) Then the dotted 
lines to be cut are generally determined automatically. But if there are the closed loops 
from the vertices of which only dotted lines start (we denote their number by @), the 
cuttings of the dotted lines are not determined uniquely. It is necessary to indicate 
further which side of every such closed loop the cutting line (i.e. the initial and final 
states) passes through.* 

When we give all possible K-diagrams all possible cuttings indicated above correspond- 
ing to the one physical process, (including soft-particle corrections), their total sum 
manifestly represents the transition probability without omission and overlapping. There- 
fore we hereafter notice one of the K-diagrams and consider a set of the graphs which 
are obtained by giving all possible cuttings to it. Then they all have Gi Aas ed aicr alae 
--, and soft-particle propagators 70(k,”), 70(k,), ---, as common factors, Their different 


part is a product of propagators belonging to essentially-external lines, namely 


ITE. (4-6) 


* The self-interactions of soft particles should be regarded as the special cases of the such closed loops. 
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(s) : A 5 f 
where F{* is a product of propagators belonging to an essentially-external line r which is 
cut at the s-th line: 


s—1 
aha el Js 1 | 270 G) 9C¢ EE, | ny. att i | 
j=l (q- +k)? +m, —i€é 9,0 q, Ss 7 ) ete (q,+ kj)? +m,? +i€ fe 
a) 
Here k;'s are linear combinations of soft momenta k,, k,, --:. The total sum over all 


possible cuttings of the K-diagram is 


a Ree 
where 
F,=31F®, (4-8) 
s=1 
lemma 1. 
n s—l 1 " n al n 1 
S| (i 1 )n0 (4)( 7 )\=t II 4-9 
>| (i A =a (4s) jastl A, ic aes A,—1& ( ) 
This identity is easily proved by mathematical induction. 
lemma 2. 
Generalized Feynman identity : 
n 1 if dx 
[Fan . 4-10) 
Le ae \ (4-10) 


(>)x, 4,—i8)" 
s=1 
where 


Gx Idx,-0(33,%,—1), (x0). 
s=1 s= 


The imaginary part of (4-10) is 


m/f bn (—1)""' | 0°” ix, Ade. (4-11) 
7 s=l1 


s=1 Pie J 


Applying (4-9) and (4-11) to (4-8) and (4-7), we obtain 
Fe= 2 (—1)* 16 Go) jae (9, +m? + Dx, 2qrks the) ) dx. (4-12) 


Since 0 <x, <1, 
F520 (—1) "1 (1/ (2, -1)!) 8.(qp0) 8? (qe + ty") (4-13) 


uniformly at the limit of k.>0. Thus F, has no poles at the soft. limit, (cf: (3*3)); 
namely the total contribution from a K-diagram contains no poles of the second kind at 


the integrations of k,, ky, **- The proof of the cancellation has thus been established 


completely. From this proof th 
by poles of the first kind only. As is easily seen from (3-7) with /=0, the possible 


e remaining infrared divergence, if any, must be caused 
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cases are the self-mass parts of the massless particles, which should vanish due to some 
invariance properties such as Gauge invariance for photons and j,-invariance for two- 
component neutrinos,” and Coulomb forward scatterings, which are a kind of infrared- 
catastrophe-like divergences. 

Finally, we briefly investigate the effect of renormalization, restricting ourselves to 
electrodynamics. 

Mass renormalization 0m: this does not contain any infrared divergence because 

D<—1 for every subintegration (cf. (3-7)).* 
Charge renormalization Z;' ZZ: this is equal to Z;3'* because of Ward’s identity” 


and obviously Z, does not contain any infrared divergence. 


) 


Thus all infrared divergences in renormalized quantum electrodynamics also cancel 


out, 


Thanks are due to Teikoku Rayon Co., Ltd. for the Kumura Scholarship. 
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For the inelastic scattering of nucleons at low and intermediate energies an approximate method 
is proposed by which the direct interaction process is calculated. From the coupled equation for the 
radial wave functions in various channels a standing wave solution is obtained by perturbation ap- 
proximation. For the asymptotic form of the wave function in outgoing channel we choose a proper 
form in such a way that the higher order contributions in perturbation expansion become small. The 
generalized K-matrix is calculated from the first order solution and later the S-matrix is transformed 
from the K-matrix. This method can give the exact solution in some simple cases and also is expected 
to give a good approximation in general cases. 

By assuming the simple zero-range force between nucleon in the nucleus and the incident neutron 
the approximate method is applied to the inelastic scattering of neutrons by Mg”. The effect of the 
Pauli principle is also estimated. The same process is calculated by assuming the collective excitation 


and both results are compared. 


$1. Introduction 


Direct interaction process was investigated by many workers to explain deviations 
from the statistical model in nuclear reactions. In the intermediate energy region, the 
incident particle interacts rather strongly with the nucleus and easily forms the compound 
nucleus once the impinging particle enters into the nucleus. If we consider the inelastic 
scattering of nucleon which leaves the residual nucleus at a low excited state described 
by the shell model, the direct interaction process takes place mainly at the diffused surface 
of the target nucleus. Austern, Butler and McManus” treated this process by the impact 
approximation whereas Butler? and Ui” used the distorted wave approximation, 

At lower energy the interaction between the incident nucleon and the target nucleus 
becomes weak owing to the Pauli principle and the nucleon can travel rather freely inside 


The optical potential describes the interaction in good approximation and 
In this energy region, the internal region of 


the nucleus. 
the single particle resonance is observed. 
nucleus in addition to the boundary region seems to take part in the direct interaction 


process, Sasakawa, Watari and Kajikawa”* and Lamarsh and Feshbach"” evaluated this 
f . ? 


effect by applying the distorted wave approximation. However, in this energy region, the 
effect of the distortion of the incident particle by the optical potential is important and 
the distorted wave approximation fails near a single particle resonance where the amplitude 
of the incident wave becomes large. If the distorted wave approximation is applied near 


the single particle resonance one obtains a large contribution from the first order pertur- 
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bation term,* so the approximation in which the calculation is stopped at the first order 
becomes meaningless. Some authors’”””” noted this and carefully avoided the single 
particle resonance in their calculations. 

When the initial and final states of the target nucleus are described by the collective 
model, another kind of mechanism of the excitation may be considered. The incident 
particle interacts with the surface of the nucleus, not with the single particles, and excites 
the surface rotation or oscillation mode. This type of the direct interaction process was 
studied by Hayakawa and Yoshida” and Brink'” by using the distorted wave approximation, 
but it was found later’ that this process can be treated correctly without using the 
distorted wave approximation, provided the interaction is of the 0-function type. The 
latter method may be applied to the single particle resonance and its results are very 
different from those obtained from the distorted wave approximation. Unfortunately this 
method can only be applied to the 0-type surface interaction, hence it is desirable to find 
an approximation which is applicable to general cases. 

The purpose of this paper is to propose the method which gives a good approxima- 
tion for the general type of the interaction even at single particle resonance, and, in 
particular, in the case of the 0-type surface interaction, gives the same exact expression as 
given in reference 12. From the coupled equation for the radial wave functions in various 
channels a standing wave solution is obtained by perturbation approximation. For the 
asymptotic form of the wave function in outgoing channel we choose a proper form in 
such a way that the higher order contributions in perturbation expansion become small. 
The generalized K-matrix is calculated from the first order solution and later the S-matrix 
is tranformed from the K-matrix. By using this method the cross section of the inelastic 
scattering of neutron is calculated using a simplified zero range force between the incident 
neutron and nucleons in the nucleus, The effect of the Pauli principle, which is usually 
neglected, will be examined in this interaction. 

The other purpose of this report is to give a comparison between the two different 
mechanisms of the direct interaction, i.e., the particle and collective excitation. The 
absolute cross section and angular distribution will be compared by using same distorting 
potential for the same target nucleus. Since the collective excitation is easy to calculate 
numerically the effect of the higher excited levels in the target nucleus is also taken into 


account. 


§2. Generalized K-matrix 


(I) General theory 


We now consider the inelastic scattering of neutron by nuclei; the proton inelastic 


scattering and stripping reaction may be treated with a slight modification. For simplicity 


* If the incident energy is just the threshold energy for the neutron inelastic scattering and further the 
5- Or p- wave resonance for the outgoing nucleon coincides with the threshold energy, the cross section for 
this reaction becomes infinite provided the real potential is used for the distorting potential. But this infinity 
is removed by introducing a small imaginary part in the distorting potential. 
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the Pauli principle will not be taken into account in this section. The Hamiltonian of 
the whole system is divided into three parts : 


H=H,(¢) +T+U(r) +V (€é, r). at) 


The first term represents the Hamiltonian of the target nucleus, the second is the kinetic 
energy of the incident neutron, U(r) is the distorting potential* for the incident particle 
and V(¢,r) is the interaction between the incident particle and the target nucleus.** 
The coordinate r is radial coordinate for the incident nucleon and ¢ represents all other 
coordinates. The wave function for this system with a definite total angular momentum 
is expanded in terms of the channel wave function %,(¢) which is a product of the 
target nucleus wave function and the spin-angle wave function of the incident nucleon. 
Here channel index a specifies the state of the target nucleus, angular momentum of the 
incident nucleon and channel spin. 


The channel wave function %,(¢) satisfies 
[Fy (€) —€] Pn (F) =0, (22) 
where ¢, is the energy of the target nucleus. By using @,(¢), the wave function is. 
given by 
BE 1) =1/r D3 (0) Oa (2). (2-3) 


The sum over @ includes only the neutron channel; other channels will be neglected. 


The expansion coefficient u,,(r) is the radial wave function of the neutron for the channel 
/ 


a’. From the Schrédinger equation (H—E)¥=0, the following coupled equation is 


obtained, 
(Tet Up +€a—E) a (1) + 21M oat (1) var (1) =0 (2-4) 
(Tay + Uap + 2) = E) thas (1) + > Vara (1) tar (7) =0 

where 


i 


Vas (1) = | Pk EVE, 1) Oar GA (2:5) 


Date gs 


= 
ss 2M dr 2Myr* 


(2-6) 


In the last equation M is the reduced mass of the neutron and / is the orbital angular 
momentum of the incident nucleon in unit of 6. 
Our problem is to find an approximate solution of the coupled equation (2-4). If 


we assume the asymptotic forms of the v,,(r) for the outgoing waves, then we can calculate 


* See reference 12. pte 
** The actual form of the interaction, V(&, r), depends on the mechanism of the excitation; if we 
assume the shell model for the target nucleus it is a sum of the interaction between the incident nucleon and 


the nucleons in the target nucleus, while it represents the interaction between the incident nucleon and the 


surface of the target nucleus in the case of the collective excitation. 
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the amplitude of the outgoing particle u,,(r) by the first order perturbation approximation, 
This is the usual distorted wave approximation which fails near single particle resonance 
when its width is not large enough. 


We shall now describe the generalized K-matrix formalism to obtain better approxi- 


5 5 : E 13) 
mation near single particle resonance. According to Teichmann and Wigner, two 


independent wave functions outside the range of the distorting potential are defined ; 
F (1) =A, Fi (1) +4.°C,@) 


ozs (2-7) 
G(r) =A" Far) +40" Ga (7) 


where F,(r) and G,(r) are respectively usual regular and irregular solution of the 
Schrodinger equation in the external region, We choose the coeficients 4 as real and 


further imply the following relation, 
hy Ag hehe 1, (2-8) 


for the normalization of F,(r) and G,(r). Using these two functions the asymptotic 


form of the radial wave function in our formalism is expressed as 

Walt) F(t) 4 Kee Gat) (2-9a) 
for the entrance channel and 

tar (1) ~hG? Karak Gay (7) (2-9b) 


for the other channels. In these equations K is the generalized K-matrix and k, is the 
wave number of the incident or outgoing neutron in the channel a. If the K-matrix is 
obtained from the solution of (2-4) with asymptotic forms (2-9), then the S-matrix is 
calculated by the following transformation 


S= [2 4iM@ + KEI) OL iP KEP) J, (2-10) 


Here the matrix notation is used in K and S, and / is a diagonal matrix whose element 
is A, for the channel a, 

The S-matrix obtained in (2-10) is unitary when the K-matrix is real and symmetric 
as shown easily. Further, the S-matrix should be independent of / if the exact K is used 
in (2-10), while it depends on 4 when an approximate K is inserted in (2-10). We 
shall make use of this fact to obtain the S-matrix in a better approximation, 

We now proceed to calculate the K-matrix in perturbation approximation, For the 
zero-th order, all interactions V,,,(r) are neglected and (2-4) reduces to 


(ligt Use.) u,(r) =0, : (2-11) 


where the solution is required to have the asymptotic form (2-9a). We assume that 


the distorting potential U(r) is zero for r>R. Then from the logarithmic derivative of 
the wave function at r=R 


f=R| “t/a } (212) 


dr wade 
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we can obtain a relation between f, and K-matrix in zero-th order by connecting the: 
wave function for r>R smoothly to the wave function for r< R; 


fee Fy EKG VF AKO Go. (2-13) 


In the last equation, F, and G, without the argument r represent their value at r=R,, 
the prime denotes the derivative with respect to x, at r=R where x,=k,r. By using 


4, and s, defined by'” 


Ht / xg (GIGe Fie) GSE.) (2-14a) 
So X%e= (Go ae) (2-14b) 
the derivatives F,/ and G,’ are expressed in terms of F,, G,, 4, and s,; 
F/=(6.G,4+-4.F .) 7% (2-15a) 
G.’—=(— GF 4,6e)/ % (2-15b) 
where the Wronskian 
GF /=F,G=!1 (2-16) 


is utilized. 


If we introduce the two notations 
L=(f—4.) F.—5,Ge (2-17a) 
ma= (fa—4e) Gat 5aF a (2-17b) 
the K-matrix in the zero-th order is obtained from (2-13) in a simple form 
KP — (AS Ag tg) | a tata Ma) « (2-18) 
From the last equation the wave function is easily calculated ; 
ul? (r) = ug? iy” (7) (2-19) 
Sie u is the value of u{?(r) at r=R which is given by 
=x, / ely +H? me) (2-20) 
while a (r) is the normalized wave function at r=R, 
ai? (r) =[m, Fe (r) —leGu (1) V0. (2-21) 
The first order approximation uf) (r) is obtained by solving the following equation, 
(Tar + Ug +€ ar —E) ui? (1) + Vor (7) ue? (7) =0, (2:22) 


using us (r) obtained in (2-19). To solve this equation, it is necessary to introduce. 


Green’s function with the compatible boundary condition, 
G, (r|r') = (2M/B?ky) ul? (G(r!) for r<r' 
= (2M/t?k,) uO (G(r) for r>1". (2-23) 
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Here G,(r), F,(r) and G,(r) for r<R should be considered as the solution of (2-11) 
which are smoothly connected to their corresponding functions in the external region. 
Green’s function given by (2-23), of course, depends on A, so its dependence is ex- 


plicitly shown by 
Gale) = [el at a-+ 2c ma) AGP Cl) AEG (rfr)] 224) 


where G?(r|r’) and G(r|r’) are independent of / and obtained from (2-23) by replacing 
dae by. Ul? (r) G,(r) by F,(r) and G,(r), respectively. Making use of (2-23), the 
solution of (2-22) is given by 


Loe) = | Gor (tl) Vara (1) uh (2") dr" 


cs 


~ (2M/b?k,) Gy (1) ju © (r) Vang (r) ui (r) dr. (2-25) 
The last equation gives the first order K-matrix 


o 


Ke= — (2M Pky hy) | us? (9) Vora(r) ug (r) dr. (2:26) 


0 


‘The higher order term may be calculated in a similar way, but we shall give only the 


second order term; 


KO. = (2M/P Vk, ea | ui? (°) Venta (t) Gays (rl!) Vana) ldede. (2227) 


By collecting contributions in each order from (2-18), (2-26) and (2-27), the S-matrix 
may be calculated by inserting them in the equation (2-10), 


. me a —if * . _— a 
s=—|- [—im LR Cs | | - [+im LR Q | (2-28) 
x mtAl x m+Al 


in which /, m and 4 are diagonal matrices whose elements were defined by (2-17) and 
Ay md segehaite (2-29) 
The matrix K is a sum of contributions other than the zero-th order when the normalized 


u(r) are used instead of u(r), and expressed in a matrix form 
K=— (2M/#) ke? | | i (r) V(r) a (7) dr— \ \4 i (r)V()G (r\r’) V(r’) @ (1") dr dr’ 
0 0 0 


cae ene (2-30) 


where a (r) and G(r|r’) should naturally be taken as the diagonal matrix. 
It is clear from (2-28) and (2-30) that the S-matrix depends only on the ratio 4 
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rather than each 4% and also the first term of K is independent of 4. The equation 
(2-28) may be deformed as 


eee opera | ewer +k[ te (2+ 28a) 
1+24 x(1+iA) x? (1 +74) x(1+iA) 
eg Ji+k Sea ae ss (2+ 28b) 
l—im l—im (—I[+im) (m+A1) l—im 


for the later use. 

It will be worth while to note here that our method reduces to the usual distorted 
wave approximation when the energy is far from single particle resonances. In this case 
the logarithmic derivative f appearing in (2-28) through (2-17) is large and accordingly 
the second factor in the square bracket in the equation (2-28b) is small compared with 
the unity. Then it is a good approximation to neglect the second term in the square 


bracket in the equation (2-28b) 


l[—im ay ee oe 


The expression does not involve 4 and it is easy to show that the expression coincides 
with the result of the usual distorted wave approximation. 
(Il) Application 

In this section it will be shown that the method in the last section gives the exact 
solution in some special cases. First we treat the surface excitation which was already 


solved in reference 12. The interaction V,,,(r) is given in this case by 
Vara (r) = (/2MR) O(7—R) Ware. (2231) 
Because of the 0-function in the interaction the K-matrix (2-30) is simply expressed as 
K=k'?[— ROW +R'WG(R|R) (6?/2MR)W + + RP (232) 


where W is a matrix whose element appeared in the equation (2-30). The contributions 
other than the first order include Green’s function evaluated at r=R, so that those 
contributions may be reduced to zero by choosing the appropriate 4. From the equation 


(2-24) the A which makes G(R|R) zero is obtained by | 
G(R|R) = {x/(m+41)} [4G (R[R) + (R|R) ]=0. (2+ 33) 


from which we obtain 


j= —G (R|R) /G™ (R|R) =—G/F. (2-34) 


Inserting (2-33) into (2-32), we get the exact K matrix 


Ke xP Wx, (2-35) 
t 


The S-matrix is obtained by taking (2-34) and (2-35) into (2-28a) 
Saul fu? 42101 x /u) [fH Ais t+ WY (Vx Ju) (2-36) 
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where 
uw) =G+iF, (2-37) 


This S-matrix is exactly same as given in reference 12. 

This result suggests that a very good approximation can be obtained even if interac- 
tion V(r) is not 0-function type but is concentrated at some surface r=r, in such a case 
as the surface excitation from the diffused nucleus treated by Chase and Wilets."” In 
this case the 4 which is obtained from (2-33) by replacing R by 1 should be used. 
Then the K matrix (2-30) becomes 


co 


Ke = (2M/P Vv k) | je (r) V(r) & (r) dx—& (4H) | V(r) dr-G (14|1) 


ot 8 


x [P@dr-a Gr) 1 | 
—— (2M/i’) Slater (r) V(r) @ (nr) dr ko”, (2-38) 


When a computing machine is used in this calculation, this method facilitates the compu- 
tation because the K is expressed in rapidly converging series. 


Next we shall apply the method to the case of the separable potential ; 
Vera (1, 1!) = — (2M/b*) wu (7) 2 (1’) (2-39) 


which is derived from the non-local but separable nucleon-nucleon potential used by Y. 


Yamaguchi.” The K matrix is 


n 


Keke ‘al (tig) Wr) (w, ts) (tay War) Ba (Wan Gu Warr) (we ta) a lk 'o 4 40) 


where the abbreviation 


foe) 


(7.GaWa) =| G61") w,(r’)drdr’ (2-41a) 
Go ja (r) m(r) dr (2-41b) 


is used, It is remarked that same expression >} (4), Guy, M11) appears always in all terms 
ary 


in (2-40) except the first. If this expression can be reduced to zero by choosing 4 
a (Warr Gar Warr) = 2 %ori/ Aart lar + m1) [Aur (ar Gh Wert) + (Wan GS} Warr) |=0 


(2-42) 


the exact expression for K is obtained, 


K=k"" (aw) Xx (wit) E?, (2-43) 
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where X means a direct product of two vectors (iw) and (wi) whose components are 


given in (2-41b). It is certainly possible to choose 4 so as to satisfy (2-42) ; 
A=— (9G w) /(wG™ w)., (2-44) 
If we put (2-43) into (2-28b), we obtain 


[+im : 1 x 
Se se a Sat oh od Pov SC p) Ao_stesieess 2-45 
l—im 1+ (pq) —l+im ea —Il+im ; 


where (p, q) is a scalar preduct and (pXp) is a direct preduct of the following vectors 
p=k'? (im), qk"? (wa) 2 (1 +4) /(—l+im) (m +21). (2-46) 


In obtaining (2-45) a similar technique to that used by Wigner’? was utilized, By 
using (2-42) it is possible to show that 


(Pp, 9) = (1/21) Ske". Gs™.), 


where G{'’ is Green’s function in the travelling wave which is obtained by replacing 
G(r) by 1/(21)(G,(r) +iF(r)] in the equation (2-23). The result obtained in this 
example is naturally identified to that obtained by the straightforward methed, by which 
more complex cases in which the interaction V is a sum of separable potentials can be 
solved exactly, while the method used above can be applicable only to the simple cases 
which are rather non-realistic. 

We see that the method proposed in this section can give an exact solution in some 
special cases, but it gives only an approximate solution in the general case. None the 
less, we think the approximation is better than the usual distorted wave methed particularly 
near the single particle resonance. We shall apply this methcd to the most familiar 
interaction, the usual two nucleon potential.* Before that we shall evaluate the potential 
V(r) in this interaction taking into account the exchange effect between the incident 


nucleon and those of the target nucleus. 


§ 3. Matrix elements for particle excitation 


The target nucleus is assumed to be well described by the independent particle mcdel. 
For the interaction between the incident nucleon and the nucleons in the nucleus, the 


simple spin-independent zero-range force is adopted ; 
Virer,)=Vi8 mn) 0 (cosw—1)/tor,, (3-1) 
and r, are the position vectors of the incident nucleon and necleons in the 


where Ty 
nucleus, w is the angle between the two vectors ry and r,, and V, is the strength of the 


potential. This choice of the potential is reasonable at least as the first approximation. 


The spin-dependent 6,0, force is considered as small, about 10% of the spin-independent 


force.) The effect of the finite range of the nuclear force was estimated to be small” 


* As for the choice of A, see 24. 
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and further the choice of the zero-range has an advantage to make the calculation much 
simpler. 

We first consider the simplest case, in which the target nucleus has a single nucleon 
outside the core. The angular momenta of this nucleon in the initial and final state 
are denoted by j, and j,’ respectively, whereas those of the incident nucleon by j, and jy’. 
The total angular momentum of this system is expressed by J, which is a vector sum of 
jr and jj, or j,/ and j,’. The normalized wave function for the initial state with the 


total angular momentum J is given by 
lirjofY > ie Gir) Uiojo (r) (1/7,) Pig 1) > Di hin iad | CjrjpomM — mj, j.JM) ? (3 4 2) 


where t,,;,(%) is the normalized zero-th order radial wave function of the incident neutron 
with orbital angular momentum /,, ¢,,;,(7,) is that of the bound nucleon with orbital 
angular momentum J/,, 7,7’ is the spin-angle wave function and (j,j,mM—m|j,j,JM) is 
the Clebsch Gordan coefficient in which M is the Z-component of J. The normalization 
of tij,j(%) is same as given in equations (2-19) and (2-21). 

To calculate the matrix elements it is customary to decompose the two-body interac- 
tion into the spherical harmonics whose arguments are the angular coordinate of each 


nucleon. Then, (3-1) is expressed as 


Vir ots) = Vad 10a (ts) > (DAC Ree 5a ys (353) 
where 
Ue (%os 71) = (2R+1) O(——7,) [4107 (3 - 4a) 
and 
reubeZy’ af =¥(0o.), 
(1) ry (4,9) (3 - 4b) 


In the last equation Y,,(4,;¢,) is the normalized spherical harmonics and 6,¢, is the 
angular coordinate of the particle 1. By using above equations the matrix element is 


calculated by the method of Racah’” 
Cie iv IY | joi J> = > (ZR) (=) I Se tae Tk) 
x (i fo WGP Neyo) Ce ji \\C™|| LjvWo Tl! j jo’ 1 fe lojolati)s (3-5) 


where W (jo js jojr3 JR) is the Racah coefficient'” and ('7/\|C\1j) is the reduced matrix 
element. The last factor in the equation (3-5) is the integral given by 


fee} 


KO bis lide Lv) am (1/4) oe (r) Dass jar (r) Uro%o (r) ijn (r) dr/1?. 3 : 6) 
0 


20) 


By a similar procedure employed by de-Shalit” the summation over k& in the equation 


(3-5) may be carried out and the result is given by 
Cho fI|V fofs TDL io! +1) (2f +1) (2jo+ 1) (2+) $2"/ (2F+1) J Goi — 3 lof) 
Gul S— Bia JO) A) + (=) oer") (yates 
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TUIGTY) ee oF 8) Ftd) } (CO GEE) + GED 
XB) VoL le! jolt ju! 5 lojolsis) - (3-7) 


From the matrix element obtained above and the equation (2-30) the normalized K- 
matrix of the first order is easily calculated 


(ajo jx I Kl ejojsJ ) = — (2/6) kz}? Cal! jg! jd J|V \etjo js Ra”, (3-8) 


where k, and k,, are the wave numbers of the nucleon in the initial and final state. The 
S-matrix is obtained from (3-8) by the transformation (2-28) or (2-28a), but the S- 
matrix thus obtained must be transformed further into the channel spin coupling scheme 
in order to calculate the cross section by applying Blatt and Biedenharn’s formula,” 
because the S-matrix obtained directly from (3-8) is in the j—j coupling scheme. The 
necessary formula for the second transformation was given in reference 12. 

For even-even nucleus we assume that it has n, neutrons with angular momentum j, 
and n, protons with angular momentum j, outside the core. The resultant of 1, angular 
momenta of neutrons is denoted by I, and that of protons by I, and the vector sum of 
I, and I,, i. e., the spin of the nucleus, is expressed by I. For the ground state we 
assume [,=I,=I=0. The first excited state is assumed to be a mixture of two states, 
I,=2, [,=0 and I,=0, 1,=2. If they are denoted by @, and ®,, the first excited state 
wave function is expressed by 


D=al,+b0, (3-9) 


a —2H» 


== =, (3-9a) 
b ee a A (A,,— Ay) 24+ 4 ALS 


where H,, is the matrix element of the energy between the state Y; and @, in (3-9). 
If the n, particles wave function is expressed in terms of those of ,—1 particles by 
the coefficient of fractional parentage (c.f. p.),* the wave function for the target nucleus 


is expressed by 


ji (LD) j? (2) ED = > CP LAP OAD Y QL+D (2f4+) W (jLfhs el) leb(PjiL. 
(3-10) 


The angular momentum e is the resultant of (2,—1) j,’s, and f is the vector sum of e 
and I,. To calculate the two body matrix element it is convenient to express the wave 
function for the whole system in such a way that the n,-+-2,—1 nucleons are coupled to 
have the angular momentum f and the remaining nucleons with spin j,, in the nucleus 
and the incident nucleon j, are coupled to make the resultant y. This transformation 


may be carried out by Racah’s coeflicient and one obtains 
7) ie), bj D= DUT EP OAD Vv (21,41) (2f+1)W (j,L fh; ef) 
efg 


x ¥ 2941) 294+ DW (firtios I) |fririo(MJ- (3211) 


* The value of c.f. p. needed in our calculation is tabulated in the paper by Edmonds and Flowers 


(Proc. Roy. Soc. A214 (1952), 515). 
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The similar expression is obtained for the protons in the target nucleus. The wave 
function of the core is neglected in the above equation, since it has no effect on the 
non-diagonal matrix element. 


The matrix element may be calculated by using the wave function (3-11) 
PLD IPL sje! s JI DMoel jt a) 72? ) hijo s J? 
SOG eda Gah, (aaa errs ge) Wee hes ee C1 U0 kab 
x f+ 1) (2g+1) W (Ly fl! 5 el!) Wj Lifes el) W (fii 3 UD W (fidios 9) 
Xm Dany jaf! 1 Vaal rio FD) GE HAYS" ©) jel) GEBAGE™ © jek) 
X[(2f+1) (2E/+1) (21+1) (21!+1) FP? (2f+1) (29+1) 
XW (L,elj,; fl,) W (1! el’ js; fl’) 
XW (fio s L'9) W (fieSjos 19) 29 nr jojo I\ Vor\feio9?- (3-12) 


: : i 
In our wave function at least one of I, and I, is zero, so we can assume J,—I,'=0, 


Then the above equation is simplified as 
PED IP OL, jo’ s J] SV elit Li) 72? (0) Bo s J) 
=r On7[ { (2E+1) (2P +1) Pm SPL GP (Al GPT” OAD 
x (29+1) W (ej Sjo sD) W (ej Sins 19) hie IV isin 
Etta ( =) 98 F (27-1) jo d) |) BO Oh ee feteO" ltojot | (3-13) 


In obtaining the last equation the following relation was used, 


D1 29+1) CjojoG| WlieinG) = (—)?*? [(Zje+ 1) (2jo+1) J? 2 joj0|V jojo, (3:14) 


which may be obtained from (3-5) and (3-7). 


We can further simplify the expression of the matrix element when .=I,—I,’=0. 


By using 
D129 +1) W Cjrjriofo’ s 9) (—)™P-4[ (2,41) (Ajo DI Chr jo’ I Vlisiog? 
= 21 (271) (ajo Ly Ca) Cr i LY to fot) (3-15) 


which is obtained in a similar way as (3-14), the right-hand side of the equation (3-13) 
is reduced to 


it aye 0) Lo jo’ 5 J SV Oe Oy Jo3 J» 
On 2 ae re VP GED {QA4+) (2j+ Ly (eo lay arene 
pip (—) 9"? Zhe) (2jete ls, Bt OnnOlag 2 € jos] MlgoyOaae (3-16) 


We now consider the effect of the Pauli principle between the incident nucleon and 
the nucleons inside the nucleus. In this estimation we have to treat the exchange scatter- 


ing and accordingly the equation to be solved becomes essentially an integro-differential 
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: 21) . . . . . . * . 
equation, If the equation is solved in perturbation approximation along the line described 


in § 2, the zero-th order approximation has no change. In the first order a roximation 
8 PP 


the equation (2-22) should be modified in two points. First, there appears an integral 


c 
term like 6,, (%) | 6, (7’) uy (r’) dr’. Secondly, the exchange term should be added to the 
interaction term. We are concerned only about the second effect in this paper, because 
the first one is difficult to estimate without solving the integro-differential equation. Then 
the only change we have to make in calculating the first order K-matrix is to calculate 
the exchange integral beside the direct one just as in the calculation of energy levels of 
nuclei, 

The antisymmetrical property of the wave function for two like nucleons requires a 
replacement of the matrix element (3-5) by the following one, 


Cirfo 9| V\jsjo9a=Cirto J| Vjsjo9) — a) Se Fale ufo Gs (3417) 
where the matrix element without suffix A is same as given before, that is not yet anti- 
symmetrized. One can estimate the effect of the Pauli principle by calculating K-matrix 
from (3-17) for the case of odd neutron nuclei. For the even-even nucleus one should 


insert (3-17) into the equation (3-12) and take a sum over e, f and g. For the case 
I=I,=I,=I/=0, the following relation 


a CP (29 1) Lt) (2p Wate se aig eed 
= (=) PPE Aj, HI) jo PDT Aji Vf fol’ (3-18) 
simplifies (3-14) with the exchange term (3-17), and leads to the result 
<j LD j2? CO)L's jo! s J| 22M ol §7" (OD 73° (0), fos J)» 
Panne a Piney ii Vl Co) LAT) Gt] Cane IP fel 
ny (—)"°**[ (2f, +1) (2jo #1) 7°? 810 Fjojor 2 (jof20|V jojo]. (3-19) 


In obtaining the last equation the fact was utilized that the exchange integral is identical 
to the direct integral in the case of the zero-range interaction. The first term of the 
right-side of (3-19) is just a half of the corresponding term of (3-16), thus the Pauli 
principle makes the effective strength of the nuclear force between like nucleons half as 
large as that of the nuclear force when the Pauli principle is neglected. On the contrary, 
the second term of (3-19) is same as that of (3-16) because the Pauli principle has 
no effect on the neutron-proton interaction, If neither J nor I’ is zero, the resultant 
expression is not so simple that one cannot estimate the effect of the Pauli principle 
without detailed calculations. However, the actual calculation (see § 4) shows that the 
non-diagonal matrix element for [=I/=2 are small compared with those for I=0 and 
I’=2, so we can infer the effect of the Pauli principle only from the equation (3-19). 

We found that the Pauli principle makes the effective strength of the nuclear force 
weak in the case of even-even nuclei, but we should consider it qualitatively, because we 
made over-simplifications in our calculation. The zero-range force makes us over-estimate 


the effect of the Pauli principle, because the exchange integral is same as the direct one 
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in the zero-range force. On the contrary, if the long-range approximation is used the 
exchange term vanishes. The effect of the term involving integrals were not taken into 
account in our calculation. 

If we use a potential without spin-dependence for the incident and outgoing nucleon, 
then we have no need to take account of the spin of the incident neutron at all. This 


simplifies the calculation considerably. In this case it is convenient to use the following 


formula 
CAM SV AL GM) =14e3 (2k) (—) 2? WT Jk) (2) GL 
GCM Ga) I NSIC?) I) hd LS IG) Or atant teflon ten 
ay TIS COG) Piel a i LEO al areas ar oe 


where 


(NCOs) =~ 21)! +. 1 (1/00) 1, ko) 
and 
EICOWL) =e GPE OAL GP OAH TL) 
x (=)rH GEA I) HAD W (filial 5 &b) (—) 8 Qj, 41) /V 2k 1 
X Cahd—$ liajeto) (1+ (—) 24} /2. 


These expressions were obtained by applying Racah’s method"? directly. In this case, of 
course, the effect of the Pauli principle is not taken into account, because we should 


consider the incident neutron without spin as different from the neutron in the nucleus. 


§ 4. Results and discussions 


Now the neutron scattering by Mg™ will be investigated in this section as an example. 
First the particle excitation is considered; for the target nucleus Mg™ we assume that 
four neutrons and protons whose orbit is assigned as d,}. are moving in a square well 
potential, The depth of potential is assumed as 30.5 Mev and its radius R=1.45 107" 
cm X (24)'”, which give a right binding energy of the last neutron of Me™, 4.64 Mev. 

The ground state has spin 0, so both resultant spins of neutrons and protons are 


assumed to be 0; in the notation of § 3 I,=I,=I=0. The first excited state is assumed 


assa mixture of two states [[=0;J,——2,, T==2 and [=-2, J,=0_and J=2 whose mixing 
ratio is taken as a=b=1/“2. This ratio is derived from (3-9a) if Hf and 
H,,>0. The higher excited states other than the first are all neglected in the calculation 
of particle excitation. 


For distorting potential an energy independent, real square well potential is assumed 


V(r) =—42 Mev +r<R 
(4-1) 
=0 ip Spal 


where R=1.45 X10-" cmX (24)"", This choice of the potential is same as used by 
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Feshbach, Porter and Weisskopf* except the imaginary part. The omission of the 
imaginary part is for the convenience of the numerical calculation, The presence of the 
direct interaction changes the elastic scattering considerably, so we have to use the different 
distorting potential from the usual optical potential which gives a right elastic scattering 
as shown in our previous paper.’ However, as we have interest mainly in the application 
of our method and comparison of two different mechanisms of the excitation, and not 
so much in the comparison with experiment, our choice of the distorting potential seems 
to be sufficient for our purposes, . 
The inter-nucleon potential is assumed as zero-range, spin independent as discussed 
in §3. Its strength V, is fixed from the pairing energy of the last neutron in Mg”, 


which is expressed as”? 
E vair= Qj iG) Vez (4-2) 


where j is the angular momentum of the last neutron, i.e., j=5/2, V is the strength 
of the nuclear force appeared in (3-1) and I(j) is the usual integral analogous to 
(3-6) ; 


1(j) = (1/4) [bu Tar/ (4-3) 


where @,,(r) is the radial wave function of a bound nucleon with angular momentum j 


and orbital angular momentum /. The experimental pairing energy of the last neutron 
in Mg” is taken from the table of Talmi and Thieberger”” which gives 
E .air= 1.30 Mev. (4-4) 


Using a wave function solved for the square well potential described above, we obtain 
from (4-2), (4-3) and (4-4) 
Vy=—182X10-* cm® Mev. (4-5) 


We calculated the cross section for incident energies E=2, 4 and 6 Mev neglecting 
the Pauli principle. Omission of the exchange effect between the incident nucleon and 
nucleons inside the nucleus is partly for simplification of the numerical calculation and 
partly because of the fact that one of the effects of the Pauli principle is the reduction 
of the effective strength of the nuclear force in the even-even nucleus and also the 
determination of the strength has some uncertainty. For the non-diagonal matrix elements 
of K, the first order contribution is calculated and for the diagonal matrix element only 
the zero-th order contribution is calculated. The matrix elements between the first excited 
state are also included in the calculation. 

From these RK matrix elements the S-matrix is transformed by (2:28). The para- 
meter 4 appearing in (2:28) is fixed so that G,(r) may have zero value at a point 
where the interaction V,,.(r) has maximum value. By choosing 4 in this way it is true 
that the higher order contributions become much smaller than those of the usual pertur- 


bation approximation on the basis discussed in § 2, Il. However it is not clear those 


— 
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contributions are small compared with the first order contribution. The numerical solution 
of our original equation (2-4) might reveal the validity of our are no 
single particle resonance. For even-parity wave the usual distorted wave iy dpe lip aie. is 
applied because these waves are far from the single particle resonances. The Seria! 
was carried out also for odd parity waves in perturbation approximation for comparison. 
Before discussing the results of calculation, the parameters used in the calculation of 
the surface excitation will be described here. The target nucleus is assumed to be described 
by the collective model and further the strong coupling approximation is valid. es 
parameter of the deformation of the nucleus ¢, which is defined in the previous paper,” 
) 


5 7 12 
is fixed as 0.3, that is same as used before. 


300 


=) 
S 


0 (10-6 em?) 


100 


E,, (Mev) 


Fig. 1. Elastic total cross sections for Mg™! (n, n) Mg™ 
Curve a: The scattering by the square well potential (4-1). 
Curve b: The surface excitation by the exact calculation taking account 
of the first two states of the target nucleus. 
Curve c: The surface excitation by the exact calculation taking account 
of the first three states of the target nucleus. 
Circle 0: The particle excitation by the standing wave method. 
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The ground state, the first (1.368 Mev, spin 2) and the second (4.122 Mev, spin 
4) excited states are identified as the first three levels in the rotational spectra, For the 
distorting potential the same potential (4-1) is used also in this case. The calculation 
was carried out every one Mev up to 6 Mev firstly including the lowest three levels of 
the target nucleus, next including only the ground and the first excited states and lastly 
in perturbation approximation. 

The elastic total cross section for four cases are shown in Fig. 1. In contrast to 


the simple curve of the scattering by square well potential, the curve calculated taking 


300 


200 


6(10-% cm?) 


100 


E,, (Mev) 


Fig. 2. Total inelastic scattering for Mg*! (n, n’) Mg**4 leaving the residual nucleus 
at the first excited state. 

Curve a: The surface excitation by the perturbation approximation. 

Curve b: The surface excitation by the exact calculation taking account of the 
first two states of the target nucleus. 

Curve c: The surface excitation by the exact calculation taking account of the 
first three states of the target nucleus. 

Circleso: The particle excitation by the standing wave method. 

Crosses x: The particle excitation by the perturbation approximation. 
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into account the first two and three levels of the target nucleus in the surface excitation 
shows a gradual peak. The cross section of the particle excitation is much higher than 


those of the surface excitation at lower energies. 
In Fig. 2 the total inelastic scattering leaving the residual nucleus in the first excited 


state is shown in five cases. The surface excitation cross section calculated in the pertur- 
bation approximation has a very large value at 4.5 Mev. The two cases, the surface 
excitation including the first two states and first three states have very different excitation 
curves. The former has a peak near 2.5 Mev and a gradual peak at 5.5 Mev while 
the latter cross section is very small up to 3 Mev. The two cases of the particle excita- 
tion are not so different in the absolute value at each energy. 

The angular distributions for elastic scattering are shown in Fig. 3 in the absolute scale, 


and those of inelastic scattering are shown in Fig. 4, where the cross section is normalized 


Fig. 3. Angular distribution of the elastic scattering Mg"! (n, n) Mg 

9: Scattering angle in c.m. system (degree), E,: incident energy of the 
neutron in lab. system (Mev), do/d@: differential cross section. 

a: The scattering by the square well potential (4-1). 

b: The surface excitation by the exact calculation taking account of the first 
two states of the target nucleus. 

c: The surface excitation by the exact calculation taking account of the first 
three states of the target nucleus. 

e: The particle excitation by the standing wave method. 
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E, (Mev) 


ae 
Far (Relative) 


Fig. 4. Angular distribution of the inelastic scattering Mg*! (n,n’) Mg! leaving the residual 


nucleus at the first excited state. 

@: Scattering angle in c.m. system (degree), E: incident energy of the neutron in lab. 
system (Mev), do/d@: differential cross section (in arbitrary scale). 

a: The surface excitation by the perturbation approximation 

b: The surface excitation by the exact calculation taking account of the first two states of 


the target nucleus. 
c: The surface excitation by the exact calculation taking account of the first three states 


of the target nucleus. 
d: The particle excitation by the perturbation approximation. \ 
e: The particle excitation by the standing wave method. 


so as to give a same total cross section. for all. In the elastic scattering the particle 
excitation and the surface excitation cross section deviate from the case of the square well 
potential. The energy dependence of the angular distribution is strong for the standing 
wave calculation compared with the perturbation approximation calculation. Especially the 
case of the surface excitation taking into account the first and the second excited states 
vaties very much with energy. 

Before discussing differences between two mechanisms, it is important to know how 
the partial waves are distorted by the potential (4-1). In Fig. 5 the quantity, the 
logarithmic derivative for the solution of the square well potential f, minus the real part 
of the logarithmic derivative of the outgoing wave at the same energy 4,, is plotted 
against the incident energy. This quantity corresponding to the outgoing particle leaving 
the target nucleus at the excited state is also plotted up to 6 Mev incident energy although 
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Fig. 5. Energy dependence of f;— 4; 
[ indicates the orbital angular momentum. 
a@: curves corresponding to the ground state. 
8: curves corresponding to the first excited state. 
7: curves corresponding to the second excited state. 


the dotted curve is used for the corresponding quantity for the bound state. For s and 
d waves the curves are not drawn because they are outside the frame of the figure. The 
point on which the curve crosses the line f,—4,=0 corresponds to the resonance energy ; 
the p wave for the ground state has a resonance near 5 Mev. The dotted f wave curve 
for the second excited state crosses the line f,—4J,—0 near 3.5 Mev; at this energy the 
zero-th order wave function inside the nuclear surface is connected smoothly to the ex- 
ponentially decaying wave function outside. This corresponds to the usual resonance 
phenomena at positive energy. In the case of the surface excitation, however, it should 
be noted that the direct interaction gives rise to a shift of this resonance energy. This 
resonance effect will be discussed shortly. 


When the differences between two excitation mechanism ate discussed, it is convenient 


to institute a comparison by the K matrix, For the particle excitation K matrix is written 


by (3-8) as 

(all ]\K,|a!T UJ) = — (2MV,/# R)xz'" (JM, \PUJ) Cala!) xz", (46a) 
while for the surface excitation 

(all J|K,\a' TU J) = — (2MR°/6?) U, (22/15) x" (ILM xa” (4- 6b) 


‘M, and M, are the spin angle part of the interaction matrix element in particle and 


surface excitation respectively. In our calculation they are of the same order of magnitude 
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and have the same sign for the diagonal element and the opposite sign for the non-- 
diagonal element. The quantities V, and U, are the strength of the zero-range two: 
nucleons interaction for the particle excitation and the depth of the distorting potential 
for the surface excitation respectively. Both of them have a negative sign. ¢ is the 
deformation parameter of the target nucleus in the surface excitation and its sign depends 
on the nucleus; for the case of Mg™ it is positive. T is the radial integral of the single 
particle wave functions normalized at the nuclear surface, and has usually a positive value. 
The wave function has a large value at the nuclear boundary at its resonance energy if 
the wave is normalized at infinity, but the wave function has a large amplitude for an 
off resonance energy since it is normalized at the nuclear boundary. Thus T has a small 
value for the resonance energy and a large value at the off resonance unless the integrand. 
of I oscillates with r and the integral is partly cancelled. However, the contribution to: 
the K-matrix is, of course, large at resonance and small at the off resonance because the 
K-matrix is obtained from K by multiplying the values of the wave function at the 
nuclear surface. Nevertheless one of differences between two excitation mechanism rests’ 
on this point; in the surface interaction the effect of the resonance is amplified compared 
with the particle resonance. This is the reason why the angular distribution for inelastic: 
scattering has the larger 90° ‘asymmetry than the case of the surface excitation (c. f. 
Fig. 4). 

The second point to be discussed is the sign of the K matrix. In the preceding 
paragraph it was shown that the sign of the non-diagonal matrix element is opposite in 
the case of Mg™. The cross section depends on the sign of the matrix element unless 
the perturbation approximation is used, Then it is not surprising that the angular distri- 
bution and the absolute value of the cross section in two excitation mechanisms differ 
very much, In the case of the particle excitation, the large elastic cross section may be 
due to the approximation in our calculation, But it is difficult to discuss it without an 
exact solution of the original coupled equation (2-4). 

The third point is the magnitude of the K matrix, The ratio of these two K 
matrices is given by 

K,/R.= (Vi/ RU) (15/22) 1- (M,/M,) (4-7) 
from (4-6a) and (4-6b). The first factor (V,/R°U,) is about ‘yf 288 estimated from 
(4-1) and (4-5), and the second factor is 25. I changes from 10° to 107' according 
to the partial waves. The ratio K,/ K, is from about 1 to 1/70 for the odd parity wave 


transitions. It is also interesting to study the dependence of K on the number of nucleon 
outside the core. In the case of the surface excitation ¢ has a large value (about 0.4) 
when the neutron and proton are half filled in the shells. On the other hand, in the 


case of the particle excitation the non-diagonal matrix element between the spin zero state 


and spin I state is proportional to 
a" (AM) =[2n(2j+1—n)/(2j—1) P” for I=2, 4,--° (2j—1) (4-8) 


where the excited state of the target nucleus with spin I is assumed to have n neutrons 
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(or protons) with total angular momentum j. For j=5/2 the expression (4-8) gives 
2 for n=2, 4. For large j it has a maximum when the shell is half filled, but the 
maximum value is not so different from the case for n=2 in such a simple model. Thus 
we see that the surface excitation gives large matrix element compared with the particle 
excitation for nuclei whose shells are half filled. Again returning to the case of Mo", 
the diagonal elements of K matrix have the same order as the non-diagonal matrix element 
for the surface excitation, In such a situation the perturbation approximation fails and 
the cross section for inelastic scattering becomes extremely large compared with the exact 
calculation as seen from Fig. 2. For the particle excitation both perturbation and standing 


wave approximations are not so different in the total cross section owing to the small 


non-diagonal matrix element of K. 

We now discuss the behaviour of the cross section when the quantity fi-—4-—Wi 
for the closed channel approaches to zero, the resonance energy. For surface excitation 
of the even-even nucleus we take into account only three channels, 1, 2, 3, which cor- 
respond to the spin 0, 2, 4 states respectively. The S-matrix for this process is described 
by the equation (2-36) which contains the inverse matrix of f—dJ—is+W==H. If 


we write its matrix elements by 


G, W > Ws 
H=!wi, Gy «we, (449) 
Ws, Ws. G, 


G;=f,;—4;+W 4, approaches to zero because s=O for the closed channel. Further W,,=0 
owing to the assumed interaction which contains only the spherical harmonic of order 2. 
Then the matrix element of Q==H™ is calculated as 


Qu =1/G,, Ons Q31= W/W oG;). (4- 10) 


From the last equations it is seen that the inelastic scattering leaving the target nucleus 
to the first excited state becomes zero. This three channels calculation is of course over- 
simplification, but we can expect a similar situation occurs in general cases. In our 
numerical calculation f,—4,—W,, becomes zero for the channel J=3 /=3 near 3 Mev 
and J=1 /=3 near the threshold. It may be explained by this fact that the cross section 
is very depressed up to 4 Mev when the first three excited states of the target nucleus 
are taken into account in contrast to the calculation neglecting the second excited state. 
Finally we should like to point out that the inclusion of the many excited states in 
the calculation of the direct interaction makes the energy dependence of the cross section 
complex. The angular distribution of inelastic scattering calculated by including the first 
three states has a strong dependence on the energy as seen from Fig. 4. The usual 
optical model can explain the gross structure of the energy dependence only and the single 
particle resonances appear. However if a few low lying states have strong transition 
probability from the ground state, the single particle resonance state splits into the same 
number of resonances as the excited states taken into account. There will appear smaller 


resonances but not so small as the fine structure. 
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Our calculation were carried out in order to apply the method proposed here and 
compare two excitation mechanisms. So we used some assumptions which are not so 
realistic to avoid complexity. However if this method is used to calculate the direct 
interaction effect with reasonable assumptions in the case where the experimental data are 
available we can have some hope to resolve the difficulties encountered in explaining the 


experimental data by taking account of the effects discussed here. 
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The multiple meson production in the antinucleon-nucleon annihilation is studied. Assuming that 
the whole system establishes a statistical equilibrium, we adopt the temperature of the system as the 
only parameter, and deciding the critical temperature in the similar way as Landau’s, we obtain the 
numerical values which agree with experimental data and clear up the question why one must take 
a large magnitude of the interaction volume as a parameter in the Fermi statistical model. 


§ 1. Introduction 


As regards the multiple production of mesons Fermi’ proposed the statistical model 
which has been useful to analyse the experimental data but gave lower multiplicities of 
m-mesons than the experimental ones in antinucleon-nucleon annihilations as well as in 
nucleon-nucleon collisions. The experimental multiplicity forces us to take fifteen times 
of the usual volume in the Fermi statistical model whose radius is 7-meson Compton 
wave length.” 

Recently Goto” treated the meson preduction in the annihilation intrcducing the 
7=—7 interaction of resonance type with certain resonance energy which is based on the 
experimental momentum distribution of the nucleon in =~ + P—»nvcleon+27 with 1 Gev. 
His modification is in favour of high multiplicities but he also must take the large 
interaction volume to agree with the experimental multiplicity. Ito and Minami’ pointed 
out that the experimental multiplicity could be explained by introducing an appropriate 
=—7 interaction. However it is necessary to closely examine the nature of 7—7 resonance 
interaction which they took. Takeda” shows the large multiplicity by considering mesons 
which are virtually surrounding nucleonic cores and are really emitted for losses of these 
cores after the annihilation. 

Pomerancuk” proposed a modification of the statistical model which includes the 
nature of strong 7—7 interactions but does not depend on its detail form. He considered 
the system should be enlarged so that the emitted particles might fly away freely. Assum- 


ing the 7—7 interaction range to be the Compton wave length of z-meson, the volume 
of the final state V may be expressed as 


Nes (1) 


in the production of N z-mesons, where / is the rest mass of a 7-meson. 


Taking eq. 


* We assume /=c=1. 


wet 
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(1) into account, Sudarshan” and the Soviet group” calculated the multiplicity of the 
m-meson in the annihilation process but these results show the low multiplicity too. 

In this paper, instead of eq. (1), we shall intrcduce in Sec. 2 the critical tempera- 
ture of the system at which mesons fly away as free particles. In Sec. 3 the physical 
meaning of this temperature is studied and the numerical values of various quantities 


determined by this temperature are evaluated and compared with the experimental values, 
The agreement between both values is good. 


§ 2. Fundamental idea 


2-1 General aspects 


We have no precise method to treat the whole process of annihilation but a statistical 
treatment may be admitted because of the strong interaction in meson fields surrounding 
a nucleon. The statement that we expect some sort of statistical equilibrium should be 
justified as follows. 

When an antinucleon annihilates with a nucleon the rest energies of these particles 
will be suddenly released in a small spherical volume whose radius is about the Compton 
wave length of a z-meson. At this moment the state of the messic cloud is similar to 
its state before the annihilation but is different from the state described by the Planck 
distribution because of the sudden losses of the nucleonic and antinucleonic cores. Just 
after the annihilation, therefore, the system is, of course, not in the equilibrium state. 
However, since the various particles (7-mesons, heavy mesons and other particles) are 


“the number of particles” 


virtually created and absorbed in this small volume, the concept 
is inadequate to describe this state. Indeed the number of particles regains its physical 
meaning only after the main process of interaction has been over and all particles have 
become fairly free. Thus, the energy spectrum of particles, which we observe, is different 
from that just after the annihilation. 

From such a point of view the condition that the number of particles should have 
a physical meaning is given as follows: the mean free path of particles, 4, in the system 
is comparable in magnitude to the linear dimension of the total system, L, as argued by 


Landau and Belen’kij’”’” ; 
ae (2) 


If A is determined mainly by the 7—7 interaction and if the total system is in a thermal 


equilibrium state we may obtain the temperature of system TJ’ from eq. (2), that is, 
T~p,* (2') 


. a ; a 
where we assume the 7—7 interaction cross section 1s geometrical one, 7°. We can 


easily understand that under the condition (2) L>p’ 
to the matter density, 7~ (L’/N) /", so that the system must be enlarged. 


since the / is inversely proportional 


* We assume that Boltzmann constant k=1. 
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In the stage where the volume of the system is large, the system might attain to 
a statistical equilibrium as a whole due to strong interactions and when A= L all particles 
might be submitted to the Planck distribution. 

One can easily find that eq. (2) is quite different from eq. (1) used by Pomerancuk. 
In the case of Nz production, the volume of final system V(~L*) is approximately 
N°?u-* from eq. (2). The N-dependence of this volume is different from the one given 
by eq. (1), and we may expect that the multiplicity of particles is larger than in the 
case of Pomerancuk. 

The difference between Landau’s hydrodynamical treatment”? and ours is that no 
hydrodynamical consideration taken into account on the system after the annihilation 
because this system has no special translational motion but only a thermal motion (we 
neglect the kinetic energy of a nucleon and an antinucleon). In order to justify the 
hydrodynamical treatment each local system must establish an equilibrium and must include 
many particles. In our system, however, the number of particles is not enough to justify 
such a treatment. In view of the increase of entropy in the expansion process, our aspect 
looks rather like Heisenberg’s"’ than Landau’s. 

From the above discussion, we 
may consider that the final system 


is in a thermal equilibrium state f(T) dT,,0c (Tat) (T. +h) pe dT, 


exp{(T,+/)/T}—1 


whose temperature is determined by 
the condition (2). As far as the 


average values of the physical 


No. of 


pions 


quantities is concerned, one can 20 
thermodynamically treat the annihi- 
lation process introducing a tempera- 
ture by no reference to the tedeous 
phase space volume treatment. 15 
2-2 The examination of the Planck 
distribution 
In order to examine whether 10 
the whole system is in the equili- 
brium or not we compare the Planck 
distribution with the experimental 
spectrum of kinetic energies of 7- 
mesons. The reasoning of the ap- 


plication of the Planck distribution 


to emitted 7-mesons is not so clear 0 

but may be understood from the 208 es 600 

fact that in the flying away stage T, (Mev) 
the —c internceiOa nein Fie path Fig. 1. Pion energy spectrum. Histogram shows experi- 


mentally found charged pion spectrum. Solid curves are 


computed from the Planck distribution for T= p, B/1.2 
linear dimension of the total system and y/1.4. 


is of the same order as that of the 
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{see\Sec. (3+3)). 


The normalized energy spectra of 7-mesons ate plotted in Fig, 1, where the Planck 
Pistribution with T=, ¢/1.2 and 4/1.4 is assumed. It is pointed out that approximately 
5% of the experimentally observed 7-mesons are expected to have lost the energy by 
inelastic scattering.’ Therefore the plotted curves should be slightly depressed at high 
energies and raised at low energies in order to compare them directly with the experimental 
spectrum. It seems that the Planck distribution with T=/4/1.4 or 4/1.2 agrees as well 


with the experimental spectrum as the Fermi model do, provided that the multiplicity of 
7-meson is put to be 5. 


Since the total energy is nearly 2 Gev and T is about one-tenth of the total energy, 
the concept of the equilibrium seems to be unreasonable because of the large fluctuation. 
Nevertheless, this fluctuation does not play an important role in our calculation as far as 


we consider only the average quantities. 


§ 3. Quantitative treatment 


According to the discussion in Sec. (2-2), we proceed on by using the distribution 
function of ideal gas under the condition (2) and give the detailed calculation for the 
average physical quantities. 

3-1 The density of =-mesons 


We use the dimensionless parameter x instead of the temperature T : 


x H/T. (3) 


The particle density n, and the energy density €, of the 7-meson are given by the 


. . . . 0 An to4 
Planck distribution function and we have"”” 


ng = (3/2n2) pox" *F (x), | (4a) 
&,/ w= (3/202) px G(x), (4b) 
in which 


F(x) =8 33K, ((1+¥)4)/ (1+), 


GG) PS) (14) 13K (+9) 9) /(A+4) +2K (49), 


where the statistical weight of the pion is 3 and K,,(x) is the modified Bessel function 


of the m-th order. 
The total number of the pion N,, is expressed by 


Na= (2/7) ax P(x), (5) 
where a is the dimensionless measure of the volume defined by 
a=V/ Que). (6) 


‘The value a is determined by the following equation, 
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oe + Ex) V= 2M, (7) 


where €x is the K-meson energy density and M is the rest energy of a nucleon, In eq. 
(7) the kinetic energies of a nucleon and an antinucleon are neglected, We must know 
E€, to obtain the value a. 

3-2 The density of K-meson 

It is necessary that the conservation law for the strangeness is considered in K-meson 
productions. For introduction of the strangeness two ways are possible: the one takes 
the strangeness in a form of canonical distributions and another in a form of micro- 
canonical distributions. The difference between the two formalisms lies mainly in the 
treatment of the fluctuation, any kind of which are not essentially important in the 
system including many particles. On the system consisting of several particles, however, 
the fluctuation can not be neglected and one should necessarily regard the system as a 
microcanonical ensemble. 

On high energy phenomena Koba™ introduced the strangeness in the canonical 
formalism in which the conservation for the strangeness does not affect the distribution 
function because of the initial strangeness being just zero, and the particle density ng and 
the energy density €, of K-meson is given by replacing 3.5x instead of x in the functions 
F and G in eq. (4) respectively (the value 3.5 represents the ratio of the K to the 7- 
meson mass). This formalism for the strangeness, however, is not appropriate in the 
annihilation process and we shall use the partition function Z for the K-meson in the 


microcanonical formalism (for the strangeness) shown as follows ; 


SGT ee Cnt AT Osan Slates (8) 
where n, and 7, are the number of K-meson and K-meson in the state s respectively and 
0 is Kronecker’s symbol. 

Magalinskij and Terletzkij’” derived in the extreme relativistic case the particle 
number from the similar equation, It is easy to generalize their calculation to the case 


where particles have rest masses and the particle density and the energy density of K and 


K-meson are given as follows; 


pe " a Qan a ee a 
ie eR Ti OP See) { cos(a +9) pe0Prdo | Jerrde, (9a) 
0 0 
we , 2 2a0 e 
5 Nucor "36, Gax) [cos (1+) per de | Jerrdp, (9b) 
0 0 


where 
Fy(y) =v K,((1+»)y)/(+y), 
Gy(y) = (1 +4) 7 {3K (1+) y) /(1+¥) +yK, (1+) y)}, 


P(g) = (8/37) ax" S3eos (1+) PF, (3.54) /(14¥). 
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plete the statistical weight of K and K-meson is assumed to be equal to 2. In the 
series of @(~) we calculate only the first term because the function F,(3.5x) rapidly 


decreases with the increase of v. By this approximation we can integrate eq. (9) over 
@ and obtain 


hn (2/7) Pe cu 5 (3.5x) ie (?) ? (10a) 
+=0 
Ex/ P= (2/7*) [ex 2G, (3.5%) ie (?) ? (10b) 


with 
f() =Lha(O/h(e), 
= (8/37) ax (35%) ; 


where I, is the imaginary Bessel function of the »-th order. 

The factor f,(7) is shown always to be less than unity for any value of (” by the 
character of the Bessel function. Therefore one finds that the particle number of K-meson 
is restricted by the strangeness conservation. 

As f,(¢)—1 for ~—->00, nx and &€, are written down by the same expression as 
obtained by Koba in high energy phenomena, This fact can be seen as follows: In high 
energy phenomena one considers that the open local system is in the statistical equilibrium 
but the total system is not (see Sec, 4) and thus one must use the distribution function 
in which the fluctuations in the strangeness as well as in the energy have been taken into 
account, namely the canonical distribution function for these quantities, Therefore, the 
expression obtained by Koba, who used the canonical distribution, agrees with eq. (10) 
when p->co (the large / corresponds to the system whose volume and energy are large, 
and in such a large system the microcanonical distribution does not differ essentially from 


the canonical distribution except their fluctuations). In this case the probability for the 


state having the equal numbers of K and K-mesons is not essentially restricted by the 
conservation of the strangeness in the system which has zero initial strangeness. 

On the other hand, as f,(/)—0 for p—0, fu (e) largely affects the values of nx and 
&, in the small system and this is just the case considered in this paper. 


3-3 Determination of critical temperature 

We can obtain the value of x corresponding to the temperature at which 7-mesons 
begin to fly away without interacting with each other. As pointed out in Sec. (2-1) 
tage of flying away as a free particle is decided under the condition that the mean 
free path of particles ) is of the same order as that of the linear dimension of the total 
system L or larger than it. We may take L= (3/47-V)'® and 4=1/n, Onn if the 
is strong compared with the others, where o,,,, is the total 
Using eq. (7), we obtain the expression 


the s 


interaction for 7—7 pairs 


cross section for the 7—7 interaction. 
\ 1/3 


4x E€,+6&x 
eS a 


i/L= 


Nx O xx 


c 5 =) . ° . 
Assuming On, to be the geometrical cross section 7/-°, we estimate this quantity for each 


198 N. Yajima and K. Kobayakawa 


value of x as shown in Table I. Since the estimation depends Table I 
on the value of o,,,, it is correct only in the order of magni- = 
tude consideration. From this table we can roughly decide the a | Ads 
possible range of x-values as follows: 0.5 | 0.2 
In the case of x<1 which corresponds to Aj Dei, simce _ | os 
the particles strongly interact with each other, their number cy | = 
changes through the virtual process and has no any physical oo | ae 
meaning even if it is calculated thermcdynamically. 6 | ioe 


While, in the case of x >2 the L is too small compared 
with the 2 for the system to maintain itself* and thus a 
thermodynamical treatment should not be employed. In order to treat this stage we must 
consider such a 7—Z correlation in the form of the final interaction, This final inter- 
action, however, seems to give small contribution to the number of emitted particles (see 
Sec. 4). 

From the above discussion the x-value, at which it has a physical meaning to define 
the particle number thermodynamically, is circumscribed within 10x <2, but one would 
not be able to decide theoretically which of these x-values is more suitable. 

3-4 Numerical results 

Along the preceding discussions we shall calculate the various quantities thermo- 
dynamically, that are the multiplicity of <-meson N,,, the average kinetic energy of 7- 
meson T),, the ratio of the number of K-meson to that of 7-meson Nx/N,,, the total 
energy attributed to all K and K-mesons E,- and the measure of the interaction volume 


ad. These numerical results are compared with the experimental values” in Table II. 


Table II. To evaluate the values in this table we must first of all know the value a from eqs. 
(7), (4b) and (10b). If the value a is known all quantities corresponding to each x are obtained. 


i UNG Ni/Nx (%) Tx (Mev) ExRk (Mev) ..}- a 
1.0 | 3.4 14 310 | 351 3.0 
i | 41 8 260 225 | 7.0 
1.4 | 5.1 4 210 133 | 14.5 
E: imental 
Salas e 5.3+0.6 several 206-20 | 150-4120 | = 


Sarna 


One finds, as shown in Table II, that all the listed values in the case of x—1.4 


agree with the observed values.** These agreements are equally well as those in the 
calculation of the usual statistical model.” *** 


* The dependence of a/L on x is x°/3 for small x and x ex/* for large x. 

** Tf we take the case of x=2 we have the results, N..~6.8 and Nu/Nxz~3%. Generally the multi-- 
plicity of z-meson increases slowly for the large x as x increases and approaches to the definite constant value 
2M/p, as a matter of course, in the limit of x—>co. 

*** As regards Ny/N., according to Table XIV of reference (2) the probability of producing a K-meson. 
pair is 12.3% for the case of a=15 and this percentage gives the ratio Ni-/Nx=2X12.3/5~5%. 
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We have taken into account the conservation of strangeness in the form of micro- 
canonical formalism. If we dare to assume the canonical distribution in the annihilation 


process the choice of x=1.4 gives N,=4.3 and Nx/N,=13% which ate inconsistent 
with the experimental values. 


§ 4. Coneluding remarks 


In preceding sections we have consistently studied the antinucleon-nucleon annihilation 
problem by assuming that the total system reaches rapidly to thermal equilibrium through 
a variety of virtual process and so thermodynamical treatment may be ensured. Here we 
shall closely examine this assumption, 

In the case of /~L, as the interactions between particles fairly remain it seems that 
one would not be able to consider the system to be in the state of ideal gas and should 
take account of the final 7—7 interactions. The effects of the final interaction, however, 
may not be so important by two reasons as shown below. The one is the point that the 
kinetic energy distribution of z-meson resembles to the Planck distribution with x=1.4 
(Fig. 1) and there is not any correlation between the emitted particles. Another reason 
is the fact that the final interaction gives little change to the number of emitted particles. 
According to the calculation given by Goto,” if the 7-mesons interact strongly with each 
other in the final state we obtain N,,=5.2 for a=10. Since the othet estimate without 
the final interaction? shows N,,=4.5 in the similar case, a=10, the contribution of the 
final interaction to the whole process is of the magnitude of 0.7/5.2~0.13 and falls 
almost in the range of experimental error. Therefore we may say that the contribution 
of the final interaction does not play so important role in the meson production by the 
nucleon-antinucleon annihilation and the main character of the whole process is decided 
in the stage of A<L. 

In the case of A<L, we cannot study the whole process by the terms of each 
elementary process, for example 7—7z, 7—K or a more complicated type of interaction, 
because these elementary interactions are not yet well-known and even if they are known 
the calculation of them is complicated. At present we have only the statistical treatment 


as a useful method. 

As shown in Sec. (3-3) we have seen that the interaction volume is enlarged be- 
calseiok thein=7 interactions. ..1t,is; 10 the region of NS (or A4/L~1) that the 
thermodynamical treatment is justified and the particle number decided by this treatment 
has a physical meaning. Since the condition A/~L corresponds to the enlarged volume 
(see Table I) one can understand qualitatively the reason why one should take the large 
interaction volume to agree the multiplicity expected by the Fermi statistical model with 
the experimental one. Thus we conclude that the character of the meson production in 
the antinucleon-nucleon annihilation is not so curious as we can not understand by means 


of the usual concept. 
per we have used the temperature J” as a parameter instead of the interac- 


In this pa 


een employed in the usual statistical model. The reason for 


n the simpleness of calculating average quantities. The 


tion volume which has b 
using the temperature is found i 
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most fitted value of this new parameter for analysis of the experiments is not inconsistent 
with the one at which z-mesons may be emitted as free particles (shown in Sec. (3-3)). 
The thermodynamical calculation should not differ from the usual statistical one as far 
as we consider the average quantities. 

Finally it is interesting to remark the difference between the annihilation process and 
the high energy phenomena. The definition of the critical temperature in this paper is 
essentially not different from the one taken by Landau and Belen’kij.'" Regarding the 
expansion process, however, our case differs from their case. In ours constant temperature 
over the closed system as a whole has a definite meaning because the system has no 
special translational motion but only thermal motion. While in high energy phenomena 
the system is characterized by the direction of incident particles and in the first step 
expands one-dimensionally along this direction, Then the energy of the translational mo- 
tion is so large that the system is no longer in equilibrium as a whole and the individual 
local part of the system has a different temperature. 

According to above reasons, in high energy phenomena, mesons are produced as soon 
as the local temperature becomes about // in each individual system. Therefore the volume 
of the total system, which has been used in determination of the particle number in our 
calculation (eq. (5)), is physically meaningless and the particle number should be defined 
by another conservative quantity, such as entropy. Furthermore, when we obtain the 
energy distribution of emitted particles we require a theory taking into account the fact 
that each local part of the system moves having its appropriate Lorentz factor and retain- 
ing, the local equilibrium in itself, for example, the relativistic hydrodynamics used by 
Landau.” For annihilation events no hydrodynamical treatment is necessary because the 
system expands uniformly and is characterized only by a temperature. This is supported 
by the resemblance of the experimental energy spectra to the Planck distribution as has 
already been shown in Fig. 1. 

We would like to express our sincere thanks to Prof. S, Takagi and the members 
of the Husimi Laboratory for helpful discussions. 
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A theory which is essentially equivalent to Bloch-Bethe-Van Kranendonk’s formalism is de- 
veloped of the properties of an ideal ferromagnet with isotropic exchange coupling between nearest 
neighbour spins 1/2. Concerning the thermodynamic properties of the system at low temperatures 
far below the Curie point a complete treatment is obtained. In this temperature region the excitation 
of the system is naturally described in terms of spin waves which obey Fermi-Dirac statistics. Inter- 
actions between spin waves are discussed in the scheme of the second quantization, and their effects 


to the spontaneous magnetization are also discussed. 


$1. Tatroduction 


In this paper, the system of localized spins coupled ferromagnetically by the exchange 
interaction between nearest neighbours is assumed to be a model for the ferromagnet. 
The discussions are mainly concerned with the case of spin 1/2. 

As early as in 1930, in his treatment of the properties of the ferromagnet at low 
temperatures far below the Curie point, Bloch” proposed the concept of spin wave which 
takes place as an excitation in the system in which the almost every spin is parallel to 
each other. After Bloch’s proposal the same problem was re-formulated within the scope 
of free spin waves by a few authors”, and his tamous T*-law for the spontaneous 
magnetization was confirmed and the agreement with experiment was tested successfully 
as far as the low temperatures are concerned. However, with the raise in temperature 
the disagreement between theory and experimental data is increased. This may be explained 
by the inclusion of the interaction between spin waves, because as the temperature is 
raised the number of spin waves excited thermally becomes so many that the scattering 
between spin waves may offer a tangible effect. 

Bethe? discussed the spin wave interaction by the use of his rigorous solution of 
Bloch’s secular equation*, although he used a rather hypothetical one-dimensional array 
of spins. Recently this problem has been treated and it gives the term proportional to 
T74 and T*®'” to the spontaneous magnetization and so the matter is not conclusive 
at the present stage. Now we shall present here a theory of spin wave with interaction 


in the second quantized formalism following Fock, But the present formalism is equi- 


. . 4 . - . . 
valent to Van Kranendonk’s one and in contrast to his T74 a term like T* is obtained 


* Eg. (5) of the reference 1). 
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as a correction to the spontaneous magnetization. The present calculation is much more 
straightforward than his treatment and T’-correction is much more trusted. Indeed his 
calculation contains many ambiguities especially as to interaction potentials (his V, and 
V,). Its disagreement with Dyson’s T* correction will be discussed in the future in a 
separate paper. In the next section the symmetry property and the statistics of spin wave 
are discussed and the calculation is given in the following two sections. § 5 is devoted 


to some remarks on the conventional theory of spin wave. 


$2. Statistics of spin wave 


For the sake of definiteness, we briefly reproduce some elements of Bethe’s rigorous 
treatment”””’™. Our consideration is limited to the system of one dimensional equi- 
distant array of N localized spins 1/2 with exchange coupling of the Heisenberg type 
between nearest neighbour spins. Periodic boundary condition is adopted. Then in the 
case of two reversed spins which are not located at the nearest neighbour sites the secular 


equation takes the form 
Edina a (44n ng Silay tis — Any +4 no An, ng—1 an, n2+ 1) > (1) 


where J is the exchange integral between nearest neighbour sites, a,,,, stands for the 
amplitude of the state in which two reversed spins occupy the n,- and n,-th sites and E, 
is the energy of two reversed spin states. On the other hand the state of two reversed 


spins at nearest neighbour sites (say the n- and n+1-th ones) gives 
Esty i=) (Loan On tet — Gund) « (2) 
Bethe introduced the foreign variables a,,, with the subsidiary conditions 
Gag In ned 2 onl — (3) 
so as to unite eqs. (1) and (2). Now the solution a,,,. is assumed to take the form 
ae eens kan2) jeigge’ Hamat tuna): (4) 


. ' . . tA: —t> - . 
Further one may assign without loss of generality e’? and e~** to c, and c, respectively, 


then eqs. (3) and (4) give 
2 cot g (k,k,) =cot(k, a/2) —eot (k, a/2) (5) 
where a is the lattice spacing. Eq. (5) tells us that 
cot 0(k,k,) +cot@(kk,) =0, cot o(kk) =0, 
P (Riky) +0 (kek,) =, O(RR)=7/2, ON Gz. 
And one obtains finally with abbreviation (12) =¢@ (k,k,) 


(6) 


— pi(kinit+kana + (12)) i (kon +king—(12 
nang (Ryko) — ei (kini+ kana t ( + eX 21 + king—(12)) 


= eo! Ain + kane + (12) Cie ae (7) 


Aning (ki ks) = — anno (kok,) » Anne (kk) =0. 
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The antisymmetric property of a,,,,(k,ko) as to the interchange of k, and k, ensures the 
same property of Y (kk) which is the desired solution for the above secular problem and 
represents the state of two spin waves running with the wave numbers k, and &,: 


Pr Ca) = > Anine C3) PD 


ny <n2 


Din ie =det|¢, (1)@(1)-- a (n,) B (n,) **«Brg(ny) B (ng) “Dy (NV) a(N) | 


7 


nyn2 » 


(8) 


where the notations have usual meanings. 
Further the cases of n(>2) reversed spins have been discussed by D. Frank’ and 
the above antisymmetricity is also obtained. So one can regard the state of n reversed 


spins as the system consisting of n spin waves (magnons) which obey Fermi-Dirac 
seen OveTO} 12) 
statistics. 


§ 3. Hamiltonian of system of spins S=1/2 


The above mentioned ideal ferromagnets are assumed to have the following simple 
forms of crystal structure: (I) linear chain, (II) square lattice and (III) simple cubic 
lattice. In each case the lattice constant is a and the exchange interaction is assumed to 
be isotropic and exists between nearest neighbour pairs. The periodic boundary condition 
is adopted for the ‘Grundgebiet’ of the lattices with N spins (1) a chain of length 
Ga, (II) a square of area (Ga)* and (III) a cube of volume (Ga)*, and N=G, G? and 


G*, respectively. Then the Hamiltonian of the spin system in the uniform external 


magnetic field H is given in terms of spin variables 


X= —J = S,,- Snes tiNnzJ—2¢2H 3} Sn=E—2p,H >| Sh (9) 


né 
where the sum  ",,5 runs twice over all pairs of nearest neighbours, #, is the Bohr 
magneton, z the number of nearest neighbours and 0 the lattice vector between them. 
The zcomponent of total spin operator S°=) S;, commutes with 3€ and has the 


allowed values m=N/2, N/2—1, --—N/2. We introduce the spin deviation n=N/2—m 
which is also the quantum number of the system described by eq. (9) and takes the 


values 0, 1,::-. Therefore, one can treat the states with n=O, 1,--: separately, From (9) 
,=E,+2/pHn— ppHN. (10) 
Case n=0. There is only one state (ground state) : 
E,=0, (11) 
Case n=1. In this subspace there are N states. Bloch’s equation” takes the form 
Fd, J > 6 4n— 4nv8) ==! Sy, (12) 


the solutions of which are the Bloch free spin waves 


d, = aes eileen (1 3 i 


z 
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with eigenvalues of the kinetic energy operator T’ 
E, (k) =JS4(1—e"8) = Je(1—74). (14) 


These may be pictured as free ‘particles’ with kinetic energy E,(k) and k itself is 
determined by the boundary condition : 

k.=27/Ga-p;3 pp=—G/2, —G/2+1,:--, G/2—1, 

/ Pere / as 

() ¢==1, GUD t=1, 20 and: (iD erg 2 eey 
and there are just N modes in each case, 
Case n=2. The sets of secular equations are given by (1) and (2) in the case of (1) 
and are easily written down in the cases of (II) and (III). Following Van Kranendonk” 
we take the point of view that the difference between eqs. (1) and (2) (similar equ- 
ations in the cases of (II) and (III)) represents the existence of the attractive potential 


U between two reversed spins and U itself takes the form 


U(n, m) = —2J, for n—m=0, 
(16) 
=0, otherwise. 

On the other hand, Van Kranendonk’s repulsive potentials corresponding to the so-called 
kinematical interactions do not enter into the present formulation, because these interactions 
have been effectively taken into account by the statistics of spin waves. 

Instead of Bloch-Van Kranendonk’s formulation discussed till now in the configuration 
space, we will develop the second quantized scheme for the description of the state of 
the spin-deviation, To this purpose it is most convenient to use the representation given 


by Fock”, Then the Hamiltonian operator describing the system of spin wave is 
= Die eT |B) aie age FE > vesteateaks (Ry kte|U | heghts) ah aiedr res » (17) 


where aj and a, are the creation and annihilation operators for the spin wave running 


freely through the lattice with wave number vector k, and satisfy the following relations 


Lax, ait, |y —= Ontrs Lax, ap | +. Lait, ax, | o— 0, (1 8) 


where [a, 6], =ab+ba. In the case of (I) the discussions of § 2 ensure for us to use 
these commutation relations. In the cases of (II) and (III) there have not been any 
confirmations as to the use of these representations, but these are assumed to be correct 
in these cases too. Concerning to this point a further comment is given in Appendix, 
Eqs. (12), (13) and (16) give 
(k|T|k) =Jz(1 —rx) =E 
(19 
(ky, ky|U|ks ky) = — (2Jz/N) 0 (hk, + ky—hig—Ieg— K) Ferre 5 


where 0 is a Kronecker’s delta symbol, that is, 0(k) =1 for k=0 and otherwise 0 (ic) = 0) 
and K is a primitive vector in the reciprocal space. The second term of eq. (17) re- 
presents the scattering of two spin waves by the attractive potential U and the 0-factor 
ensures the momentum conservation with mod. K. However we are only interested in 
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the thermodynamic properties of the system at low temperatures and so the thermally 
excited spin waves have mainly very long wave lengths, therefore the processes K+#0 
(Umklappprozesse) give’ too small contribution to the thermodynamic properties to be. 
reserved and the process K=O is only retained. 


As to the field dependent energy of the system, eq. (10) gives 
—,HN+24,H > ,afay. (20) 
Eisally the Flamiltonian of the system! takes the form 
H =HitHyt+ He 


Mage —[4,HN 


: 17a 
Hs ar Ena Af» &,.= Ek ot 2¥,H ( ) 


moe yk Tie % ae 
e % Ne shea? (ky, a hy ke k, px k,) / Ie —esthe Ura hesMes 3 


This interaction Hamiltonian 6, is easily verified to be a simple Fourier transform 
of Frank’s interaction term, but does not appear in the symmetrical form. Physically 
speaking, however, we are dealing with the system of identical particles (magnons), and. 


in the collision process 
k, +h, > k,+ ky, (21) 
the interchanges (k,<—>k,), (<> hy) and (k,<—>k,;k,<—>k,) do give nothing but the 


process (21), so 36, must consist of the terms invariant with respect to the above inter- 
changes. Thus with the use of eq. (18) it is reasonable to write down the interaction 


Hamiltonian in the following symmetrical form 


— 


IH, == ae STeskskeakea? (k, oF ks Tae k, — k,) inhi ae PIERO Aj AoA fe Aer . (22) 


In the case of discussing the each elementary process which corresponds to each summand 
of the interaction Hamiltonian one has to start with eq. (22). However, in the present 
course of calculation we ate interested in thermodynamic behaviours of the system in which 
the interaction Hamiltonian appears as a whole (see the next section) and we may safely 


start with eq. (17a) within the limitation of ‘two body interaction ’*. 


§ 4, Spontaneous magnetization 


In this section the thermodynamic properties of the system described by the Hamiltonian 
operator (17a) are given by the use of the compact formalism introduced by Ichimura”. 


The thermodynamic properties can be derived from the free energy 


F=—f-*in Z, BS kT (23) 


* By Van Kranendonk it has been proved that the many body interactions have little effect on the 


thermodynamic properties. 
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where Z=Tr exp(—/46 ) is the canonical partition function of our system. Then the 
spontaneous magnetization M is given by 
M=—1/V-0F/0H (24) 
which is reduced to 
M/M,=1—2/N-Tr(S\akay, exp(—BIC )) /Tr (exp(— 46 )) (25) 
where M,=p,NV~-! is the saturation magnetization. Now we define the grand partition 


function = of the system described by the Hamiltonian We = > yeti, + Iba: 


5=Tr(exp[—a>},.a% a,—8 H 1). (26) 
Comparing Z with = we see that apart from the factor exp(—926,) the canonical 
partition function Z of the system described by eq. (17a) is equal to the grand partition 
function = of the system with Hamiltonian K, when the identification 
a= 20 (27) 


has been made. Then the spontaneous magnetization is written in terms of = ; 
M/M,=1—2/N-n, 
- 5, (28) 
n=—0d ln &/da, 


Now let us calculate = by expanding it in the power series of BH, Fora 


moment, we treat 5 of the form 
E=Tr(exp[—S\,(@+8&,") aay, —xBI6,)) (29) 


where « is assumed to be the perturbing parameter, and = is expanded in the power 
series of « and we restrict ourselves up to the linear term of «. In the final result 


we shall put «=1, <= is expanded in terms of « as 
& =Tr (exp(— 3}. (a+ BE," af a;,)) 
—KP Tr (6, exp[ —dt. (@+8E,°) akaz,}) oo. 
The first term of (30) is reduced to 


(30) 


ty 


(Ne Din, =0 a Din, ast II, exp ( bi (a =r BE.) ny.) 


(31) 
=I/T{1+exp(—a—fé,)}, 
k 


and in the second the operator exp(— >}, (@+E&,°) aja,,) is diagonal and the following 
two cases 


k,=k,=k and ho=kh,=k’, 
k,=k=k and k,=k,=k' 


contribute to = and one can arrive at 


a= Bi + («3 Jz/N) Sour 1 — Frater) fe frer + -) (32) 
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where 
fir= (exp(@+ REx!) +1), (33) 
and finally 
In F=In J+ («8 Jz/N) dose 1 =F eter) fie fer 1H °* (34) 
Eqs. (34) and (28) tell us that at vanishing H 
M/M)=1— (2/N) Dx fie 
—2)z B/N er ee) 
x fe fe fret fe far’) fer) (35) 
where f;,’= (exp (8&,”) +1)~'. The first two terms of the right-hand side of (35) corres- 


pond to free’ spin waves and the last term is the desired correction which stems from 


the scattering between spin waves. 
In the low temperature region far below the Curie point the k-sums in eq. (35) 
can be replaced by the integrations as usual and in the scope of the so-called effective 


mass approximation for &,’ the results are 
(4 M/M=1— G/ 2 /t)z(=1/2)0" G7) Al y(1/2)z(—1/2) 
+a(1/2)y(—1/2) |, 
(Il) M/M,=1—(1/z)z(0)4— (1/2?) PL y (1) (0) +21) 7) J, 
(III) M/My=1—(/ 2/2?) <(1/2) P?— (2/2") # y(3/2)z(1/2) 
+2(3/2)y(1/2) ]; (36) 
where 0=kT'/2J and 
z(n) = |, 4x/ (e7+1), yo) = [-9dx/ (+1) (Uhe=?):, (37) 


It is easily shown that 

z(n) =(1—2-") P(nt+1)E(n+1), for n->0O, 

1/2) =1.072," z2(0) =In2, 

a — ly) ak 

y(n) =n z(n—1), for n>0 and nl, 

y(—1/2) =0.6749, y(0) =1/2, y(1)=In2, 
where ¢ is Riemann’s ¢-function and J’ the /“-function. In the case of (III) the co- 
emeicit of 6/2 is smaller than the usual one’ by a factor 1—1 1A 2. In the cases of 
(II) and (III) the deviations of 6," from the effective mass approximation are also 
introduced in the calculation of S\. fie. For example in the case of (III) if &° is 


averaged over angles in k-space, 


&,0=J (Pa — (1/20) Ra* ++). (39) 


And the canonical average gives 


208 I. Mannari 


BJ/20- CK) vat =0/10- (5/2) /z(1/2) =0.45476 (40) 


. Az0) a TE 2 
so in the low temperature region one can expand fi in terms of PE; fJka? and the 


elementary calculations give 


(ID) M/My=1— G/ 2/2) ®"[z(1/2) +4/10-y(5/2)] 


— (2/2*) Fy (3/2) z(1/2) +2(3/2)y¥(1/2) J (36a) 
and similarly 
(Il) M/M,=1—(1/z)6[z(0) +9/8-y(2)] 
— (1/77) PL y(1)z(0) +2(1)y(0) |. (36b) 
Finally we obtain that 
(1) M/M,=1—0.4826 6'?—0.2092 0, 
(II) M/M,=1—0.2206 —0.1558 #, (36c) 


(Il) M/M,=1—0.09715 6°?—0.04128 #°”—0.02684 #. 


Eqs. (36) ~(36c) show that the one and two dimensional lattices as well as the 
three dimensional one reveal the ferromagnetic nature at low temperatures far below the 


Curie point. 


Indeed the experi- 1.00 

ment” of Ni thin film has reported 

that the ferromagnetic ordering sets 

in when the sample cooled and the M/M, 

‘Curie point’ decreases with decreas- 

ing thickness of the sample, and 

the agreements with the theory of 

Klein-Smith™ are rather satisfactory. 
In the sample of thin film the an 

spin waves running perpendicularly 

to the surface layer have so large 

energies that in low temperature 


region the thermally excited spin 


waves are mainly progressing parallel 
to the layers and the temperature 
dependence of the spontaneous 
magnetization is expected to be the 
same as the case (II). 


Using the 


free spin wave approximation we 


0.90 
0.0 1.0 


i] 
Fig. 1. Magnetization versus temperature curves of films 
of thickness pa=2a and 4a, and of the cases of (II) and 
(III) which correspond to the effective mass approximation 
without interaction. 


have also calculated the spontaneous magnetization M of the film of thickness pa* and 


* The calculation is performed in the same manner as Klein-Smith’s one™. Though the mode k=0 
has to be excluded in the calculation of the thermodynamic properties, in the present calculation the inclusion 
of k=0 does not change the result in practice and the mode k=0 is included. 
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the result is 
M/M,=1-— (0/7) 6, (4), 
6, (A) = (1/p) > In(1 + exp[ (cos 27n/p—1)/0]). 


The summation in ¢,(@) is performed directly in the cases of p=2, 4, 8, 36, and the 
curves M/M, versus @ are shown in Fig. 1. In the case of p=1, 6=In 2 and eq. (41) 
is equal to (II) of (36) except the interaction term. In the cases of small p Fig. 1 


(41) 


shows that the curves are represented approximately by the equation 
M/M,=1—aé (41a) 


in the low temperature region, where @ is a constant. 


$5. Remarks on the conventional theory of spin wave 


In this section S is not always equal to 1/2. In usual treatment of the ferromagnetic 
exchange problem the operator system introduced by Holstein-Primakoff® is commonly 
adopted. One starts with eq. (9) and introduces spin deviation operators by the following 
equations 


Sess is = 1/ 25 ha, S$, =e = 25 fa 


a aati uh os F 1/2 (42) 
5,,=5 Any > fr= 1 an a,,/2S) : 


a, and a satisfy the relations 
Lay, ay, | — Oat ? [ans Ans | —s fax any | = 0, (43) 


and the eigenvalues of the operator n,=dea, are equal to 0, 1, 2,-:-. In the subspace 
Ny,=0, 1,-::, 25 eq. (42) is exact. However, 4, and a* are expressed as infinite matrices 
and eq. (42) introduces the fictitious states foreign to the system described by the 
Hamiltonian (9). Setting aside for a moment the discussion of this difficulty, we proceed 


further. The Fourier transforms are now defined by 
an=(1//N) Dip ean» a= (1/VN ) Dix eat (44) 
where Kk runs over all the vectors defined by eq. G15 ial er 
[any ai |=Pnnr > Ln ay |=[ai, anr|=0 (45) 
and, 
Sdhan => Mth Ue » (46) 
and the Hamiltonian becomes 
6 = —2p,HSN+ Dy. (25 AT) +24) aieae » (47) 


where the interaction between spin waves has been omitted and the notations used here 


have the usual meanings. . 
The canonical partition function Z of the system described by (47) is 
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Z=Trexp(—fH), (48) 
from which the spontaneous magnetization M becomes at H=0 
M/M,=1— (1/SN) Sixt 
fig = Tr (ne Puen ee) /Tr (e Pn nn) a 


where &’=2JzS(1—j,.). From eq. (45) n,=0, 1,--:, but n,=0,1,---, 2S so eq. (46) 
gives 0<S\.m,<25N. Then the operation Tr becomes 


2 jn=0 Pa 


See ny, (ny, — 0, Steen), 
“Nv 
which is too complicated to be performed exactly. Now the rather drastic approximation 


ange S12 
She a ae ee 
ye 0 atin 0°. 


is introduced where P is an integer which satisfies PY~ 2,, Qy standing for the volume 


of the N-dimensional domain 
OLS, S2SN and ny. >0. 


Thus P~2Se, With this approximation 


fy = (e* 1) “1 (P41) (e #1) = f(x), (50) 


where x=/&,°, and we obtain that 
(1) M/M,= 1, — OP/y / 22S) \ fe (x) yl he ° ake 
(Il) M/M,=1—(6/2n8) (er te) de 
0 
=1— (6/275) In(P+1), (51) 
(IIL) M/M,=1—(#"/;/ 72'S) lif (op sil 
0 


=1— (PP// 2 2S) (1—1/\/ P+1) F'(3/2)¢ (3/2). 


It is easily observed from eq. (51) that 

(i) in each case the spontaneous magnetization M is finite, 

(ii) if we consider the hypothetical case S=1/2 and P=1, we see that eq. (51) 

is exactly equal to eq. (36) within the scope of the free spin waves, 

In the derivation of eq. (51) we have used the following assumptions : 

(a) free spin wave approximation, 

(b) approximate evaluation of n;,. 
The approximation (a) is justified as far as the low temperature region is concerned, but 
(b) is rather serious. However in the low temperature region the factor e—Pé,°n, in 
(49) decreases rapidly with increasing n, values and (b) may be justified, too. 

In the usual treatment’ one simply puts P—> co, and the divergences of M 
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which one encounters in the cases of (I) and (II) are due entirely to this careless pro- 


cedure. However the present calculation is only approximate one and the more exact 
evaluation of Tr is much desired. 


§ 6. Discussions 


First of all we begin with the thermodynamical considerations. We consider the 


system with magnetization M in the external magnetic field H, If the Nernst heat 


) 


theorem” jis applied to the process 


ele i a aro be a) gen PP @2) 
it gives 

lim (0M/OT) 7=0. (53) 

T>0 


Namely the magnetization versus temperature curves must have horizontal tangent at 
T=0™. Now we return to our problem of the spin system. The case (III) satisfies 
eq. (53) but the cases (I) and (II) do not, However this conjecture is a superficial 
one because at such low temperature that the Nernst theorem holds kT may be smaller 


than &,° and the replacement 


Si {ai 


is not justified. Hence the k-sums must be performed directly and in this temperature 


region the free spin waves are naturally a good approximation. So we have 
fe) (M/M,) /oT= — (2k/N) Pei exp (PE,,.°) i (exp (BE,) + Alp : (BE;,°) 21; 


which becomes exponentially null as T’—>0. 

Secondly we discuss the corrections given by spin wave interactions, As has been 
pointed out, the present formalism is essentially equivalent to the description given by 
Van Ktanendonk and at first sight it seems rather curious that the correction terms to 
the spontaneous magnetization are T® (present result) and T7(Van Kranendonk’s one). 
However his calculation contains some ambiguous points. He defined the correct form 
of the attractive potentials between spin waves by his careful observations of the secular 
equation in the case n=2 where two spin deviations are present and was able to show 
that the so-called Spinkomplexe does not exist in the case (III). But he neglected completely 
the existence of the attractive potential in the actual calculation (JI of the reference 5)) 
and included only the effect of the repulsive potentials, And in IL of the reference 
5) he used also the approximations such as the uniform distribution of E,. But it 
must be noted that the present calculation is limited to the very low temperature region 
because of the expansion (32) and (34). 

Finally we remark on the correction T* given by Dyson”. We have also obtained 


T*-correction” by the use of Holstein-Primakoff’s description, But in. the case of small 
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Sit seems that the cortections like T? and: T* are also present in the case of (III) 
when the deformed counting given in §5 is adopted, and are in accordance with the 


present result (III) of eq. (36) and the prediction given in Appendix. 


The author wishes to express his sincere gratitude to Profs. K. Tomita, T. Matsubara 
and T. Yamamoto for helpful discussions. Thanks are also due to Mr. F. Terasaki for 


stimulating discussions. 
Appendix 
In the present model of ferromagnets the Hamiltonian of the system of spins 1/2 is 
Hos = 2%) mn Jin (1m) (A1) 
where Sj and S#=S7-4iS% satisfy the usual relations 
Aye Soil O pe 257, [ SF, S21 =0,0¢ + SF, 
n (A2) 
[S; > S| = [Sis Si | =0, 


and I’s are lattice site labels. We define the operators a@* and a,” by the following 


equations 

ATG (tys*>*> fies) =(1—m) 9 (m,°°-, Dt) 

(A3) 

ag (ny,°**, Bp ka) alte One. Cit ep 5 
where g is an arbitrary function of n,, m.,--- and n’s take the values 0,1. From this 
definition it is easily verified that 

asa,=n, aas=1—n, 

[@,, a7]=[a,, &,,]=latay]=0, [Am (A4) 


and that the operator system (@,, @j*) is equivalent to (S#, S;) when the substitutions 
S*>a, S i> a*,. Si a*a (A5) 
have been made. Then in terms of @ and a* the Hamiltonian is written as 


Kig= Da Gratin ( i? 3 5 2ava, isd Qa, i: AT Ay, — 20 Oa.) : (A6) 


™m 


In order to secure the anticommutation relations for the operators referred to different 


lattice sites too we further introduce the operator system (a, a*) by the following equations” 


a,=—a,, ay =y,ay, 
‘ (A7) 
m= (1) = IF —20,), 
p=1 
and obtain finally that 
.2=Dremlin| a 3 =F 2a‘a, cael ) nisi t o HM mms (aa, + aXa;) a 2a*a,a*a,, p) 
(A8) 


[a,, ay | pony [a,, dy |\p=|ayy dm |+=0. 
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pew we can start with either (A4) and (A6) or (A8). In the former case the 
Hamiltonian is simple but the commutation relation (A4) is rather complicated, and the 
latter is in somewhat opposite situation to the former. We choose the latter point of 


view. In the case (I) with nearest neighbour interaction 


m—1 
Fae IT (i= 2n,) 15 


p=l+1 


and we can easily verify eqs. (17)~(19). In the cases of (II) and (III), however, 
we meet with the difficulty that F is not always equal to unity even in’ the approxima- 


tion of nearest neighbour interaction. If we expand F in n’s, we obtain 


m— 


F= JT (1—2n,) =1—2>.75710, +0(n’). (A9) 


p=l+1 a ie 


In the first approximation (F=1), (A8) is equivalent to eqs. (17)~(19). And the 
second term in the right-hand side of (A9) gives the energy of order of I, Though 
it is difficult to estimate this effect to the spontaneous magnetization, it seems that this 


correction is of the type T”(n= 2). 
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The Exciton-Lattice Interaction 
and the Line Shape of the 
Exciton Absorption Band 


Yutaka Toyozawa 


Research Institute for Fundamental Physics, 
Kyoto University, Kyoto 


November 28, 1957 


The exciton in insulators has recently 
been investigated from various sides. Theo- 
retically, the most of the attention is 
directed to the electronic structure” of the 
exciton state ; one can compare the results 
of the energy calculations with the peak 
position of the exciton absorption band. 
Some of recent papers concern the exciton- 
phonon interaction; however, to correlate 
stationary” (the so-called excitaron) and 
the dynamical” (scattering process) problems 
with the experimental information seems to 
be difficult, at least in the present stage. 
On the other hand, essentially no progress 
has been made in the theory of the line 
shape of the exciton absorption band since 
the pioneer work by Peierls.” It seems 
to the present author that thorough in- 
vestigation of the line shape is the most 
effective way of obtaining information, 
such as the energy band structure of the 
exciton and the strength of exciton-phonon 
interaction, from experimental data available 
at present. In this note, we briefly report 
the result of theoretical investigation of 


the line shape, together with the compari- 
son with observations, and further applica- 
tion of the information obtained thereby 
to various speculations on the dynamical 
processes of the exciton. 


First, we derive the exciton-phonon inter- 
action Hamiltonian with the use of 
Wannier’s exciton wave function. The 
derived Hamiltonian consists of the con- 
tributions from the electron in the conduc- 
tion band and the hole in the valence 
band, each multiplied with effective charge 
which depends on the phonon wave number 
as well as on the internal states (bound 
or ionized) of the exciton before and after 
scattering. Due to the electrical neutrality 


of an mode of 


exciton, the optical 
vibration is not important, especially in 
the scattering process of thermal excitons 
to which only the long wave phonons can 
contribute. 

Next we investigate the line shape of 
the exciton absorption band with the method 
of generating function.”” The mathematical 
treatment is considerably simplified due to 
the optical selection rule characteristic of 
the exciton case, that is, K~0 where K 
is the wave number of the created exciton. 
The generating function is expanded into 
infinite power series in the exciton-phonon 
intercation Hamiltonian, but in the follow- 
ing two limiting cases the series reduces to 


simple forms as a whole, leading to typical 
line shapes, 
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(i) When the exciton-phonon interac- 
tion and the exciton effective mass is not 
large and the temperature is not too high, 
the exciton absorption has a Lorentzian 
shape (motional narrowing), provided that 
K=0 is neither at the top nor at the 
bottom of the exciton energy band. The 
breadth is given by 6/c, where c is the 


lifetime of K=O exciton due to the phonon 
scattering. 

(ii) When the interaction or the effec- 
tive mass is very large, or when the 
temperature is very high, the absorption 
band is of a Gaussian shape. In this case 
the localized exciton model is sufficiently 
good, and the situation is similar to the 
case of a trapped electron.” 

The ultra-violet exciton absorption bands 
observed in alkali-halides seem to belong 
to case (i). The line shapes are Lorentzian 
in the main,” and the breadths are pro- 
portional to absolute temperature” (except 
at low temperatures where zero point energy 
of lattice vibration is not negligible) as is 


When the 


crystal becomes very imperfect, which has 


expected from the theory. 


the same effect as the increase in tempera- 
ture, the line shape is expected to approach 

Fischer’s data" support 
On the other hand, the 


X-ray exciton should belong to case (ii) 


the Gaussian type. 


this conclusion. 


at any temperature, due to its large effec- 


8) 


aes 
s 


tive mass. Parratt and Jossem experi- 
ment on KCI crystal is in favor of this 
view, though the observed breadth is too 
large to be explained with the exciton-phonon 
interaction only. 

Taking into account the interaction be- 
tween different exciton energy bands through 
phonons, which has been neglected in the 
above discussion, one can explain the te- 


pulsion (as temperature rises) of adjacent 


absorption bands observed in CsI”, as well 
as the asymmetric shape of one of them.” 
The detailed feature of Fischer’s data is 
also qualitatively understood in the same 
way. 

The information obtained above by 
comparing theory and experiment is utilized 
to calculations of the probabilities of various 
processes which the exciton possibly suffers 
after it is created, such as direct and in- 
direct annihilations, thermal dissociation 
and so on. The fact that simultaneous 
luminescence is not observed when the ex- 
citons are produced optically in alkali-halide 
crystals forces us to conclude that K=0 
is not the bottom of the exciton energy 
band in these crystals. For, if the bottom 
were at K=O, the direct annihilation of 
the exciton (spontaneous emission) would 
occur in as short a time as 107” sec. 
When the energy of the optically produced 
K=0 exciton is higher than the bottom 
(K2<0) of the ionization continuum by 
0.1 eV or more, the exciton will, after a 
number of collisions with phonons, certainly 
dissociate into a free pair of an electron 
and a hole before it is thermalized. In 
this case we expect the existence of photo- 
conductivity even if the exciton absorption 
band may be sufficiently sharp. However, 
when the contribution of this dissociation 
process to the line breadth 4/7 is larger 
than the binding energy of the exciton, 
the exciton absorption band may not be 
discriminated from the continuum spectra. 
This is a possible explanation for the ab- 
sence of exciton absorption bands in Si 
and Ge. 

The detail of this work will shortly be 


published in this journal. 
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On Puppi’s Determination of the 
Pion-Nucleon Coupling Constant 


K. Matumoto, S. Otsuki, H. Shimodaira 
and E. Yamada 


Institute for Theoretical Physics, 
Nagoya University, Nagoya 


December 2, 1957 


Recently, Puppi and Stanghellini  in- 
vestigated the coupling constant in the 
interactions between nucleon and charged 
pions using the dispersion relation for pion- 


proton scattering’, and found that 


Jt —p/47=0.095 +0.005, 


1 
Gn-—p/47~0.04, MY 


It is very curious that there is a so large 


difference between the coupling constants 


the Editor 


as cannot be explained through the viola- 
tion of charge symmetry which comes from 
electromagnetic effects”. If Puppi’s result 
were correct, not only the charge symmetry 
but also the locality of the interaction 
Hamiltonian*’? would be violated. 

We should like to make a comment on 
Puppi’s result since it seems to lead to 
serious conclusions as mentioned above. 

The pion-nucleon coupling constant can 
also be determined in problems of nuclear 
forces”, At large inter-nucleon distances 
(r= 1.5/4, where /¢ denotes the pion mass) , 
the nuclear force due to the one-pion-ex- 
change process is dominant. The one-pion- 
exchange potential does not depend on the 
detailed form of the pion-nucleon interac- 
tion nor the approximation method for the 
derivation and is proportional to the square 
of the pion-nucleon coupling constant. Thus 
the determination of the coupling constant 
can be done by analysing low energy ex- 
perimental data in the two-nucleon system. 
Accordingly, the data of the two-nucleon 
system should be used to check Puppi’s 
curious result. 

When the coupling constants between 
nucleon and 7*, <~ and 7° are denoted as 
J., Y- and g, respectively, the one-pion- 
exchange potential is given by 


* For example, the ps(ps) pion-nucleon interaction 
Hamiltonian density which has different coupling 
constants for positive and negative pions should have 
the form: 


Hint = iPntsPn (Gyrotat f Goan) 
a idntsYp (Gago nt+ Glor) 


where suffices + and — in gy denote the positive 
and negative frequency parts of the pion field res- 
pectively). However, this type of non-locality 
affects larger interaction region than the Compton 
wave length of pion. ' 
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where x= pr, 
The t-dependent factor, which is to be 
investigated, is: 


—(f.+ 9 +9") for the triplet even 
state (deuteron), 
(¢.+9.— 90) for the singlet even state 
in the n—p system, 
Jo for the singlet even state in the 
p—p system. 
The determination of the coupling constant 
was done in the following way” : 


(i) by analysing the deuteron parameters 
(F. +92 +90) (1/3) (1/47) $0.09. - (3) 
(ii) by analysing the low energy parameters 
in the singlet even state 
0.07< (92 +92 — 90) (1/47) and g°/47. 
(4) 
Eqs. (3) and (4) result in an inequlity 
0.07 (1/2) (¢. +92) (1/47) $0.10. (5) 


The strength of the one-pion-exchange 
potential (2) contains the charged pion 
coupling constant only in the combined 
form (1/2) (g.+92)/4%. According to 


Puppi’s result, we have 
0.06< (1/2) (9. +92.) (1/47) $0.07. (6) 


Comparing eq. (6) with eq. (5), we 
cannot conclude that his result is incon- 
sistent with the experimental data on nuclear 
forces when the experimental error is taken 
into account, However, we could safely 
conclude that his result, especially g2/47 


the Editor QI 
~0.04, is not probable at all. 

More 
scattering and cautious analyses of them 


are highly desirable. 


accurate experiments on %—p 


1) G. Puppi and A. Stanghellini, Nuov. Cim. 5 
(1957), 1305. 

2) <A. Agodi and M. Cini, Nuov. Cim. 5 (1957), 
1256. 

3) J. Schwinger, Phys. Rev. 75 (1949), 651. 

4) J. Iwadare, S. Otsuki, R. Tamagaki and W. 
Watari, Suppl. Prog. Theor. Phys. No. 3 
(1956), Part II. 


On the Applicability of the Pion- 
theoretical Nuclear Potential 


Shoichiro Otsuki 
Institute for Theoretical Physics, 
Nagoya University, Nagoya 
Ryozo Tamagaki 


Department of Physics, 
Kyoto University, Kyoto 


and 
Wataro Watari 


Institute for Atomic Energy, 
Osaka City University, Osaka 


December 18, 1957 


As is well known, the pion theory can 
properly account for phenomena of both 
nuclear forces and pion reactions when 
the available energy of the system is low. 
However, it is still an open question at 


what energies and in what manner the low 
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energy pion theory must be modified and 
then replaced by a new theory. In pheno- 
mena of nuclear forces, the agreement 
between the experiment and the pion theory 
is very satisfactory at energies below at 
least 20 MeV”. 


however, the situation has not been well 


At higher energies, 


clarified, though qualitative agreement has 
already been obtained up to about 100 MeV. 

It may be said that there are two dif- 
ferent types of approach in the research 
on nuclear forces at high energies. One 
type of approach is the phase shift analysis.” 
Unfortunately, the works on the phase 
shift analysis hitherto seem to have been 
performed on purely phenomenological and 
mathematical programs, without properly 
taking into account the fact that the 
characteristic features of the low energy 
pion theory can still remain unchanged to 


More- 


over, solutions were not always unique. 


some extent even at high energies. 


The other type of approach is the formal 
application of the static pion theoretical 
potential even to scattering at 300 MeV”. 
From this, however, one can get rather little 
information on what are indispensable 
modifications of the low energy pion theory. 
There have also been some attempts in 
which the spin-orbit coupling potential plays 
That of Gammel and 
Thaler? based on Stapp’s” phase shift 
analysis and that of Signell and Marshak” 
based on Gartenhaus’ potential”. Although 


an important role : 


the assumption of the L-S potential is 
interesting, the potentials introduced so far 
seem to be unreasonably strong. In fact, 
they are comparable to the one-pion-exchange 
potential even in the outer region r~b/pUc, 
because of their large value of potential 


depth. 
hardly expected from the present pion theory. 


Such strong L-S potentials are 


There would be many other types of velocity 
dependence than the spin-orbit coupling 
force and they would be effective only at 
quite small distances and be very compli- 
cated. 

In order to find out what features of 
the pion theory play the essential role at 
high energies arround 100 MeV, we applied 
the static pion-theoretical potential to the 
unpolarized and polarized nucleon-nucleon 
scattering, taking notice of the fact that 
some parameters should be regarded as 
phenomenological from the pion-theoretical 
point of view. One of the characteristic 
features of the pion-theoretical potential is 
its strong tensor force which is due to the 


Therefore it 
cannot be justified at all to neglect the 


one-pion-exchange process. 


mixing parameters €, between L=J—1 
wave and L=J+1 wave, as is often done 
We found 
that both polarized and unpolarized angular 


in the phase shift analysis. 


distributions are very sensitive to the mixing 
parameters. Since the mixing parameters 
ate dependent upon the inner interactions 
as well as the outer ones, we varied them 


For higher waves (L=2), 


we assumed phase shifts calculated with 


to some extent. 


the static pion-theoretical potential. For 
P-wave phase shifts, the sign and the order 
of magnitude were retained. The S-wave 
phase shifts were varied extensively. The 
result was that if €,~0 and €,~ 
—7/6, the static pion-theoretical potential 
without any serious modification could 
reproduce experimental data up to 100 MeV 
very well. 

Thus, it seems to us that the scattering 
phenomena around 100 MeV may lie with- 
in the applicability of the low energy pion 
theory. The velocity-dependent interactions, 


whose existence we have no reason to deny, 
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are expected to be confined within a small 
region (probably r< 0.76/pUc). 

More detailed results as well as an analysis 
of higher energy phenomena will be publish- 


ed soon in this journal, 
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High Energy Gamma-Rays from 
the Crab Nebula 


Satio Hayakawa 


Research Institute for Fundamental Physics, 
Kyoto University, Kyoto 


December 28, 1957 


In a recent paper Burbidge” has suggested 
a: model of the Crab nebula in which 
high energy protons are primary particles 
which produce secondary electrons by nuclear 
collisions, the electrons being responsible 


for the synchrotron radiation. The proton 


flux is so intensive. that it could produce 
high energy photons observable in the upper 
atmosphere of the earth. In this note we 
wish to point out that the observation of 
such photons will facilitate to examine 
whether Burbidge’s model of the Crab will 
be acceptable or not. 

According to Burbidge’s model, the in- 
tensity of the photons under consideration 
is estimated to be about 3X107> cm” 
sec’ on the top of the earth atmosphere. 
Since the average energy of the photons 
is of the order of 10" ev, this intensity 
is compared with the intensity of nuclear 
particles of the same energy, about 107° 
cm~? sec~', or with that giving photons of 
the same energy, 107* cm? sec’, This 
comparison indicates that the observation 
of the photons from the Crab will be 
possible with nuclear emulsion ; the photon 
may appeat as a cascade shower not ac- 
companied with charged pions. It will be 
of much interest to investigate if the 


2)3) 


cascade showers of such appearance are 


identified with the photons from the Crab. 
In the model proposed by Oort and 
Walraven®, the intensity of such photons 
is too low to be observable. 

The author is grateful to Dr. G. R. 
Burbidge who communicated his idea to 


him prior to publication. 
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Quantum Electrodynamics with the Indefinite Metric 


Non-Lorentz-Invariance of the Gupta Formalism 


Sigenobu SUNAKAWA 


Department of Physics, Osaka University, Osaka 


(Received October 12, 1957) 


Gupta’s quantum electrodynamics was investigated in the several kind of representations, and it: 
was shown that the Gupta metric operator for the free field can be used even in the case of the 
interacting fields. It was also shown that the Gupta theory is not invariant under the Lorentz trans: 


formation. 
Introduction 


The Gupta theory of the quantum electrodynamics” based on the indefinite metric 
is believed to be the most satisfactory formulation concerning the treatment of the 
longitudinal and scalar photons. 

Recently, Kallen,” Gell-Mann and Low” and others” investigated the general: 
properties of the quantum electrodynamics subjected to no approximation. In their treat- 
ment, the photon Green-function for the interacting fields is defined in the form. 


P .*7 A, (x) A, (x) Fo, (1) 
and the norm of the Heisenberg state Yj, is given by 
P ia? p= (= OD es (2) 


where A,(x) and %, are the Heisenberg operator and the true vacuum state, respectively. 
4 is the metric operator which was defined by Gupta only in the case of the free field, 
and is expressed as 7=(—1)*° by using the number operator Ny of the bare scalar 
photons. At first sight, it seems to be inadequate to use such a metric operator 7 in 
the definitions of the propagator (1) and of the norm (2) for the interacting fields,, 


because it does not hold that 
We ad) Pe, 


The first purpose of this paper is to clarify the reason why we can adopt the above: 
For this purpose, it is very convenient to use the “in”” 


definitions as the correct ones. 
0%) When we use the interaction representation, 


field in the Yang-Feldman formalism, 


the treatment of the Lorentz condition becomes cumbersome on account of occurrence of 
the charge-dependent term. On the other hand, the “in” field gives the Lorentz con- 
dition quite a simple form, that is, the same experession as that of the free field, which. 


enables us to investigate the general properties of the gauge transformation. 
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The second purpose of this paper 1s to assert that the Gupta theory is not invariant 
for the Lorentz transformation. Bleuler”’ and Belinfante” already discussed this problem 
and gave a conclusion that the theory is invariant. Their proof of invariance of the 
theory seems to be incorrect, As will be mentioned in detail in § 5, the “rule of norm” 
of the Gupta theory depends on a special Lorentz system. We are, therefore, compelled 


“to conclude that the Gupta theory is not a satisfactory formulation of the quantum 


electrodynamics. 


$1. The indefinite metric in the Schrédinger and 
interaction representations 


We start with the Schrédinger representation and consider a system of photons and 


-electrons in interaction with the Hamiltonian 
H=H,+V=H,— | d°xjs(#) 4;(3), (1-1) 


ja(%) =ied¥ (x) Br, (x), (1-2) 
Yo=—if, ¢*=hermite conjugate of %, 

and 
juAp=frAi + jodot jz43— joAo- 

In the present paper, we shall use the natural unit b=c=1, and the real time x,=t. 


The Greek and Latin indices take the values 0, 1, 2, 3 and 1, 2, 3, respectively. 
By virtue of the indefinite metric 7 defined by 


Ge Ne andl « My) (1-3) 


every hermitian operator B, in the current theory should be replaced by a self-adjoint 


Operator 
B, = B, = 7,B¥ 7, (ied) 


and the expectation value of any operator C, should be defined by 


Ps (t)yc.¥ s(t), (1:5) 
which is real if C, is self-adjoint. The four potential A, is assumed to have the property 
A=A* and A=— AS, (1-6) 
in addition to 
Ai= Ait and Spel iss (1-7) 
From (1-4) and (1:6), we have 
[4;, 4]_==[4s, 4]. =0, (1-8) 
H,=7Hy,  H*=H, (1-9) 


-and 
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H=7H*y ~(HAH*); | (1-10) 
which gives the Schrodinger equations 
UD) yx 
elit y's and fd: SS ete bk (eat) 
dt dt 


Let us now transform the whole quantities into those of the interaction represen- 
tation. It must be remarked that many relations as (1-3) and (1-5), (1-9) are con- 
served because of the hermitian character of H,. Quantities in the interaction represen- 


tation are given by 


el) al a 2 at wr Se CO a (112) 
and 
A, rah anaes « ()ie~ , (1-13) 
from which we see that both representations agree with each other at t=0. The com- 


mutation relations of A,(x)’s are given by 


[4,(x), A(x’) |-=i0,,4(x—*’), (L514) 
where 
Oo = —1 and 04 (x) /Ot|,-,= — O° (x). (es ts)) 
The Fourier expansions of A4,(x) are expressed as 
A(x) =>) 3) tel (k) (ay (R) e™ +47 (ke), 
j=l k y 2Vk, 
(1-16) 
a) 1 tha at the 
A, (x) = V 2Vk, (a, (Kk) e* + 4, (k)e é V3 


where a} and aj should be the adjoint operators of a, and a, respectively because of 


(1-7), and 


5 3 5 _ 
os ePes = 0,5, > een. oe eb k, =O sky and pee |k|. ‘ C127) 
i=l é=1 


m=1 


From (1:16) and (1-17), we have 


[a,(k), a) (k)|-=0,. (1-18) ' 

With the aid of (1-6) and (1-16), we may obtain 
at (k) =a*(k), [at (k), 7]-=[a:(k), 7J-=0, (Te 150cK 
a, (k) =—a,*(k) and [4° (k), 7]s=L40(k), 7]. =0. (1-20) * 


Ooo ce basis of (1-18)) (1<19)- and (1) 20), we can. ger Gupta’s number representation. 


§2. The Heisenberg representation 


In the present section, we shall introduce many expressions or relations which will 


be of use for the discussions in the succeeding sections. 
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The state vector Yj, in the Heisenberg representation is defined by 
PES ery i) aid FP ZaOe (2-1) 


On account of the non-hermite property of the total Hamiltonian H, almost all the 
formulas in the Heisenberg representation turn out to have unusual characters in contrast 


to the case of the interaction representation. Noting (1-10), we get 
U* Hy Ai (x)? =Pane Ai a) er 7 a, (2-2) 
and the Heisenberg operator A, is given in the usual form 
Apis) Axe ™, 
From (1-13) and (2-2), we can see that 
sale Ai (x) =UOPHAL) UG 0)5 (223) 
COOr Die ee and SUG Uyee te (2-4) 
Let us now define U(0, t) and U(t, 0) as 
U0; 2) ee and SUE Oe ee (2-4’) 


It is seen that these four kinds of U’s satisfy the following equations : 


(2-5) 
U(0, t= 1b) d#U0, eV), 


0 


oy =k —i| ave) U(t', 0). 
U(t, 0)=1 —if ar (t’) 7, 0) 


and 
U(0, t)=1 +i dT, t)V¥(t), 
0 


where 


V(t) — e* Mot 7 p—* Hot and V* (t) = e' Ho! ]7* e—* Hot | 


In addition, we shall introduce the following types of U’s; 
U(—o, 0)=1-i \aeve) UP Oye 
0 


U(0) Oh) adi +i | deU(o, Y)V(t"), 
0 


; ¥ (2-6) 
Uae o)=s1—i| dey (’) T(t’, 0), 


U (Oe o)=1ti{ d’OC, V(t), 


where ‘the integrals with respect to t’ should be regarded as being defined by an appropriate 
limit in order to give the usual meaning to the oscillatory integrals,'” 
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From (2-4), (2-5) and (2-6), we can readily prove the following important rela- 
tions : 


U(0, t)*=U(t, 0), U(0, t)y=7U(0, 8), 


Ult, 0)*=U00, 1), O(t,0)y=7U( 0), a 


U(0, —~)*=U(—, 0), U(0, —~)7=7U(0, —~), 
U(— oo, 0)*=U(—oo, 0) and U(—o, 0) y= nU(—~, 0). Sire 
In view of (2-4) and (2-7), it can be seen that 

U-*(0, 1) =U, 0) =7U(, 0) 7=7U 0, H*7, =U, )* (2-9) 


By means of the adiabatic theorem in the formal scattering theory, and assuming that 
there is no bound state*’ in the eigenstates of the total Hamiltonian H, we can easily 


prove the fact that 
U*{0, =<) =—U(— oo, 0) =U, —w)* (2-10) 


which corresponds to (2:9). 


Finally, we shall derive the useful formulas which relate the “ 


) 


in” field operators 


to the interaction operators.” The Heisenberg operarators A, satisfy the equations of © 


motion 


LJA, (x) iz al (x) . 
Integration of these equations gives the integral equations 
A, (2) =A (x) + [De @—*) ja ©) 4, (2-11) 


~where 
d‘x=dxdx,, L14,6¢) ==); 4,,(x) =—OA(x) d(x) 
and 
Te torent 0p 
(iN Ca— 
: Ometor, s< 07 
From (2-3) and (2-11), we can derive the equations 


Al (x) = A, (x) +[4 (x—x') j,, (x!) d*x’ (2-12) 


and 
Ai (x) =U(0, — 0) A, (x) U(— , 0). G13) 


The reduction of (2-12) and (2-13) will be given in the appendix and the formula 


(2-13) will play an important role in the following discussions, 


* Dr. T. Imamura kindly suggested that this assumption seems to be superfluous in the practical cases. 
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§ 3. The indefinite metric in the Heisenberg representation 


Utilizing the formulas given in § 2, let us investigate the property of the metric 
operator in the Heisenberg representation. 
In § 2, we have seen that the expectation value of the Heisenberg operator A,, (x) 


is correctly given by 
PinAy, (x) P iy (3 ; 1) 


where 7 is the same one as that defined in the Schrodinger representation. As was 
pointed out in the introduction, however, 7 has a simple number representation only in 


the case of the free field, and does not satisfy 


9F n= (—-1)"% 2 
but “ 
79= (—1)”9, 


where Y,, and # are the eigenstates of the Hamiltonian H and H,, respectively. This. 
situation makes us difficult to evaluate (3-1). 


The adiabatic theorem 
w ,(E) =U(0, — 0) O(E) 
gives (3-1) the following alternative expression : 
py A,E n= 0*U(0, — 0) *7 A, py 
= P*7U(— 0, 0) A, F x 
= 0*U(—~«, 0)U(0, — 20) 7U(— 00, 0) A, 
= Pig" AP > (3-2) 
where Yj, 7" together with Al)* are defined as 
'=U(0, — co) yU(— 0, 0), 
P= O*U(—o, 0), (3-3) 
Ai* == U(0, — 00) AFU(— ~, 0). 
It is easily seen that this 7" has the similar property as the original one, i.e. 


7° =UXK0, ——\00) x? U(—- 00, 0) =1 
and 

7""*=U(0, — 0) 7*U(—0, 0) =7". (3-4) 
By means of this new 7'", the definition of the adjoint and the self-adjoint operators: 


should be modified in the following way ;* 


* In what follows, we shall use the adjective “modified”; for example, A*, A# and B=B* are 
called modified hermite conjugate, modified adjoint and modified self-adjoint, respectively. 
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Apts 7 Arey” GB p 5) 
and 


Apt Ab (3-6) 


in : . an 5 ats S 
A; is, of course, neither hermitian nor anti-hermitian in the current sense, but has the 
modified hermitian charactor as 


Ai" (x) =AP* (x) and Ai (x) = — AP*(x), (3-7) 


owing to its definition and (1-6). (3-5), (3-6) and (3-7) give the commutation 
characters : 


[Ai (x), 7"]- =[A' (x), 7]. =0, (3-8) 


which give na a simple representation similar to the case of the free field as we intended. 


The Fourier expansions of A/}’s turn out to be 


Ee (a,(k)e** + af (k)e™), 


AP y= sy 
ja a Vv ‘OV 
(3-9) 
kx) =>) _(a, (k) e** + ait (k) onthe) 
ky "ES 


0 
where 


a, (k) =U(0, = 00) a, (ke) UG, 0), 
a (k) =U(0, — 00) a (k) U(—©, 0), (3-9)! 
af (k) =" af (k) 7", 


with the commutation relations 


[a,(k), a#(k)]_=U(0, —o)[a,(k), ay (k) |-U(—@, 0) == Oy. (3-10) 
In terms of a, and aj, (3-7) and (3-8) are written as 
a} =af, at = a 
[a¥; 7" J_-=[ay 9” J-=0 (3-11) 
and 
Lag, ”']s =|a), 2” ,=0. (3212) 


The ‘‘ modified’? number operators of the “in-field”? are now defined by 
N= + af a; and N,"==—ai dp, G3 . 1) 
which have non-negative integral eigenvalues as will be seen in the following way. Our 


modified number operator can be written, for example, as 
N"=— a¥a, =a*a,=—U(0O, — co) a)*a,U(— oo, 0) =U(0, — coo) N,U(—~, 0), 
from which we have 
Nv"? (np) — U(0, Fi co) NOU CO, 0) U(0, os co) P (n) 
=U (0p— 00) N, P (Mm) =nyP (nm), 
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where 


Ny P (1m) =n P (ny) and fy = 0: 


The relations (3-10), (3-12) together with the definitions of the number operators 


“1: : ae in, 
(3-13) give the familiar representation to a@,, @, and 7"; 
a,E 7 (n;) =n n(n; — 1) > 


a? 7,(n;) = (n+ 1)? (n> 13 


(3-14) 
al H (np) —— my 2 H Cyt hy 
ay? E 17 (m) = (n+ 1)7°F 5 (9+ 1) 
and 
WP 7m) = (= DP aes (38 15) 


which show that a, and a* (including the case of /4=0) are the annihilation and the 
creation operators of the “ physical photons” in contrast to the case of the interaction 
representation where the “bare photons” are concerned. This interpretation of the 
operators gives the method of constructing the n-physical photon state from the true 


vacuum state Y, ; 


3 1 E 
V4 n(n) =—,— aja? .--aF 0? 
V N;: 
wT = 1 # + + UT 
H (np) = —F==Ay Ay "Ay F o> 
V n! 
(3-16) 
: i : : 
p % (ny = = PF 7"a;-- ain", 
Vv n;! 
% il : e 
p 5 (ea, ——— = Py" ay: : ‘yy. 
V n,! 


Here the vacuum state Y, is tentatively defined as that with no photons of the four 
kinds. It will be shown in the next section that this definition of the vacuum is com- 
patible with the Lorentz condition. The norms and the relation of completeness of the 


set of the states introduced above have the forms as 


Pic) 9F (ni) = Ee (m;) 9" E p(n) = 


yy * ) t) dea in? mn (3-17) 
P 7(1My) 7E 74m) =P (m) 7 L 77() — Orn 5.109 
and 
sy! L (ns, Ny) = 1) "°F 7 (nis No) Ui > P (nj, No) feat EZ (03s ny) yo = 1, (3 F 18) 
Nis 0 ng» 20 


In view of the above arguments, we are now in a position to answer the question 
stated in the beginning of this section. It is now possible to evaluate (3-1) in an 
elegant way thanks to our “ in-field”’ representation, especially to the relation (3-15), in 
spite of the fact that 

GE uF (= 1)" 5, 
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In the expression 


2 alee eo; (te (3-19) 


Pe =p ay 


ep) = 


derived by Kallen (Helv. Phys. Acta 25 (1952), 417), the last factor (—1)” is just 
due to the same factor in our relation (3-18). 


§4. Lorentz condition and gauge transformation 


In the interaction representation, the exact treatment of the Lorentz condition becomes 
difficult on account of occurrence of the charge dependent term.’ On the other hand, 
the “in-field”? representation is quite preferable, since in this representation the above 
mentioned cumbersome term disappears and the Lorentz condition takes the same expres- 
sion as that in the case of the free field. 

As was proposed by Gupta,” the Lorentz condition in the Heisenberg representation 
is given by 

(GA(x) /0x,) Pa —0 for all 7% (4-1) 
where the superscript (+) means the positive frequency part of (0A,/0x,). If we note 


the equation | 
A, (2) =A) +] "de e—a") jn), 
we get the following operator equation by making use of the charge-conservation law ; 
0A,,/Ox, =dAi"/Ox, , (4-2) 


which yields 
(0A,/0x,) = (0A'/Ox,) = (OAL /9x,). 


With the aid of (4-3), we can replace (4-1) with the simple one” 4) 
94) e  =0 for all ¢. (4-4) 
Ox, 
Noting the relations (2:7), we have 
in(+) \* 
Ty (AA /Ox,) = OAy F | 7=0. (4-5) 
as \ 2G 
pe 


The supplementary condition (4-4) can be regarded as the quantum theoretical analogue 


of the classical condition 0A,/0x,=0, because of the fact’ that 
ee) (AA, /Ox,) F =P in ee bs ity Me eg OA) ) LOn) Pir 0, (4-6) 


where we have used (4:2), (4-4) and (4-5). 
From (4-4), (4:5) and (3-10), we obtain 
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Le y= =(a,(k) —a,(k)) ¥ ,=0, (4-7a) 

Pty LEV hy (af (k) — a6 *(kk))=0 (4-7b) 
and 

[Le 0. (4-8) 


The state 2 ,,,, which satisfies the condition (4-7a) can be written as 
F n= >(—-1'V nl /t!(n—1) 1 e(n—r, 7), (4-9) 
r=0 


where Yj,(n, m) is state which has the n-longitudinal and m-scalar photons. We can 


easily prove the relation 
L*? 7 ,=V n+1 P nes (4-10) 


by using the mathematical induction. The most general state which satisfies (4-7a) is 


given by a linear combination of (4-9) and is expressed as 


C=, (4-11) 


and 


I= 


OLE +S oe 1 C (k; kK) LELE+--, (4-12) 


where P= (0, 0) and C™’s are arbitrary functions of k’s. By virtue of the Lorentz 
condition (4-7a), we can add any functional of Lj, to the right-hand side of (4-12). 
Thus, in what follows, we shall use the alternative definition of J’ insted of (4-12), 
which is given by 
ee _ SICPLE+- ge (k, k’) LEL#, +--- 
J ae Ms Senha a (4-13) 
lta 2 COL me ia S1C*(K, kK’) LyDyy ++ 


where the denominator has been assumed to be non-singular, This new J’ has the in- 
verse J’", i.e., 

oy 1 

Se ) 

where we have used the fact that 

(Li) *=7 (LE) *7=L,,. 
In the special case where C\””’s are defined as 

\ 


C”(k)=C(k), 
CHEN 
an (k,, tie, aa Fe) Wea C(k,) C(k,) -< C(k,,) > 
Vn! 


J’ and J’* take the simple forms as 
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J==exp >) (C(k) Li — C*(k) Lx), 
J* =exp >)\(C* (k) L,—C(k) Le). 


The operator J’ defined by (4-13) is called the generator of the “generalized”? gauge 
transformation. On the other hand, the operator J given by (4-15) can be written as 


nt “| @ 4 OA. oO 0 / 0A, ~ : 
J=exp || d alee Poe aad ; (4-16) 


(4-15) 


where 
Aix) =>" me — (Ck) e®* — C* (k) ew 
J avis (ke (k)e™). 


The operator J is a constant of motion and is the generator of the “usual” gauge. 
transformation as will be seen below. 


Consider a transformation 

PP! = JP 

which corresponds to that of the operators of the following type : 
(O*7, APE) > (E'*7APP") = (EF *7 ALYY), 

Bway (4-17) 

In the special case where J’ is replaced by J, we can easily obtain 
Ai! (x) = Al (x) +8.M(x) /8x,, (4-18) 

whereas in the general case the right-hand side of (4-7) does not have a simple form 
as (4-18). The only case where 

J‘OJ=J OS 
is that of the gauge invariant operator O which is defined to be commutable with L 


and L*., 


From (4-11), we see that any physical state can be derived from the ‘ vacuum” 
state (namely, no longitudinal and no scalar photons present) by the generalized gauge 
transformation. It is also seen that any matrix element of any gauge invariant operator 


O can be reduced to that of the “ vacuum ’ 


D*7OE HE JOSE =F * 708 o. 


> case in the following way ; 


This fact allows us to use YJ, exclusively in place of any without loss of generality. 
Before concluding this section, it must be noted that a set of states which can be 


generated from ¥, by the usual gauge transformation is a sub-set of the larger one which 


consists of the states derived from Y, by the general Js 


§5. Question of the Lorentz-invariance”” 


Gupta’s theory has an asymmetric appearance with respect to space and time. Many 
works? have been done in order to prove the Lorentz-invariance of his formalism, but 
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according to the opinion of the present author these proofs seem to be unsatisfactory. 
We shall make a detailed investigation on this problem in the case of the free electro- 
magnetic field. It will be seen that the similar conclusion will also be reached in the 
case of the interacting fields. 

Let us consider a state Y(n,) where m scalar photons are present in a frame of 


reference A; namely 
N, P (1) =m P (1) 5 (3-1) 
which is related with Y(n,—1) by the destruction operator a, as 
a? (rm) =—V m P(m—1): (5-2) 


‘The metric operator 7 


7 in this state has the representation as 


74 P (1m) = (-1)"P (nm). 523) 


Besides the above mentioned frame of reference (2, consider another Lorentz-frame GD and 


another state @’(n,) in the latter frame of reference, which is defined by* 
Ny! P! (119) = 19 B" (19) « * (5-4) 
(Note that the eigenvalue of the operator N,’ has the same value n, as that of N, in 


CQ.) 


‘Corresponding to (5-2) and (5-3), we should have the following relations owing to 
the requirement of the principle of relativity : 


ag P (m) = —V/ ny O' (m)—1) (5-5) 
and 


if On) = Go te OGL), (5-6) 
It must be remarked that the observer in 7G should make use of the metric operator 
ni =(—1)*” instead of 7=(—1)*°, if the commutation relations (1-8) and (1-14) 


in the Lorentz system Cé retain their forms even in the system iS according to the principle 
of relativity. 


The norm of @ and @ are respectively defined as 


D* (1) 4 O (tm) = (—1)™ (5-7) 
cand 


@'* (n) 9! O! (mm) = (—1)™, (5-7)! 


: , : q 
where the metric operator 7” should be used in the system 1S from the reason just 


emphasized above. The equations (5-7) and (5-7)/ give an important requirement 
o* (9) 4 @ (np) = p'* (9) 7 py (ny) : (3. 7) u 


Let it be assumed that %’(n,) is connected with P(n) by a Lorentz transformation 


& as 


All the primed quantities are referred to the frame of reference hee but the unprimed ones to (Q. 
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Ding). ==, 7D (ng) (5-8) 


Then (5-4) and (5-1) give the relationship between any pair of primed and unprimed. 
operators : 


Free (5-9) 


It is seen from (5-9) that the existence of the nonsingular operator £ guarantees the 
validity of the commutation relation (1-14) and of the field equations in both systems 
(the Lorentz invariance of the whole system of the g-number relations except for (1-8) ). 


The operator 4 can be determined from the postulate that, under the Lorentz 
transformation 


ee a N 
Xi hy = dy yXy =X, + OX, ; 
A,, should be transformed as 


xy 


Said ply (x eee 9) Ox, 


xy 


=£7A,(x) £. 


By considering the infinitesimal Lorentz transformation 
ay HX, EX, Xp =X + EX, xj =x, and x,’ =%;. 


12)13) 14) 


The operator £ is given by 


£=14+G, {7'=1-G (5-10) 
and 
G=1€ (a+), 
where 
- {ax 4,—-4,)= i S3e,/(k) (aj(K) ay" (K) af (ie) ag(k)) (5-10)! 
OX, Xo $a 
and 


re = Px (T 9% — T 91%) - 


The fact that £ is a constant of motion as easily verified is necessary for the covariance 


of the field equations. 
Contrary to the usual case, the present £ is not unitary because of the following 


relations 


at=—a, pr=6 and [a, if lates lie 7|-=0, (5-11) 


accordingly 
ey) bee (3:12) 
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This non-unitary character of £ gives rise to two alternatives in defining the trans- 
formation property of 7. The first view-point is due to the important requirement 


(5:7), which gives the relationship 


This relationship violates the validity of the commutation relations (1-8) in the frame 
of reference 4, and the representation (5-6) of 7’ becomes not allowable in contradiction 
to the starting assumption (5-4), i.e., the postulate of the principle of relativity. In 
order to be able to use the representation (5-6) of 7, or to retain the commutation 


relations (1-8), we are compelled to adopt the second standpoint : 
a Bec fe (5-14) 
In this case, the norm of a state is, of course, not Lorentz-invariant, 1.e., 
x! gf! "3 —1 -1, 
Dy! = OF (Lo) * Ll DF Oy ®, 


because of the non-unitary character of £. 

Although we have shown the formal non-invariance of the norm of a state under 
the Lorentz transformation, there may retain a slight prospect of recovering the invariance 
by taking into account the Lorentz condition, because in the above argument the state 
concerned has not been assumed to be the physical one satisfying the Lorentz condition, 
Consider a simple example 

D,)* 7! @/ 
where 
P,/=7 (0, 0) (PO, 1) — (1,0)) 
and 
0/=y7 (1, 0) #0, 0). 


7 (n,, m2) means the state with n, and ny transversal photons of the Ist and 2nd polari- 
zation, while @(n;, nm) the state with n, longitudinal and ny scalar photons. The both 
states clearly satisfy the Lorentz condition. Inserting the expressions (5-10) into the 


above, we have 
Dy)! DL =D,4 OD, 
+ 2ie[y* (0, 0) (M* (0, 1) — O* (1, 0)) gay (1, 0) P(0, 0) ]. 
The left-hand side vanishes, while the second term of the right-hand side turns out to be 
2€e, 30. 


Thus we see that our final effort was in vain. 
The similar situations can be expected to occur in evaluating the matrix elements 


of the S-matrix by using the interaction representation, 
D!*y!'S! ee D* 75D, + 2i€ nas O, 


F DSO, 
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even though S is commutative with < and both @, and @, are the physical states, 


The author would like to express his gratitude to Professor R. Utiyama for his kind 
guidance. He is indebted to Dr. T. Imamura and Mr. T. Goto for the discussions, 


Appendix: Proofs of (2.12) and (2-13) 


The proofs of (2-12) and (2-13) were already given by S. Schweber.” He used, 
however, the power series expansion concerning the coupling constant in the course of 
his proof. It seems not preferable to employ such an expansion, when we investigate the 
properties of the theory without using any approximation. Therefore, we shall give the 
alternative proofs of (2-12) and (2-13) without expansions, 

From (2-3), we see that 


A, () =U(0, A, (2) Ul 0) =4,(x) +U(0, )[4,6), UG 0). 1) 
Let us calculate [A, (x), U(t, 0) |_ in the following way ; 


[A, (x), U(t, 0) ]-=[4,09, 1—i| dV) Ut’, 0)]- 


| (2:2) 
a (=i)? | de gx *) jn (x') U(t, 0) —if av) [A, (x), U(¢,.0) 1; 


with the aid of (2-5), (1-1) and (1-14). The equation (a-2) can be regarded as 
an integral equation for | A,(x), U(t 0) |_, and the solution is given by 


(A, (x), U(t, 0)]-= —|'d'x! 4(x—4) U(t, tj (x) UC, 0). ED 
Proof: Introducing (a-3) into the right-hand side of (a-2), we have 
[the second term of (a-2)J=—i| dV @)[4, 0), Ut, 0) ]- 
a; | ave) | ax'ae 2") fo—x UU, ED),)UY, 0) 
de 
=i| dy sexx’) | dV (e006) UE, jn )UE, 0) 
_; | d' jx) jve U(t", t)j,(x’) UC, 0). 


‘Thus we obtain 


[the right-hand side of (a-2) | 


=— | d'sGe—x)(1-i faerrenUe’, OliUC, 0 


ua — | d’d@—*) U(t, jx @)UC, 0). QED. 
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eeu eas roe ee Se 
A(x) =A, (x) — | d'x’d (xx!) j.). (2-4) 
In view of the equation 
AiGye AGH | died (ee FG, (4°35) 
we get the equation (2-12) : 
A® (x) =A, (x) + | 4 (x—x!) j, @/) de. URS 
Next we shall Sivelthe proot OF (2-108 Fromctheutace thee 
U(0, —~)A,(x).U(— oo, 0) =A, (x) + U0, —90)(4,), U(— oe, 0) 14 (a=7) 


we must calculate [A, (x), U(—o, 0) ]_. 
From (2-6) and (a-3), we have 


[Ag (x) ? (Oh ee Co, 0) L={A, (x) 5) 1 —i\ ave) Utes 0) | _ 
0 
bs —| died GEbyecaecey +i| de'V(e) \.dx"4 (x—x") U(t/, t””) 
0 , 0 0 
I(t DUE 50): 
The second term of the right-hand side of the above equation leads to 
[the second term]= + i de'| d's") A(x—x") UC, fj, UC, 0) 
a | da (aes {aera (<P) VENUS, #2) jn) UC, 0) 


—f | d’d@—x) | deve”) Ue, Lye! U(#', 0) ; 


where 


Thus we obtain 


[4, (x), U(—c, 0) ]_= =| dx (x—x’)[1 = if dev") U(t", t') jx’) Ut, 0) 


Rebs (a-8) 
J —| died (x—x') U(— om, #’)j, (UC, 0). 


Introducing (a-8) into (a-7), and using (a-6), we get the result 
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Ui(0, = 03) A, (<) Umea 0) = A) — | dia! d(x—2’) U(0, — 0) U(—~, #’) 
wi QU, 0) 
=A, (x) —| dis! x—a") ju) 
= A® (x), 
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Dispersion Relations for K Meson-Nucleon Scattering 
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The dispersion relations for K meson-nucleon scattering are derived on the analogy of the case 
of pion-nucleon scattering. Assuming the spin of K meson to be zero, it will be pointed out that 
there is an essential difference between the dispersion relations for K mesons with both types of 
interactions: scalar and pseudoscalar. The contributions to the scattering amplitude arising from the 
unphysical region, due to the exothermic reactions K+P+2+A and K+P+z+)), are discussed. 


§ 1. Introduction 


Even though there have been many attempts’ to determine the spin and parity of 
A, >} and K, we have not yet found anything definite. This fact stimulated us to 
investigate a new method to determine them. 

Assuming that we can describe the K mesons within the framework of the present 
‘quantum field theory, we derive the exact dispersion relations for K-nucleon scattering with 
both types of interactions: scalar and pseudoscalar, on the analogy of pion-nucleon scatter- 
ing.” 


of A, >} are 1/2 and that of K is 0. To determine the type of the interaction the 


a) 


The assumptions made here are as follows: the parity of K is definite, the spins 


method due to Haber-Schaim” is more suitable than that due to Anderson et al.” 

In § 2, § 3 and §5 we shall express the dispersion relations in the form as Haber- 
Schaim did. The interaction type as well as the coupling constant can be determined if 
an appropriate cross section measurement is performed. Discussions about the contribution 
from the unphysical region will be given in § 4, 

Independently D. Amati and B. Vitale” derived dispersion relations for K-nucleon 
interaction in the fixed source theory, but did not discuss the contribution to the scatter- 
ing amplitude from the unphysical region. There is a possibility that A(w) has a cusp 
or kink at the threshold energy where a new channel opens. If A(w) has a cusp at m,, 
their work is incomplete because D_(m,) diverges. If it is continuous, their results are 


‘consistent with outs, 


§ 2. Dispersion relations for K-P scattering 


The dispersion relations for K-P scattering are derived on the analogy of z-P 
scattering. We assume that the nucleon charge state does not change and that it is a 
proton. We assume: 


I) the spins of A, S$’ to be 1/2 and that of K to be 0. 
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II) the interactions to be Nishijima-Gell-Mann’s. 
III) the parity of K to be definite. 
Remarmakable differences between K-P and 7-P scattering are: 
(i) K-P interaction might be scalar, while 7-P interaction is pseudoscalar. 
(ii) the isotopic spin of K is 1/2, while that of 7 is 1. 
(iii) strangeness of A, 4} and K being non-zero, the structure of the Born term is 


« 


restricted by the “‘ conservation of strangeness ”’. 

(iv) the contributions to the scattering amplitude from the unphysical region arise 
not only from the discrete but also from the continuous spectrum, the former 
corresponding to “the bound states” A, >}, the latter to the exothermic 
reactions, 

Writing the forward amplitude for the coherent K*-P scattering T,(w), we devide 


it into dispersive part D.(w) and absorptive part A, (@), 


T. (w) =D, (w) +i€(w) A, (@), (2-1) 

where €(w) is the sign function, 1 for m>0, —1 for <0. 
Putting T  (w) =3[T_() +T. (2) =D" (@) tie) AY), (2-2) 
T © (w) =} [T_(o) —T,(w) J=D™ (w) +e (@) A” (0), (2-3) 


D®(w) and A®(w) have simple behavior when o->—o ; D™” and A” are even func- 


tions whereas D”(w) and A™(w) are odd. Hence the dispersion relations can be written 


20'4 Es (w’) +A, (w’) ] 


wo? —w 


du! (2-4) 


1[D_(w) +D. (w) J= : \ 


p 
fe 


0 


ice) 


20 
iT 


facia 


0 


(2-5) 


$[D_ (w) Dy (o) ] = ew 
When the convergence of the integral (2-4), (2:5) are not guaranteed, we may 


increase the power in the denominators in the following way : 


}[D_(w) +D. (cw) J—3(D- (wx) +. (ox) ] 


‘4A2 (oro) Cg o'4[4_(o') +4, (o’) | (2-6) 


r 3 (w?—w,2) (w?—w*) ” 


i} 


4[D_() —D, (@) |= (@/@,) $|D_ (ox) —Ds (o,) | 
s‘y 2 (Ww? - 0%) oe, bi [A_ (o') Ano) ] C27) 


(ow —w,2) (wo? —") 


T 


where w, is an arbitrary energy larger than m,, the mass of K meson. The behavior 
of A_(w) is known only for w >m. So in evaluating the right-hand side of (2-6) 


and (2:7) we prefer , to m, in order that the contribution from the unphysical region 
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becomes small. It is possible to take w,'as m,, if A_(w) is known to be continuous. 
To find the contributions from 0< w<m,, we write out the amplitudes A, (w) as 


sums over a complete set of states following reference 2: 
A, (w) =23}|<nlj.(0) [p> P@ (p—n +h) E,—E, +0) 
—n5}|<nljz(0) |p> ' (p—n—k) (E,—E,—0). (2-8) 


For 0<w<™m,, only the first term in (2-8) can contribute. By the strangeness conser- 
vation only <n|j;(0)|p> is different from zero in this region, corresponding to the 
absorption of K meson leading to A, >’, A+7 or >)+7 intermediate states. The 


energy of these states are 

w=0,= (M,2—M,?—m,) (2M, = 103 m,=0.107 m, (2-8a)’ 
corresponding to the bound state /, 

WO= 0s = (My? — M,? —m,?) (2M, = 259 m,= 0.268 m, (2-8b)’ 


corresponding to the bound state S}, and wy, <w<m, due to the exothermic reactions 


Kv Prd >) 


where Wynn = {(M,+m,,)?—M,?—m,7} /2M,=0.404 m, . (2- 8c)’ 
LALD DN NADAL LEIS 
tity 0 Wy, Ws Wing Wyn my 


Fig. la. K~ P scattering 


us eee 


—m, =— @r-w, 0 ¢ 


Fig. 1b. K+ P scattering 
The energy spectrum of the absorptive part. 


For the region of integration extending from m, to co, we have the relations 
7. (w) = (47/k) A, (a) (279) 


where k= («w*-—m,2)'" and o4(w) is the total cross sections for K*-P scattering. 
Referring to Fig. la, Fig. 1b, substitution of (2-9) in (2-4) and (2-5) leads us 


to 
5 ye Ga) o_(w’) ee A_(o’) 
: - j ; d ‘| + = | (= 
2) aa | i wo —o i wo’ +o 7 | “4 wo +o 
my 
BTC ad oA CBN) 
c Pe 
chi pauls aca a2) 


OaAx 


/ 
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in ONx 


yn! ; if p : y 
Die (w) =-— 1 = | do! kh! Fae ) As (oars (w ) | L it \ df A. (w ) 
a oa wo +o x J ow =o 
my; 
Oh ye, ba ea 
a \ Je ee (2-11) 
7 wo’ —w 
WAx 


‘The first integrals are already expressed by experimentally measurable quantities. As to 
the second and third terms, the connection with physical quantities will be investigated 
in the following sections. (§ 3, § 4) . 

When the convergence is not satisfactory, the same procedure as in (2-6) and (2-7) 


must be applied ; 


ge —+ (1408 )D. (on (1 aes Gn 


OO, 


MAx 


ped Fees) \ af k’ Ee Es us (ow) | 
47° (w?—wZ) L w’—oa vo +o 
0) 


BAAN) Eh 
(w? —w,2) (w! +0) 


2 ny A Re 
ee es \ yee. 


7 


; mk 
(w?—«,2) { epee ie Ayres! )ere (0 Cn 12) 
“I 7 (w?—w,2) (a! +e) ” 
Onx 
1 2.) -1(1-“)p 
= (ye See DG G7; ——(|( 1——— + (w,) 
D_(w) —~ (+ sina tale ty re )P. (or 
0) al gt | oO | 
We ae ha (w?—w,) L o'—oa w' +a 
mh 
ONx 
(w?—w,) \ paket ANG) etl di 
Higa ae ees (w”—w,2) (w'’—«) 
my 
(w?—;,’) y A_(w!) (13) 
Sn ane ze dw ( Pweg Ls ie . 
7 wo” —a,") (a —@) 
WAx 


§ 3. Bound state contribution 


As was mentioned in §2 (see Fig. 1), we have the bound state contributions ; 


namely A_(w) exhibits the @ type singularities at w, and wy. We do not know whether 


v 
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the interaction type is scalar or pseudoscalar. For simplicity, we consider the case in 


which the parities of A and >} are the same. 
Case I). Scalar interaction—the relative parity of K to A and >) is positive. We 


can write, 
Ae () = ») (3 1) 
for 0 =O 20... 
Define X and X’ by 
Waa as 578 la ae 
vals | wo A_(o') ea | do wo) (3-2) 
T ow +o Tv w'—w 
0 0 
respectively, 
Substituting (3-1) in (3-2), we obtain 
2 2 
Kise 2a ae 8 (3-3) 


O+FWn, O+ Wy, 


Here 2f2==1/7|F,(wa) |, 292 ==1/7|G,(wy) |? are renormalized coupling constants in 
NAK and N>3K respectively. Similarly 


Dit 2g. 
Ka (3-4) 
O—OWn O—Wy 
Case II). Pseudoscalar interaction—the relative parity of K to A and 5} is negative. 


According to conservation of parity and angular momentum p-wave K mesons must be. 


involved. So we can write 


A_(w) =|F,(@) |? 0 (w~— a) + |G,, (w) PRO (w—ay). (3-5) 
Then, 
Barta ea AP (On) | gain pels east: (Oz) s 
7 OW, T WO+ Wy 


Remembering ,°, Wy’<m,° (see (2-8)’) and putting 


m,- 3 
mt |F.. (a) |2=2 fos’, **16,.(o2) [ +29," 


c 


we obtain 
pe yf Poe Ee 
. (3-6): 
O+On O+ Wy 
Similarly, 
2 32 C 29. 2 4 
KPa 2S UA Aull (3-7) 
O—-Wan O-Wy 


Notice the difference in sign between scalar interaction and pseudoscalar interaction. 
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§ 4. Contributions from the unphysical region m, > > 0,, 


As stated in § 2 (see Fig. 1), we have a contribution from the unphysical region 
m, >W— Wy, due to the exothermic reactions, (last terms of (2-10) and (2-11)). The 
scattering amplitude A(w) for w<m, does not correspond to a directly measurable quantity 
and the connection of A(w) with physical quantities must be investigated. In principle, 
the behavior of A(w) in the unphysical region (m,—w>W,,,) can be obtained by the 
analytic continuation from the physical region (w>m,). But practically it is not so easy. 
If we know the behavior of A(w) near wy, depending on which partial wave of 7 is: 
involved, a smooth extrapolation from w>m, to this point will be a good approxima- 
tion. 

However, it was pointed out by Wigner” that sometimes a nuclear cross section shows 
a cusp-like energy dependence at a threshold energy for a certain type of nuclear reaction. 
Applying his method in the unphysical region, we investigate the energy dependence of 
the K-matrix to find a possible cusp or kink in collision matrix T(w), total cross section 
o(w) and then the imaginary part of the scattering amplitude A(w) near the threshold 
energy where a new channel opens.” 


Putting total Hamiltonian of the system H=H,+V, and introducing 


i 

i eS (4-1) 
wo+M-+in—H ) 

1 
K=V+VPp———__—_ 4-2) 
o+M—H Se 

we obtain the following relation between them 
T=K—iaKd(w+M—H,)T. (4:3) 


Now the reaction matrix element from the channel a to 4 is, from (4-2), 


V oe (4-4) 


ey 

é wO—-W, 
where w, is the spectrum of H—M (In the case of KP scattering, see Fig. ry, - Put 
channel P+K to be a, and A+7 (wave), P+K to be c. In order to investigate the 
behavior of K(w) neat Wa, we replace the summation in (4-4) by an integration. In 
the following arguments only singular behaviors near Wa, are important and we shall keep 


only those terms which are singular at W)q. Then we get 


no cut line for W> Wnx 
K,.(@) i (4-5) 
cc (Wang — 0)” for OS Ong 
so that 
T aa (0) ~Kaa(@) © (Wy, —@)' 1? for WO <Ogg- (4-6a) 


Using analyticity of Tan (w) in the upper half w-plane, 
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T on (@) 0 (—1)*i(W— a). (4- 6b) 


Let us investigate the behavior of T(w) near @,, in more detail. From (4-3) 


we obtain, 


T ua() =Kag(@) —it >) Kap (@) Pe (@) Tea (@) 457) 


where /, is the intermediate state density. Let us consider the case that a new channel 
x(==A7) opens from Wa. Using eq. (4-7) above the threshold energy W,,, we can 


derive the following approximate relation. 
T ya (co) =Kyq (co) —38 SY Kap (0) fg (00) Ton (0) — 12K gz (0) fe (2) Tra (0) 
= Keo) 18 Kee) ft) { (Kon (O) 12 Kea 0) fe (0) Fra (0)) 
re LO ACOREA Cs aie 
ink ,,() pe () Toa (0) 
= Kyq (0) it SY Kap) fi) {Keg (@) —i8 DY Keg (0) a (©) Tae (0) } 
IS OT Oem ra erent: 


c 


Tan (Wn) — IT ap) fe) T cal), 
where ,.(@) ~v ‘W—On,, for W> Onn; (4-8) 


and >] is a summation over the different old channels. 

From the analyticity of T(w) in the upper half-plane of w, (4-8) can be used also 
for w<@,,,, if we take ,(@) as ¢,(@) ~iY Wrn—O. 

So we can obtain the behavior of T(w) near wa, if the phase of T,,(w), T,4(w) 


neat Wa, is known. 


By requiring ImT,,(~) =0 for w<wy,, (see, energy spectrum of Fig. 1), we get 
Im T aq(@) = —TRe (T,,.(@) 0, (0) T 42 (@) ) (4-9) 
from (4-8), when w>wa,. 
Using the well-known unitarity property of the S matrix, 


2(27)* Im T ag () 


Va 


o (w) =— 


= C2” Re(T,(w) 0, (w) Ts,(W)) (4-10) 


a 


where v, is the relative velocity of the colliding particles in the initial state a. Now 


A(o) = fe o(w) 


a (Aye Re (Ta. (@) 0. (@) Ta() ) C(o—wyn)'?, (4-11) 


If we assume s-wave pion to be dominant, we have 
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A(w) < (w—w,,)"". (see Fig. 2) (ni 2) 


If we should have a new channel y(=S‘7) from wy,, we can derive the following 


approximate relation. 
Toa (@) Taq (Orn) — ITT ay (O) Py (0) Tyq(@) (4-13) 
where ig (w) = (wo — Osn) see 


Putting channel P+-K=a, A+z=x and >'+7=y, and solving T(w) from (4-7) 
explicitly, 


K i = ) 
ie (Wy) == ya +10 (Kes Es x Ky Kua) f x (4 aT 4a) 
(1 + ITK ya Pa) CE + i7K,., Px) = 7? Ke hee (la Px 
Lie (Wyn) = | Ges = 17 Ce Kay = Ke. Kay) Px (4 1 4b) 


(14+177K,, fa) + ink, Pa) 76 Kya Kar Pale 


Me ei at iTK,, Px) ie TK 4 Ric Px (4 “1 4c) 


(ee (wy) = A 
( 1 fe i7K,, (a) ¢e! = i7K, Pr) =P 7m? We ye Px 


Hence it can be known that T,,(wy,.) and T,,(@y,.) are complex. If we assume 5- 


wave pion to be dominant, we have 


(Wy,,—)'” 
A(w) oo - , for o<wys, 
lor — (wy,,—-a)'” 
(w—wy,)'” 
A(w) < , for w>ws,, (see Fig. 2) 
or — (w—ay,)'” 


Similar argument is applied to the behavior at w=m,,, where a new channel opens, 
giving two possibilities for each cases, when s-wave K meson is dominant or when p-wave 
is dominant (see Fig. 2). Thus 
we may obtain general behavior of 
A(w) in the unphysical region, 

If the kinetic energy of the 
incident K meson is small this 


A(w) 


contribution may be large. For 
higher energies, however, it con- 
tributes little. 
S-Wave 


§ 5. Application | pres 


The dispersion relations for 2 


K-P scattering can be applied to rot) 
Se s-wave 

determine the type of their interac- ( s-wave 

tions. Following Haber-Schaim” 


Jet us rewrite the dispersion rela- 
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tions (2-10), (2-11) with (3-3), (3-4), (3-6) and (3-7) into a form more convenient 


for this purpose. 


From the above relations we obtain 


2,9 2 gy? 2 VA 
a D_(@) — Di (w) Soa ape wo Ae 29 o ne ow j yi shee, 
2 won w—wy? 4 ow 
Onn 
— z Ne / 
Be w fii K| o_(w d: on (') | (5 : 1) 
47? : wo? —w 
ms 
where 
P J pant: yP5- 4 CAS® 
ie St4y 1. 3h, (case: 
Now making use of the following identity on the one hand, 
1 2s 1 w (5 Q 2) 


7 ? 
5 5 ; out uae 
2a? wo? — w? (w?—o*) 


and neglecting w,” and wy” (since wa?/m,=1.14 X10, wy?/m2=7.18 X10~°) on the 


other hand, we get a simplified expression. 


, dD (wv) Dy (w) ss ow { PR fe As ha) 
7 


2 or wr 


WAx 


w k’[o_(w’) —o,. (w’) | 
tf gy bleed 
4m w”? (a? —?) 

mk 


ot ares ol ay abe ASS dare. (o’)) (5-3) 


w 
mM); 


where 
2( i =a Ips ) ps. case 
ee (fr POR) 5. case, 


Then the apparently complicated w dependence indicated by the left-hand side of 
(5-3) boils down to a linear function of w?, And its value at w=0 is equal to 2F, 

The forward scattering amplitudes D, (w) may be determined from the forward 
differential cross sections except for their sign. From (5-3) it is expected that the ex- 
perimental plot of the left-hand side of (5-3) against w° will constitute a straight line. 
See Fig. 3. 

The point at which this line crosses y-axis, 2F, gives the value of the coupling 


constant, f 
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If F is negative, the interaction is found 
to be of a pseudoscalar type, and the positive 


F means scalar interaction, 


§ 6. Discussions 


Assuming the parity of K to be definite 
(which may mean that the parity conservation 
does not hold in weak interactions), we can 
obtain some information about the type of 
interactions—namely relative parity between 
Keane, >). 

On the contrary we may adopt the 


parity doublet theory for K meson and assume 


(2) 
/ : (6) 
Be, 
) w 
Nf 
\ 
\ 


Fig. 3. The left-hand side of (5-3) 
plotted against «”. 


the parity conservation to hold. In this case the situation is rather complicated. 


When the parity of K is not changed in the scattering (Fig. 4a, Fig. 4b), we shall” 


be able to determine the proportion of the type of interactions by taking linear combina-- 


tions of the scattering amplitude in both interactions. 
When the parity is changed in the scattering (Fig. 4c, Fig. 4d), we must derive- 


the dispersion relations for spin-flip amplitude, which are rather cumbersome. 


z Ray ee Kz) 


Fig. 4a. Fig. 4b. 


K(+) P sae, 


Fig. 4c. Fig. 4d. 


(+) on the right hand is parity. 


We did not take K to be spin one, which seems very improbable. Derivation of 


the dispersion relation for this case, though, is quite analogous. 
= 5 * A fal 5 
In this occasion, we derive here the dispersion relations for T’'” (w). If we increase 


i i i i obtain: 
the power in the denominators owing to bad convergence in this case, we obt 


D” (w) —D™ (a,) 


w 


= 7s 


0 


mi 
2F (w*—;,)- 2(w*—w,2) aa w' 4 A_(w’) 


Ae els o_( 


(w”?—w,2) (wo? — w?) 
MAx 


pDriamett Js 


pee (6-1) 
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~where 

OF 2 Che, Use) [we ps. case 
(= (fe+g.)/o.’ 5. case 

which can be rewritten as 


mf 


w?D® (w) —@,2 D® (a) ae { to! w! A_(o’) 
—— O) 
7 


(w? — w,2) (w”? —w*) (w?—w,) 


wee pele ) +o, (w’) 
; | do aes = 


Ar kw! (w? — 0) 
Mh 
See / / 
. te o_(w a. (w 
=[—2F+D" (@,) |+ =s | do! (« Lets er) ‘ (6-2) 
47“ ko 
Mk 


‘The dispersion relations derived in this paper are useful for many purposes. When we 
find the spin of K mesons, through whatever means, these dispersion relations will tell 
us something about their parity and then about the coupling constants. 

The author would like to express his deep gratitude to Dr. H. Miyazawa for his 


guidance and kind encouragement. Especially he owes the discussions in § 4 to Prof. G, 


“Takeda. 
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We have calculated the density matrix which characterizes the polarization state of positrons: 
emitted from y*-meson decays at rest, using general parity non-conserving interactions, the mass of 
electron being neglected. From the density matrix, we can tell the degree and direction of polarization 
of the positrons. Detection of transyerse polarization perpendicular to the plane spanned by the 
polarization vector of the initial u*-meson and the propagation vector of the positron, will provide a 
test for whether invariance under Wigner’s time reversal is valid or not. 


$1. Introduction 


So far the two component neutrino theory proposed by T. D. Lee and C. N. Yang” 
does not seem to be inconsistent with the observed asymmetries in [-decay” and 7-/-e 
decay® interactions. However we have as yet no clear-cut information about relative 
magnitude and phase of the two coupling constants contained in the /-e decay interaction. 
The latter is of particular importance concerning invariance under Wignet’s time reversal.. 
To determine them, it is advisable to measure the transverse polarization of positrons 
emitted from #*-meson decay. 

We have calculated the density matrix which characterizes the polarization state of 
the positron emitted in //*-decay at rest. We use here the general parity non-conserving 
interactions in the four component neutrino theory, to get also some information about 
the validity of the two component neutrino theory since the question does not seem to 
be completely settled. 

From the density matrix, we can tell the direction and degree of polarization of. 
the positrons and the probability of the positrons being emitted with a certain direction of 
polarization, as will be stated in § 2. In §3 we shall describe the method of calculation: 
of the density matrix and the results of the calculation will be stated in § 4. In §5 the 


corresponding polarization in /” -decay will be briefly discussed using SLP-theorem”. 


+ Note added in proof—After the manuscript was completed, the authors were informed that H.. 
Uberall (Nuovo Cimento 6 (1957), 376) calculated the probability of electrons with a certain polarization 
being emitted from y-decay in the two component neutrino theory and T. Kinoshita and A. Sirlin calculated. 
the longitudinal polarization of electrons in muon decay with general parity non-conserving interactions. Both. 
results are special cases of ours. Since detailed discussion about longitudinal polarization was made by fis 


Kinoshita and A. Sirlin, we left out that part from the manuscript. 
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Here we summarize the notations used in this paper. The interaction Hamiltonian 


density used is 


rid 


(C|DIC") : 


H=}[9,(#O%e) (LO* ) +9;' (HO%e) (VO'¥) | +h.c.. (ied) 
eos ead T Meer kep a2 
ot | 1 | Tw y= Comite Ty UY) | iain | T5 


the quantized wave functions of a muon, an electron and a neutrino, 
respectively. 

the corresponding c-number wave functions. 

Hermite conjugate or complex conjugate. 

the polarization vector of the initial /4'-meson, the direction of which 
we choose as the polar axis (z-axis). 7=S". 

the degree of polarization of the 4“4*-meson, When the two component 
neutrino theory is valid, A=1. 

the polarization vector of the decay positron, i.e., the spin of the positron 
looked at from the rest system of the particle. 

the z-component of the vector S*. 

the momentum of the positron. p= |p). 

the maximum energy of the positron (=m,,/2). 
the mass of the muon. 

an element of solid angle along the direction of p. 
the unit vector along the direction of the z-axis. 
the angle between p and 2. 

the unit vector with the direction p. 

the unit vector perpendicular to p F 

but lying in the plane (p, z). no= 
(z—n, cos @) /sin @. 

the unit vector perpendicular to the 
plane (p, 2). n,;=pX2/psin @. 
the density matrix. We used the 
notation D rather than vo, to avoid 


‘ 


confusion with the Michel parameter. ¥ 
Pauli’s spin matrix. 

45=9:97 +9595", t=, dp=ah. 
b5=9:9)* +9,'97, b= bes, b= bs. Bed. 


x=p/W., : 


§ 2. Information derivable from the density matrix 


In general the 2X2 matrix D takes the form 


IDIC) =(C|A+0- Ble’). (2-1) 
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With the density matrix, we can infer that the direction of polarization of the positron 
coincide with the direction B, and the degree of polarization is given by |B|/A. Next 
suppose that we are detecting the emitted positron through a polarizer with the direction 
n, then the probability of the positron being emitted with the direction m of polariza- 
tion is 4d+n-B, 

To prove these, we notice that if m is an arbitrary unit vector with polar angles 
f,, , and v=S*-n, then the density matrix (»|D|»’) with reference to the direction n 


can be expressed in terms of that refering to a fixed direction, say the z-axis: 


(DP =D CIEE EH (2-2) 
where ms 
KIO =ICC[ ll =s-o, (2°3) 
and 
s=(n+z)/|n+z2| or (sin 34, cos @,, sin 30, sin Y,, cos 34,), (2-4) 
so that 
(u|D\’) = | 4+ o[28(B-s) —B]|»’). (2-5) 


The probability of observing the positron emitted with polarization +m is given by 
w(v) =<»|D\v>, where 


{vy|D|v) =A+|2s, (B-s) —B.] 
=A+n-B for v==ced; (2-6) 


where use is made of eq. (2-4). 

According to H. A. Tolhoek and S. R. de Groot”, the direction of polarization is 
defined to be that of m for which the density matrix (»|D|v’) becomes diagonal: 
(v|D\pyy=w(r)0(%, v’). Then the coefficients of 7, and o, in eq. (2:5) should vanish 
from which we obtain 25,(B-s) =B,, 2s,(B-s) =B, so that 


n=B/B. (2-7) 
The degree X of polarization is defined by 
X=[» (3) —»(—3) LQ) +»(—9) J. (2-8) 
Inserting eq. (2-6) into (2-8) and using eq. (2-7), we have’ 
KS |BYA! (2-9) 


§ 3. Method of calculation 


The density matrix is defined by the equation”, 
Ce|DIe) = D3 EIT yg Pa IT AIC: (3-1) 
ey 


where T denotes the transition matrix and P, is the probability of the muon having 


the polarization 7 in the initial state so that 
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Ppp t+P_yp=1 and Py p2—P_1p=4. G2) 
We may replace >) |7)P,(%| by 
q 
Dl p><qlLb A +45) Pret 1 — 5) Pally 2G 
aay 


(3223 
= Sila <q13 + 4e5) [gy 
4! 
in eq. (3-1). We have further 
(CIT |g) = Sie (p) O'“" (0) x ) 
© . ‘ (3-4 
[g,*» (L) Oty (k) —g,/*v (L) 730% (k) | (m,m,”/ pokl) i 
and 
Cy |T* = De (0) O%e* (p) X 
: (3=5) 


Lai (he) OVD) + gi'Y (hk) O72 (D) | (mem,?/pykl)'”, 


using the standard perturbation theory, where m, is the fictitious neutrino mass and k, 
are the momenta of ¥ and » respectively and the superscript -++ means negative energy 
solution. We shall put m,=m,=0 and p,=p later on. Inserting (3-3) to (3-5) into 
(3-1), we are left with 


CIDIC = 31 CM yl +200) Iya MISS (Ed), (3-6) 


after the summation and integration are made with respect to the spins and the momenta 


of Y and ¥ which we do not observe. In eq. (3-6), we put 


S5= >) ¥(k)[9,0'+ 9,/07,] 4D X 


spias 
x¥(D)[9;*0? —9,'*7,0"] » (ke) (m,?/RL), 
= — (1/41) Tr [4,,;7kO%109— b,,O77ROG1y,], where 7k=7,h,, eee) 
and 
(| Mi|C) =B (0) O%e™ (p) (m./po)"”, 
= a , 3-8 
(C|Mi|7) =e (p) Ofn (0) (m,./po)'”. ake 
(f.s.d.) stands for the final state density, 
(fs.d.) = | k| d13 (p+k+D 8 (m,—p—k—L) dp. (3-9) 


If we put d’p=p'dpd2, and d®k=kdkdQ, and perform integrations with respect to [ 
and k=|k|, we have 


ep 


(f£.s.d.) = \ di2,k°(m,—p+-p cos 4,)~! pdpd®,,, (3-10) 


where Grane (he P)- 


We can express e*“?(p) as” 
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e* (p) = —[2m,(m,+ po) 1"? (pt+m,)e*™ (0), (3-11) 
where 
e*©) (0) Sin ).(0)S= 16), (3-12): 
and 
0 
[F = : for ¢=+4 
0 
3-13) 
: (3-13) 
4 0 Eee S es 
= 0 for C= 4 
1 
Inserting (3-11) into eq. (3-8) and letting m,—0, we obtain 
(A\MIO= V2 p) “Xl O'irp |e); 
(3-14) 


CC\Milg>= (/ 2 p)~*{Cirp0'l7). 

Thee eeplar= tas FEY Paty fy and use GMI = Gala =0 ple) = Glo 

in Eq. (3-14), we may regard |7) and |) as two component wave functions, i.e., we- 

have only to retain the third and fourth components of (3-13). Then we may put 
Dlyr<yl=1 in eq. 3-6). 

It is, however, often more convenient to use (3-14) just as they stand. In this. 


case we must put >'|7)(7|=(1—74)/2. Thus we get 
4 


(C|DIC) = — (8p?) XE |7pO? (1 + i775) (1-74) OF PIC Sig (Es-d.)., (3-15) 
where use has been made of the relation, 
z Q =<) Qa +/0)4 e! ia) S (1 + A775) 4 e! —Ta) . 


However, (¢| and |£’) may be regarded as two component in the above-mentioned sense. 
The subsequent calculation will be somewhat tedious but straightforward. So we. 


shall immediately write down the result obtained, in the next section. 


§ 4. Result 


The result splits into three terms (S, P), (V, A) and T. Interference terms between _ 
(S, P or T) and (V or A) appear only if polarization of » and/or » are observed.. 


Interference terms between (S or P) and T vanish unless we observe momenta of » 


and/or ¥, 
We express the density matrix as 
D= (zW'*/3)[(A+o-B]x<dxdQ,,, 4-1) 
and 
B=an,+fn,+7ny. on » A4-2)) 
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‘Then we have* 


A=e[3(1—x) +2 (4x—1) —A{0,(1—%) —2p9(4x—1) } cos 8], (473) 


c=dgtap+4(ap+a,) +647, 
=3lay+a4+2ap|/c, the Michel parameter, 
0,=(3 (bsp tbps) —4 (byatbar) —14b7]/c, 
Oo=3[bpatbay + 2bz|/c, 
a=c[—3(1—x) +29! (4x—1) +4 {p,/ (1 —x) +25’ (4x—1) } cos 9], (4-4) 
c =bsp+bps—4 (byat bap) + 6b, 
0! =3[by a+ bay —2brl/e, 
(4! =[3 (astap) +4 (ay +44) —14az]/e, 
(Pe =3[ay +44—2ap|/c, 
B=4|3 (as—ap) (1—x) +2 (ay —a,) |sin 9, (4-5) 
7=14[3 (bsp —bps) (1L—x) +2 (bay — bya) sin 0, (4-6) 


in the right handed coordinate system. 
If g,/=0 (t=S,V,T,A,P), the probability of the positron being emitted with longitudi- 


nal polarization will become 
(7W°/3) (A+ a) xdxd@, 
= (7FW"/3)(3 (|9s\?+ \gel?) (L—x) +2 (orl? + gal?) 3 —2) 
+2i9n) (3 —x) 413 Coal 4g ela =x) — 2Cyl Wal tl 2a) 
—2\fp|2(1 +x) } cos O]x2dxd2,, 


using (2:6). This coincides with the calculation made by S. Tanaka and K. Matumoto” 
apart from the difference of ordering of the wave functions in the interaction Hamiltonian. 


In the two component neutrino theory we have 
A= (|9r |? + |Ga|?) 3 —2x) —AGrga* +9497") (1 — 2x) cos 4, 
B= {(9v9.a* + Ga9v*) (3 —2x) —4 (or P41 94|") (1 —2x) cos 6} n+ 
+A (Gr)? —|G4l?) te—-i Gy I4* —JaGy*) ns} sin 0. 


In particular the probability of the positron being longitudinally polarized in this theory 
becomes 


e ; / = 
a a: a|dxdQ,= (4nW*/3) |p +94 ?{ (3 —2x) —A(1—2x) cos 0} xdxdi2,, 


* The result refers to emission of non-identical neutrinos. For the case of emission of identical neutrinos 
we have only to put gr=g7’=gy=g4/=0. 
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The same result was already obtained by T. Kinoshita and A. Sirlin™ and H. Segawa 
and S. Hori’. If the transverse polarization turns out to be energy independent apart 
from the factor x°dx, the fact will provide the two component neutrino theory with an- 
other experimental support.* 

The interaction Hamiltonian permitted under the hypothesis of unobservability of sign 


of mass’ is 


H= S} fi(B( £7) O'e) 0%), 


i= 


Ss} 
| 
t=S,\7,} 


fi(2(1 +75) O'e) (YO'V). 
Transforming this Hamiltonian back into the form (1-1), we obtain 
9=fi G=S, +P) 3 9 =Afe, G'H=tfa Gr = + fo: 
Ja =tfr, I =+fss 
so that 
apaaee er elie, Go 2 fol, v= ter as 
bsp=bps=+ (\fsl?+| fel), br=+2\frl), bvra=bav=+ (fo l?+ | fal?)- 


Therefore we see §=7=0 and the polarization is 100% longitudinal in this case. The 


transverse polarization now vanishes, whether the theory is invariant under the time 


reversal or not. 


§ 5. Discussions 


The transverse polarization along the direction m, appears only when invariance under 
the time reversal does not hold, although the converse does not necessarily hold as stated 
at the end of the previous section, This can easily be understood since the triple pro- 
duct S°-p XS" changes its sign under the time reversal. 

We treated here 2°-decay rather than --decay taking into account facility of the 
experiment, The result in the latter case can readily be deduced using SLP-theorem”. 
According to the theorem, operation of the charge conjugation C is equivalent to that 
of the product of the space inversion P and the time reversal T. To apply the theorem 
we decompose the vector B into three components; one along p, one along 3 and one 
along pXz. If we take the direction of S* as the z-axis in both cases, then S°-S" and 
S*: p< S* remain unaltered under the operation of C or PT, while S°. p changes its sign. 
So the behavior of B under the operation of C will be rather complicated and the 
anisotropy S$”: p changes too, 1.e., fz —4), since S*- p=S"p cos. However experimental- 


ists will perhaps prefer to compare them choosing the direction of the momentum p,, of 


* Put a,=a,=0 in eq. (4:5) and bsp=bps=0 in eq. (4-6). Then 8 and y become independent 


of x. 
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the muon to be the same in both cases.* If we choose the direction of p, as the z-axis, 
then S’-p, S’-p, and S°-pXp, all change their signs under tbe operation ofa Go or 


PT, while the anisotropy p-p, remains the same. So we have 
A>A, Bo>-—B 
in the case of /4--meson decay. 


The authors would like to express their cordial thanks to Professor T. Tati for his 


continual encouragement. 
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The method of semi-localized crystalline orbital (SLCO). is presented to investigate the influence 
-of homopolar binding on the cohesive energies of ionic crystals. The computations are performed 
for LiH crystal. As a result, it is shown that the discrepancy between the theoretical value of the 
cohesive energy of LiH crystal, which was calculated by Lundqvist, and the observed one is removed 
by taking homopolar binding into account. 

Furthermore, the relation between the energy band structure and SLCO is discussed and it is 
shown that SLCO corresponds to Wannier’s functions of the valence and conduction bands for the 
case of LiH crystal where the valence and conduction bands are non-degenerate. 


=~ 


S 1. Introduction 


? on LiH crystal, the quantum mechanical com- 


Since the calculation of Hylleraas’ 
yputations of the cohesive energies of ionic crystals have been carried out by many authors” 
‘by using the method of Heitler-London. In these computations, only ionic states have 


“jonic approximation ’’ hereafter.) 


been taken into account. (We call this approximation 
On the other hand, Kanda’s experiment” of quadrupole moment on alkali-halides which 
are the prototypes of ionic crystals shows that these crystals contain some amount of 
valence bonding. Lundqvist’? has carried out the detailed computation of the cohesive 
energy of LiH crystal by the use of ionic approximation and has shown that there is a 
-considerable discrepancy between the theoretical value (199.1 kcal/mol) and the observed 
one (217+7 kcal/mol). This fact seems to indicate the importance of the influence 
of homopolar Linding on the cohesive mechanism of LiH crystal. Furthermore, in cases 
of PbS, ZnS, CaF,, Cu,O and other crystals having the same structres as these crystals, 
the homopolar binding may play a role comparable with or more important than ionic 
binding in their cohesive mechanisms. The crystal structures of these crystals may easily 
‘be understood by taking account of homopolar binding. 

A quantum mechanical treatment of the cohesive energies of valence crystals has 
been carried out by Schmid” on diamond. He has shown that the usual formulation 
‘based on the Slater-Pauling theory of directional valency fails to yield any stable binding 
but satisfactory results are achieved when this theory is reformulated to allow for ionic 
states in addition to the electron-pair bonds. Asano and Tomishima", furthermore, have 
applied Schmid’s method to the computation of the cohesive energy of ZnS. The influence 
of the valence states upon the ionic binding has usually been worked through the 
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procedure of configuration interaction. However, in order to take into account the effect 
mentioned. above within the frame of the method of Heitler-London, in which the total 
wave function is a single determinant consisting of one-electron functions, the method of 
semi-localized crystalline orbital (which is called ““SLCO” hereafter) presented in the 
present paper is useful.* The aim of the present paper is to formulate the method of 
SLCO and to apply it to the computation of the cohesive energy of LiH crystal** which 
has the simplest electronic structure among all ionic crystals and the cohesive energy of 
which has been already calculated in detail through the method of ionic approximation 
by Lundqvist.” 

As is mentioned above, the first computation of the cohesive energy of LiH crystal 
has been carried out by Hylleraas and then detailed computations have been carried out 
by Lundqvist.” As a result, it has been shown that the theoretical value of the cohesive 
energy is smaller than the observed one by about 18 kcal/mol. In the present paper, 
making use of SLCO, we shall show that the discrepancy can be almost removed by 
taking into account the influence of homopolar binding. 

On the basis of the considerations on the character of the homopolar binding which 
has to be taken into account as configuration interaction, a set of SLCO is introduced 
in § 2. The set of SLCO is defined by the use of a variational matrix €. A trial 
form for the matrix € which contains only a single variational parameter is proposed. 
In § 3, the expression of the lattice energy containing the influence of the homopolar 
binding is given. In § 4, the relationship between the set of SLCO and the energy 
band structure of LiH crystal is discussed and it is shown that the set of SLCO is 
equal to the (approximate) Wannier functions of the valence and conduction bands. 


In §5, the numerical result for the lattice energy obtained in § 3 is given and discussed. 


§2. SLCO 


In their computations of the cohesive energy of LiH crystal, Hylleraas and Lundqvist 
have used a single Slater determinantal function consisting of 1s spin-orbitals of free H~ 
and Li’ ions. The discrepancy between the theoretical value obtained by Lundqvist 
through such an ionic approximation and the observed one seems to indicate the importance 
of homopolar binding in the cohesion of LiH. In the ionic structure, each Is orbital 
on the H™ ions is occupied by two electrons having anti-parallel spins with each other. In 
the valence structure, one of the two electrons is excited into a 2s orbital on one of six 
Li* ions around the H™ ion, forming an electron-pair (homopolar) bond with the re- 
maining one, Such an electron-pair bond may resonate on the six Li*® ions, In order 


to take account of such a valence structure within the framework of the method of 


* After our computations had been almost completed, we have noticed that T. B. Grimley (Proc. Phys. 
Soc. A 70 (1957), 123) discussed the effect of homopolar bindings in LiF crystal by the use of the second- 
order perturbation theory. 


** Applications of SLCO to other crystals will be published in the form of separated papers in the 
near future. 


/ 
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Heitler-London using a single Slater determinant, we need to take, in place of a 1s spin- 
orbital of each H™ ion, a linear combination of it and 2s spin-orbitals of the six Li* 
ions around it. The coefficients of the linear combination have to be determined so as 
to minimize the expectation value of the lattice energy. This procedure can be carried 


out, without any difficulty, by making use of SLCO.* 


a). Construction of SLCO 


Let us write the set of 2N atomic 1s spin-orbitals on the H™ ions as u’= {u,°, u,’,:--} 
and the set of 2N atomic 2s spin-orbitals on the Li* ions as v’= {v,", v;°,:--} where u” 
and wv’ are row matrices,** and the indices a, b,--- refer to the H™~ ions and the indices 
a, B,--- to the Li* ions. The sets of atomic spin-orbitals u’ and wv’ are not orthogonal 
at the observed lattice constant, on account of their appreciable overlap. Since it is con- 
venient to use an orthogonalized set of one-electron functions, we introduce an orthonormal 
set Y= {u, v} of atomic orbitals, of which the first 2N elements are u and the last 2N 


elements are v, as follows. First we orthogonalize u” and v” separately, that is, 
TT De 
(2-1) 


Ao v4! 2 
where 


4,= (l-3,). 4,= (1+S,), 


(2-2) 
S.an= | ta? () 19! (x) de — 0p, S.a0= | 0,9 (20) vs (x) dr — Bag 


and x is a combination of space coordinate r and a spin coordinate. Then, orthogonaliz- 
ing v’ to U, we get v, that is 
v=uA-+v'B (2-3) 
where 
A=—G& 1—G*S -1/2 B= 1—cG'S —1/2 
iS Sy—", ( ee eR 


6=4,-'"s847”, 


w 


aa — | Ug (x) Va (x) dz. (2 ; oy) 


Now let us introduce the unitary (4NX4N) matrix with the block form 


(1—€F*)*? E 
Gee 2:6 
es : eS ne (2-6) 
E —(1l—€é*é) 


‘ 


* Another example of such a treatment is “ an extention of the valence bond method ” proposed by J. C. 
Slater, Quarterly Prog. Rep. Solid-State and Molecular Theory Group, MIT. Jan. 15 (1955). ' 

** Tn what follows, we ignore for simplicity the wave mechanical behaviors of Is orbitals of the Li* ions: 
and treat them as classical charge clouds. This approximation may be allowed as far as the core-distortion. 


of Lit ion is negligibly small. 
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and define SLCO @ by 
p= 9X. C22) 


The 2NX2N matrix € appearing in (2-6), which has elements €,,, is determined by 
the following variation principle. We express the total wave function of the crystal by 


oN 
B (yy Xow) =o D1(—)” PIT Oa (Xa) (2-8) 
} Yd a 


by using the first 2N elements of @. Then we set up the variation principle 


dE=0 (229) 
for the expectation value of the lattice energy 


ans \ Lae (X45 ES | Xyy) HE (x, oa Xv) dT (py) > (2: 10) 


where J€ is the Hamiltonian of the crystal. 

When €=0, 6, is equal to u, and 6, to vy. In this case, therefore, Wy is reduced 
to the total wave function used by Lundqvist.* Hence all the effects of the valence 
states appeat through & 4, (or 0,) is located around the atom, on which u,° (or v*,) 
is centered, and its form is determined so as to minimize the expectation value of the 
crystal energy. This is the reason for calling ¢ “SLCO”, The method of SLCO may 
be applicable to other ionic and valence crystals. However, how to select uw and pv in 


such cases has to be determined case by case, 


b) Trial form for & 


Though the matrix € has to be determined by the variation principle (2-9), it is 
dificult to perform it exactly. So we set up a trial form for € Here we assume that 
X and & have the same translational and rotational symmetry as the crystal. This as- 
sumption does not mean any restriction on the variation principle (2-9). It may be 
understood by remembering that a complete set of Bloch functions of a filled band is 
transformed by a unitary transformation to the complete set of Wannier functions of the 
band which has the same translational and rotational symmetry as the lattice, 

§, corresponds to one electron state, in which an electron spends a large part of its 
time on the spin orbital vu, and the rest on the spin-orbitals v,’s around u,. One of 


the wave functions describing such a behavior of the electron may be expressed as 


6 
b~ (1464)? ly + AS? 0,3, (2711) 


6 
‘where the summation } is taken ov. IX Uy. i i i 
> er the six v,’s neighbouring u, and having the same 


* In our wave function VY) expressed by (2.8), 1s spin-orbitals of the Lit ions are dropped. 
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Spin state as u,. Comparing (2-11) with (2-7) and remembering the symmetric property 
of &€, we can take a trial form for &€ as 
Eaa=A when @ is subject to the same spin-state as a and 


locates on one of the six nearest neighbour sites of a, Cay 


=) otherwise, 


up to second order by treating A as a first-order small quantity. Thus 
(fe) 3=6A4" . when a=b, \ 


=2A* when 6 is subject to the same spin-state as a 
and locates on one of the second-order neighbours 
of a, 


(2-13) 
Ae when 6 is subject to the same spin-state as a 


and locates on one of the 4th-order neighbours 


of da, | 
== () otherwise. 


Use of our trial form for € reduces the variation problem (2-9) to that of the single 
variation parameter A. 


§ 3. Expression of the crystal energy 


The Hamiltonian* of LiH crystal is 


2N 2N 


H = 30, (A) + S31 O05»), (421) 
where 
O ay pag MeL Maa” ay (3-2) 
etna tg, aS at Meas ar 4 y 
(4) 2 wh ae ir,—R, 2% ry, ; 
Opi) B) eget = (3-3) 
2 [r.—Ta| 


Substituting (2:8), (3-1), (3+2) and (3-3) into (2-10) and performing some mathemati- 
cal manipulations, we have 
Q2N 2 


E= By +2555} (1— 66") }aqla|Hy(u) |a] 


2N 2 


= Shee" Yao |Ely (u) 6]+S3S3(E'6) atl (u) |5] 


2N 2N 2N 2N 


= =e bt €6*) 76}, { (1—E8*) 78} 55 


* Atomic units are used throughout. 
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eed BN _ Gh 
x (2a aif] —[ab |B] —[aer|691) 
SSS (188) 28} as (GE) ne (2 46 |e] — [ab leer] —[aex|bc]) 
ab» © &@ 
2N 2N 2N 2N € esol 
— STIS { (1 €€*) €} as (EE) 5 (2[ 48 |v] — [a8 |r] —Laz|/2@}) 
CESS OT, 


2N 2N 2N 2N 


ae Dap aps WS1(€E*) ap (EE*) ea ([ae|bd | —[ac|db]) 


IN IN AN ZN 


—papw ays (€€* ) ab (€* é) a’ ({aa |b2|— [aa |/26}) 


b 


2N 2N 2N 


Fed) SAC E) as (E*€) x5 (Laz |20|—La7|9P)), (3-4) 
B 


15 


where E, is the crystal energy at €=0, which was calculated by Lundqvist, Hy(u) is 
the effective Hartree-Fock Hamiltonian : 


H,(u) (x) = | ea = — +S}0@-R) pA basen 2 
wa) ( ek (PCE) go Lg | 
a (x) ‘ann lr—r,| 19 (*); G a 


and the bracket notations [ |’s are used to express the following quantities : 


[a|Hy (wu) 1=| u,* (%) Hy (ua) u,(%) dz \ 


[abled] = | u* (xy) un (a) 


Yi 


U(X) Uy (X») dz ,d7, (3-6) 


and so on. 


We shall utilize the bracket notation ( ) for quantities which are obtained by replacing 
orthogonalized wave functions u and v with non-orthogonalized atomic wave functions u° 
and v° in the bracket notations [| |’s defined by (3-6). 

It is convenient for numerical calculations to express (3-4) by using the free atomic 
spin-orbitals u’ and v°, Here we introduce the following approximations. (1) Regarding 
A as the first-order small quantity, we neglect all small terms of at least the third order. 
(2) We reduce all many-center Coulomb integrals with respect to u°® and v® to one- or 


two-center integrals by using the so-called Mulliken approximation,” for example 
(ab|@f) = 4848p; { (ablab) + (a3 |a9) + (ab|ab) + (aBlaf)}. (3-7) 


The use of this approximation allows us to reduce the expression of the crystal energy 
to a somewhat compact form, though it may inevitably bring some amount of error in 
our calculations, Thus we get from (3-4) the expression of E expressed by w° and v° : 


E=E,+SHE*S(1—S°S) 7}, ((aa| Haw’) Ja) — (al Fp (a |e) $F? 46% 
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+5368) a (a\Hy(u) |e) = (a\ Hp(u) |a)) 
4+F24+G® 


2N 2N 
ee Dig a) (GC ere) ie eS 68S) Fh 


a(ora) Bor 8) (or aa) (or BB) 
(r) 
X ((ab|ab) — (4 |a3) + (a8 |aP) — (ab|ab)) 
+H® (3-8) 


where H,(u°) is the effective Hamiltonian obtained by replacing u with w’ in the: 
expression (3-5) for H,(u), and F, G™, F®, G® and H™ have considerably complicated 
expressions which are listed in the Appendix. 

The main part of the second term (1) on the right-hand side of (3-4) is trans- 
formed into (a) on the right-hand side of (3-8) and the remaining part into F™ and 
G”. The main parts of the third and fourth terms, (2) and (2’), in (3-4) are trans-. 
formed into (6) and the remaining parts into F” and G”. The terms denoted by (3) 
and (3’) are transformed into (c) and H™, respectively. 


§4. The energy-band structure and SLCO 


Before proceeding to the numerical calculations of the lattice energy, we shall discuss. 
the relation between the energy-band structure of LiH crystal and SLCO. 


To start with, we prove the theorem : 
bx* (x) H,() 0, (x) dz7=0, (4-1) 


where H,(@) is obtained from the expression (3-5) by replacing u,’s with ¢,’s. The 
proof is easy. Let D5, be the wave function obtained from Y, for the ground state: 


by replacing 6, with é,. Then, from the variation principle (2-9) it results that 
| Pe ideax, =0, (4-2) 


which is easily shown to be reduced to (4-1). 

Now let us consider a system consisting of the perfect crystal plus an excess (con- ~ 
duction) electron introduced into the crystal. The state that the electron occupies a spin- 
orbital 6, is expressed by 


oN 
i } Tr 
D vg OEP ICO. wa) Fe (Borsa) - (4*3) 
Mienes VY (2N+1)!¥ews1) - 
Here it has to be noted that Peyy.. 1s not an eigen-state of the system. The eigen- 
state, in which the conduction electron itinerates through the whole crystal with the wave- 


number vector k, is given by 

af (2N)]2) " 

> et P enet)a (4-4) 
Vaan 


F ensty ke — 
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ev) 
where the upper symbol (2N/2) of as means the summation over only a specified 


electron-spin state and ft, is the axe vector of the nucleus on which ¢, is centered. 


The corresponding eigen- energy 1S 


EQN Bit hy \e PEA pee arin? pvah eine (4-5) 
where a 

HK ove =H +0,(2N+1) + > O,(2N+1, /). (4-6) 
Making use of (4-1) and (4-2), we can reduce (4-5) to 

,(k) =E(2N+1,k) —E = 5 ete {H,()} as (4-7) 
where E is the energy of the crystal given in the preceding section and 

(Hp) }as= | 08 (x) Hp) 6, (x) de. (4-8) 
We can also obtain €,(k) from the one-electron wave function 

boa fe “Sea 6, (2), (4-9) 


instead of the wave function of the (2N-+1)-electron system Y wy.1),,, if we use H,(D) 


as the effective one-electron Hamiltonian. 


c(h) =| da Hy 7) teade =>: eh Ra—Ks) {FT 2 (D) } as. (4-10) 


Thus we can regard €,(k) as the energy level with the wave-number vector k in the 
conduction band and ¢,.;, as its wave function. 

Next let us consider a system consisting of the perfect crystal plus a positive hole 
which is a defect of a valence electron. The state, in which the positive hole occupies 
a spin-orbital ,, is expressed by 

De paar la Staton coer eigs ab, (4-11) 
@N=1) ,5— /QN—1)! =e eS 
In the same way as in the case mentioned just above, the eigen-state, in which the 


positive hole itinerates through the whole crystal with the wave-number vector k, is ex- 


‘pressed by 


i 1 OY teen 
G oN) k= >} e- OF ont)» (4-12) 
VN 2% 
and its eigen-energy is given by 
BON #7 fh) BUG) eae eee tcc (4-13) 


or, making use of (4-1) and (4-2), 
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2N/2 


/2) 
—€,(k) =E(2N—1, k) —E=— Sj ee *O 1H) } as 
b 
where 
2N—1 
He on -1) = 26 —O,(2N) nr y O,(2N, ) ‘ 
p=l 
We can also obtain €,(k) from the one-electron wave function 


Ke ow. a 


y exe a= 
Ne Z eo. 25 ab, (x) 
V a 
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(4-14) 


(4-15) 


(4-16) 


instead of the wave function of the (2N—1)-electron system Y ex-1,4 if we use H,,(#) 


for the effective one-electron Hamiltonian. Therefore, we can regard €,(k) as an energy 


level of the valence band and ¢,,;, as its eigen-function. The energy gap at k=0 between 


the conduction and valence bands is 


Ae= {€,(k) —€, (ke) } poo: 


Since 6 is the orthonormal set, it holds that 


| p* 5. (x) Poke (x) dt = OF 


Furthermore, from (4:1) we get 


| n(x) Hp (®) Hen (x) d2=0. 


(4-17) 


(4-18) 


(4-19) 


Relations (4-18) and (4-19) indicate that @,’s and @,’s represent close approximations 


to the Wannier functions of the valence and conduction bands, respectively. 


§5. Numerical results and discussions 


Numerical calculations are carried out at the nearest neighbour distance a=3.9 a.u., 


which is very close to the observed distance (3.875 a.u.). Free atomic wave functions 


used in our numerical calculations are” 


gee 1 

1s orbital of H™: mee pear 
ME GE 16 

; Bar gigs 243 

1s orbital of Lit: »°= Ee ioe Siena 
1 16 


1 Seatac 
2s orbital of Li: v= Vespa fre pr __24N 9,5 , 


where 
p=0.658, b= 2.26, 


N,=0.9844, N,=0.6351. 


(5-1) 


(5-2) 


(5-3) 


Numerical values of overlap-integrals, Coulomb-integrals and kinetic integrals obtained from 


the above wave functions are tabulated in Table 1. In order to evaluate the lattice 
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energy E from (3-8), we need to know numerical values of matrix elements of 41, 4? 
and (1L—G*G)" for n=—1/2 or —1, In order to calculate these matrix elements for 
n=—1 we use the elementary method proposed by Léwdin” and applied to Li crystal 
by Froman and Lundqvist’, and, furthermore, we take account of the overlaps between 
neighbours up to the 8th order. For n=+1/2, we make use of the multiplication law 
of matrices 

3) (XK?) (KX) w= Xx 24) 

j 
and determine the matrix elements (X'”),,; by the method of trial and error, allowing 
for the contributions from the neighbours up to the sixth order. In these calculations, 
the slowness of the convergency of the overlaps between 2s orbitals of the Li” ions injures 
considerably the accuracy of the calculations for 4y' and 4y'’. Because of this circum- 
stance, it is likely that the values of F'”, G™® and especially H’™, which contain com- 
plicated multiplications of the matrices, contain considerable amount of error. 

In calculating (c) in (3-8), we approximate Coulomb-integrals between neighbours 
separated further than the sixth order by Coulomb potential energies between point charges, 
and evaluate the lattice sum of them by using Evjen’s method’! for calculating Made- 
lung’s constant. As a result of it, we find that the value of (c) is very small. H™ is 
the exchange term of (c), which we have neglected, anticipating that its magnitude will be 
small. The numerical value of each term appearing in (3-8) is listed in Table 2. The 
value of A for the lowest value of the crystal energy E, which we denote by Aj, is 
determined by 0E/OA=0. A, and E—E, at A=A, are 


A,=—0.056, E—E,=—25 kcal/mol. (5-5) 


_ The value of E—E,, —25 kcal/mol, should be compared with the discrepancy between 


Table 1 
k=order of 
neighbourhood y : 4 : s 3 sa z id 
overlap integrals 
Ainw 1.00 = 0.21655 = 0.07499 = 0.03094 = 0.01417 
Avan 1.00 = 0.51865 = 0.28514 = 0.16364 — 0.09606 
Sox = 0.53776 = 0.23156 — 0.1106 = 
Coulomb integrals 
«(uty 4429 | Oo | 1460t4s¢°) 0.42937 — 0.17899 — 012805 —  0,1047 
(¥9r49|Oo|70°v4°) 0.23069 — 0.15856 — 0.12235 = 0.1047 
(140°%49|Oo| ur) —' “0.21375 4) = fo.14454, =. Foiisai, ee 
kinetic integrals 
«(up| —1/2+ A} a) 0.23633 — (0.000022 — —0,00357. — 
(up| —1/2: Aly.) — 0.04072 — 0.00173 — 
(79°| —1/2+ d|r749) 0.09869 — 0.00464 ~— —o00175 — 
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the theoretical value of the cohesive energy obtained by Lundqvist and the observed one, 
—18+7 kcal/mol, That our value of E—E, is a little larger than that we expected 
may be due to the inaccuracies in evaluating F and G”. In view of the above result, 
however, it may be concluded that the cohesive energy of the LiH crystal is explained 
by taking account of the effect of homopolar binding upon the ionic binding. 

As is seen from Table 2, the magnitude of the 
linear term with respect to A of (3-8) is almost 


determined by (a). The quantity involved in the UAE Er erent 

FO) = —0.3081 4 F@)=4.621 A? 

G=0.0263 A G=2.418 A? 
(c) =—0.022 A” 


Table 2 


curled bracket expression in (a) represents the energy 


required for transferring an electron from a negative 


ion to an infinitely separate positive ion in the crystal 
with A=O and with rigidly fixed wave functions for other electrons. When it is denoted 
by 4e, we have 


4e= (a|H,(u) a) — (a|H,(u") |a). (5-6) 


(b), F® and G® have order of magnitudes comparable with each other, but, F® > and 

G® are expected to decrease their magnitudes faster than (b) as the overlap integrals 
B g 2 g 

decrease,* as will be seen from the expression of F® and G”. In such a case, we get 


a vety simple approximate expression for E—E,, that is 
E—E,=2N4e ({€*O6(1—GS*G) -} wa (EE*) aa) - Cey) 


Making use of this expression, one can discuss semi-quantitatively the effect of homopolar 


binding on the cohesive energies of various tonic crystals, 
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Appendix 


FO 253 [+S (1—S*S) "ua { (| — 4.4] a) — (a|— 3412) } 


a 


42575) [4728 (1— SS) 72dy "Jaa (a| 4.412) 


a @ 


—231>) [477€S (1—S*S) len (al — 3.418). 


GY = — SYS} [6*S (1 —S*S) ~" "Yue { (ab |ab) — (abba) } 


a 


LASTS [4718S (1—S*S) "Jen Asan (ab ab) 


a od 


* For examples, these circumstances can be expected for LiCl, LiBr and Lil which have their lattice 
constants considerably larger than that of LiH. It must be noted, however, that in these crystals the valence 


electrons of negative ions have the symmetry of p-character contrary to the case of LiH. 
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A simple model for the nucleon-antinucleon interactions is presented, in which the nucleon or 
the antinucleon is regarded as composed of two parts, the pion cloud and the “core”. The latter 
is characterized by two properties: i) it acts as a nearly black body for an incoming antiparticle 
wave, and ii) its characteristic time for annihilation is much shorter than the oscillation period of the 
outer pion cloud. These simple assumptions lead to natural semi-quantitative explanations of the 
salient features of the experimental information so far available concerning the nucleon-antinucleon 
reaction and capture processes. Some arguments are added to look for a justification of such an 


approach. 


§ 1. Introduction 


According to the current concept of nucleon-pion physics, it is reasonable to regard 
a nucleon or an antinucleon as having a compound structure, with its core in the center 


and the pion cloud in the outer part. Success in theoretical analysis of low energy pion- 


) has shown that the static pion’ 


nucleon scattering and photopion production by nucleon 
) 


ing the main features of the pion cloud. Recent experiments” 


theory is capable of describ 


of high energy electron-proton and electron 
first. time some information about the nucleon core, distinguishing it from 


they are concerned with the spatial distribution of the 


-deuteron scattering, on the other hand, have 


given for the 
the effects of the pion cloud ; 
core and the cloud. Still we have very little understanding about the properties of the 
core. Theoretically it is expected to be a very complicated aggregate of strongly interact- 


i.e. nucleon, nucleon-antinucleon pairs, pions, K-mesons and hyperons. 


ing virtual particles, 
the anomalous 


s of high energy -pion-nucleon and nucleon-nucleon scattering, 
and the mass difference between a proton and a neutron: 


Analysi 
magnetic moment of the nucleon, 
have not been able to give much insight into the nature of the core. 

In this connection the behaviour of an antinucleon in its itteraction with a nucleon 


deserves particular attention. In such an encounter the annihilation of nucleon-antinucleon 


pair takes place very frequently, 


to assume that the pair annihilation o 


leading to the emission: of several pions, It is natural 


ccurs only when the core of the nucleon touches: 
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on that of the antinucleon, So we can expect that some of the characteristic features 
of the core will be revealed in the annihilation process. 

Indeed, recent experiments” have shown the following peculiarities : i) The 
total antiproton-proton interaction cross section is much larger than that of the nucleon- 
nucleon scattering. Moreover, the annihilation cross section appears to occupy a very 
large fraction of the total cross section. ii) In antiproton capture by a nucleon a larger 
number of pions is emitted on the average than the number predicted by a simple 
statistical model. 

Although a quantitative treatment of antiproton-proton interactions based on the 
field theory is at present far from being available, we can show that the very presence 
of two different parts, the pion cloud and the nucleon core, leads to a fairly natural 
explanation of the above mentioned two important features of the experimental results. 
For this purpose we have to attribute to the core two distinct properties: i) it acts as 
a nearly black body for an incoming antiparticle wave, and ii) the characteristic time for 
its annihilation to occur is very short (~h/2myc>) compared with the characteristic time 
for oscillations of the pion cloud. 

In nucleon-antinucleon interactions, then, the core of a target nucleon acts as a 
completely (or nearly completely) absorbing medium for the incoming antinucleon, that 
is to say, an annihilation occurs every time (or nearly every time) when the incoming 
wave hits the core surface. Therefore, we expect an annihilation cross section of the 
order of 7a* (a=the core radius) at very high energies. When the mutual distance 
between the nucleon and the antinucleon is larger than a, there acts a potential between 
them due to pion exchanges. In § 2 a simple version of this model is adopted, which 
is essentially equal to the Feshbach-Weisskopf treatment’’ in the theory of nuclear reactions. 
Since in the considered energy range the incoming wave has a wave length X comparable 
with a, it must be treated quantum-mechanically and a strong annihilation occurs even 
when the antinucleon wave passes ‘through a region outside the core, but not farther than 
X from the core surface. Therefore the annihilation cross section exceeds the classical 
value a* considerably and becomes approximately 7(a+%)*. Comparing this with the 
measured annihilation cross section,” we find that a~ (2/3) X (b/m,c) could give a 
reasonable fit to the experiments. Although this numerical value cannot be taken seriously, 
it might still seem to be too large, since we would expect a~2h/myc from rough con- 
sideration of the field theory. But recent experiments” of high energy electron-proton 
and electron-deuteron scattering have revealed a root mean square radius of the core 
(0.77 +0.10)-107" cm, indicating that our value of a is not quite unreasonable. 

The elastic scattering cross section depends not only on scattering due to the annihi- 
lation, but also on scattering by the outside potential. This obscures a possible connection 
between the elastic scattering and the core properties. But it will be shown in § 2 that 


. 


the elastic scattering cross section can be made much smaller than the annihilation cross 
section, 


For antinucleon-nucleon captures at rest simple statistical models have predicted a 


smaller value (2.2~3.6) for the pion multiplicity and a larger number of events involving 
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K-meson emission (~ 65%) than the measured values 4.7+0.4 and 6% respectively.” 
In these models the total rest energy (~2myc) of an antinucleon-nucleon pair is released 
in a volume 2,= (47/3) (b/myc)*, where statistical equilibrium among different modes is 
first established and then several pions of the corresponding states are emitted according 
to this statistical distribution. Any simple modification of the statistical model" seems 
to fail in explaining the observed multiplicity and composition. Indeed we have to take 
a volume, where the equilibrium is reached, about 3~8 times larger than , in order 
to get the observed multiplicity and composition, 

The failure of the statistical models suggests us that not all of the possible final 
states are on equal footing; some characteristics of nucleon (antinucleon) structure are 
being reflected in the transition matrix elements leading to the large pion multiplicity. 
Actually we should expect two types of pions are coming out, pions from the pion clouds 
and those produced by violent annihilation of the core-anticore pair. Essential part of 
the core annihilation will end within a short period ~b/2myc, which is smaller than a 
petiod of the oscillation of the pion cloud, i.e., a period in which a pion in the cloud 
is absorbed and re-emitted by the core nucleon. The latter is of the order of b/z, 
where w,, is the average pion energy in the cloud. 

During the short time in which the core annihilation occurs and finishes, therefore, 
the state of the pion clouds, the number of pions in the clouds in particular, will remain 
almost unchanged. These pions then will be emitted, because they have lost their centre 
to associate with, The number of pions thus emitted will be 2~3 on the average. On 
the other hand in the violent annihilation of core-anticore pair one, two, three, — pions 
will be produced and then emitted. _In § 3 we apply the static pion theory to the clouds 
and the statistical theory to the core annihilation, Thus we shall show that a pion multi- 


plicity and composition, which are comparable with the experimental ones, can be obtained. 


§ 2. Nucleon-antinucleon reaction* 


As mentioned in the introduction, we shall assume that a physical nucleon can be 
regarded, as far as its interaction with an antinucleon is concerned, as consisting of two 
regions.** The inner region could be approximately represented by a black sphere, which 
absorbs all the waves that hit its surface. The radius of this sphere, a, say, 1s left as 
an adjustable parameter. The outer part, on the other hand, stands for the pion cloud 
and its effect is described by an ordinary potential. The latter is due to the exchange 


of a few pions and can, in principle, be worked out based on the meson theory—at 


: : + 9,10 
least in the relatively lower energy region,””"1)* 


* The main content of this section was distributed as Cosmotron Report of Brookhaven National 
Laboratory, Oct. 1956. 

** Strictly speaking, the term “region” should be understood in a rather abstract way. We had better 
say that it appears reasonable, in the first approximation, to distnguish two kinds of interactions and treat 
them by different methods. We resort, as a matter of fact, to a fictitious boundary between inner and outer 
regions, just as a simple model that can be handled easily. 
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Here we shall treat, for orientation, the simplest case of absorption and ‘shadow ”” 
scattering by a black sphere without any surrounding potential, although, of course, this: 
is not a realistic model since the effect of the outer potential can by no means be 
neglected. In the classical limit (wave length of the incident wave X <a), we have the 


well-known results : 


2 
Oays.— “4 » 
O seatt. faa Ta’, 
2 
and Orotal= 27a’. 


But the energy region, where the experiments have been performed so far, corresponds to 
the wave length in the center of mass system lying just between the Compton wave 
length of the pion and that of the nucleon, and so the classical approach fails, Thus 
we have to solve the Schrodinger equation with suitable boundary conditions at infinity 
and at the surface of the black sphere, and in this way take into account the quantum 
character of this colliston.** 

The quantum effect results in two remarkable features, which are in qualitative 
agreement with experimental information. First, the absorption cross section is increased 
considerably. This is almost obvious because the tails of the partial waves with higher 
angular momenta, that would classically never reach the central core, can penetrate the 
centrifugal potential barrier and be absorbed. In other words, we have approximately 
Caps. = 72 (a+%)? instead of za. 

In the second place, this partial absorption of higher order spherical waves also leads. 
to the relative enhancement of the absorption cross section. This point could be made 
plausible by the following consideration. If the /-th partial wave of the solution of this. 


collision process is written in the form, 
(ingoing wave) —7 (outgoing wave), 
its contributions to the absorption and scattering cross sections are given respectively by 
of, = (n/B) (241) (A= [ys (2-1) 
and Oscar. —= (7/R) (21-1) |1—7)?. (22) 


In the classical treatment 7 is either equal to 1 or to 0, so that the two cross sections: 
are always the same. In the quantum mechanical treatment, however, some waves are 
only partially absorbed. Let us take, for simplicity, a case of very small absorption and. 
put 7=1+€ where & is a small (in general complex) quantity. Then it turns out 


* After completing our work we have received a paper by Ball and Chew.’ There they treat the 
nucleon-antinucleon scattering as scattering by the pion exchange potential with an absorbing core inside. 
The energy region considered there is lower than ours and the W.K.B. method is employed. We are 
grateful to them for sending us their manuscript. 

*"* We think’ that such a nonrelativistic treatment makes sense here, because the relativistic feature 
(annihilation) has been phenomenologically replaced by an absorbing medium. 
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Favs, =O (El), Fseati, = O (|E 


*)s 


indicating that absorption would, generally speaking, exceed scattering considerably. 
It can further be shown, that we have to include higher order spherical waves in 


“order to obtain a relatively inelastic collision (Gsear.<O tai). In fact we can derive from 
(2-1) and (2-2) the relation 


Flora = (42 /P) (2141) 6, /o@, (QU3)) 


and from this we can conclude that, for example, for a constant (l-independent) value 
0.2 of elasticity, we need at least the waves up to /=4 in order to obtain a 100 mb 
total cross section at E,=500 Mev.* 

Now the boundary condition at r=a should be such as to represent a strong 
absorption. We have specified it, somewhat arbitrarily, in the following way. The 
logarithmic derivative of the wave function should be continuous at the surface of the 
core and further the radial dependence of the wave function inside the black sphere is 
assumed to be e“”/r, irrespective of the angular momentum of the waves.** This is 
an analogy to the continuum theory of Feshbach and Weisskopf in the nuclear reaction,” 
as was mentioned in § 1. 

There is no convincing argument as to the choice of the virtual wave number K in 
our simple model. But we find that the results are not essentially changed, as far as the 
change 4K in K remains small compared with 1/a. We have therefore simply assumed 
that there is no change of the wave number through the surface. At very low energies 
this crude approximation fails and we must take into account a finite increase of the wave 
number inside ; otherwise the 1/k-dependence, which appears to hold according to the 


) 


experiments, ° cannot be obtained. 


Thus the boundary condition at r=a reads: 


ubi" (ha) bP" (ha) BY (Ra) (2-4) 
mi b§? (ka) +h (ka) Sha)” 


where 


h(x) = lies HS2(x), (2-5) 
x 


* This energy in the laboratory system corresponds to the wave number 2.510)*cm™! in the center 
of mass system. 

ie We may assume that at the surface of the black sphere there should be ingoing waves only. It is 
quite ambiguous, however, how to define the outgoing and ingoing waves at a point close to the center. 
‘Ore might be inclined to indentify them with those represented by the Hankel functions h;')) (kr) and 
4, (kr) respectively (see (2-5)), and impose that there should be no h;" (kr) component. But then we 
should have obviously no outgoing wave at remote places (wave zone) ; i.e. the absorption cross section is 
infinite and so is the shadow scattering. Physically this may mean a really strong sink that pulls in even 
the waves passing at an infinite distance. In such a case the results are independent of the radius a. Tadeed 
it suffices to have a point sink in the center. This example, though not realistic, indicates the possibility of 
reducing the parameter a by a more complicated boundary condition than our simple model. Of course the 


existence of the outer potential can change the value further. 
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and 
HE" (x) dbf? (x) /de. 


on 

k is the wave number of the free antiproton in the center of mass system ; 4, =exp (— 210;) . 

where 0, is the complex phase shift for the /-th partial wave, from EES Ss can calculate 
both absorption (annihilation) and scattering cross sections for each partial wave. 

The results of the calculation are shown in Fig. 2:1, for three values, 1, 2/3 ps 

1/3 (in the pion Compton wave length) of the parameter, a. It appears that the choice 
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Fig. 2+1 The calculated values of the total and absorption cross section for the 
nucleon-antinucleon reaction. 
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of a= (2/3)-(b/m,c) fairly well reproduces the experimental data of the total cross. 
section, although this numerical value cannot be taken seriously because our model is a 
very crude one. In the figure is also given the curve of absorption cross sections predicted 
by a= (2/3)-(b/m,,c). Recent experiments seem to suggest the presence of more absorp- 
tion than the result of our simple model.) The contributions from various partial waves 


to absorption and scattering are listed in Table 2-1. It is seen that relatively high angular 


Table 2+1 Contributions from various partial waves to the total cross section (a=2/3+*h/mzx c) 


E, 


J | 
l = ay ~ | oo POO (Mev in he system) 
0 12% 8% | 5% nek ae 4% . 
1 | 33 24 | 15 11 
Taps 2 | 14 18 | 16 | 14 
3 ! 2 8 18.5 | 20 
4 - 1 3.5 9 
0 12 8 5 4 
1 | 23 23 | 17 | 12 
Txcatt 2 | 3 | 10 | alee} 18 
3 / _ _ | 3.5 8 


4 Faas x & 


momentum waves play essential roles in absorption, while to scattering cross section they 
contribute rather little, which agrees with our considerations given at the beginning of 
this section. 

The simplest case described above is not a realistic one. Unfortunately, however, 
we have not been able so far to work out the case, which takes into account the effect 
of the surrounding pion cloud. So we shall here restrict ourselves to a rough discussion 
of the expected modification of the foregoing results owing to the existence of the outer 
real potential.””""” Scattering will be more or less enhanced, especially when the edge of 
the potential is sharp (most notably in the case of a square well, see below). Since 
the experiments indicate that the scattering is relatively small the shape of the potential 
will perhaps turn out, at least for the main states of a nucleon-antinucleon system, to be — 
a tapered one. It is almost evident that a repulsive potential will reduce the absorption. 
As for the attractive potential, it will have a two-fold effect on the absorption. First, 
it will pull in the waves and let more of the waves hit the surface of the black sphere, 
thus enhancing the absorption. Second, it will reflect a part of the incident wave and 
let less of the waves hit the surface, thus reducing the absorption. In the case of a 
smooth potential the first trend will perhaps predominate. 


An example of the case of an attractive square well potertial is given in the follow- 
ing. The employed parameters are : 


V: depth of the square well potential ~70 Mev, 
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R: range of the square well potential ~b/m,c~1.4 X 107" cm 
a: tadius of the black sphere ~1/3(b/m,¢c) ~0.47 X 10-" cm. 
For E,,~250 Mev we obtained 
Ctotar ~~ 120 mb (47 mb), 
abs, “~~ 30mb (31 mb), 
and Txeatt,™~ 90 mb (16 mb). 
The values in the brackets are those obtained by the black sphere alone. We observe, 


thus, that in this particular case the annihilation cross section does not change appreciably, 


while the scattering and consequently the total cross section is considerably increased due 


oO 


to the potential scattering. 


§ 3. Antinucleon capture by nucleons 


Recent experiments in nuclear emulsions have given us some knowledge of antiproton 
captures by nucleons, particularly, average multiplicity of pions produced, multiplicity 
distribution and energy distribution of the pions, and average multiplicity of K meson 
pairs produced. 

The observed multiplicity of the pions and K-meson pairs, (n,)=4.7+0.4 and 
(n,_-%) 70.06,” are in contradiction with theoretical values obtained by a simple straight- 
forward application of Fermi’s statistical model. In this model the total rest energy of 
the antiproton-target nucleon system (~2mycC) is released in a volume 2)(~47/3: 
(b/m,,c)*), where a statistical equilibrium is reached within a very short interval. Then 
various number of pions and K meson pairs are emitted with a probability determined by 
the statistical equilibrium. The value of (n,,) calculated in this way?* (2.2~3.6) is 
much smaller than the observed one. In order to get agreement with the observed (n,) 
(np-z), we have to increase %, by a factor as large as 3~8. 

'’ Some attempts have been made for increasing (n,), in which strong pion-pion 
interactions among emitted pions have been taken into account. The interactions have 
effectively increased 2, to some extent, but the resultant increase in (n,.) is rather small.” 
It is our opinion that this effect may be present but not enough to explain the observed 
large (n,.).** 

A statistical model like Fermi’s is not expected to give a good fit to (n,) and 
<n.) 3; the discrepancy between the theoretical ‘and observed (n,) suggests us that 
characteristics of the nucleon and antinucleon structures are strongly reflected in the 
observed large (n,.) and small (n,_z), whereas in a statistical model any peculiarity of 


* There has been a mistake of a factor of about 5 in the second paper of ref. (6), which was 
pointed out by Belenky et al. (the last paper of ref. (6)). The (nx) calculated by the last authors is 3.6 
when only pion emission is considered and 2.2 when both pions and K-mesons can be emitted. 

oy Recently D. Ito ard S. Minami have proposed a model where strong pion-pion interactions are 
supposed to explain the large pion multiplicity. (Private communication.) In our opinion this model cannot 


be considered as being within the framework of the statistical theory because it is equivalent to drastically 
modifying certain matrix elements. 
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a system concerned does not appear in predictions for (n,) and {n,_%) at all. Hence 
we look for some mechanism of production of pions based on our knowledge of the 
nucleon structure that would reproduce characteristic features shown by the experiments, 

Here we shall pursue the consequences of the assumption that a nucleon is composed 
of the nucleon core and the pion cloud. These two parts will behave quite differently 
in the capture process, because firstly a nucleon-antinucleon pair annihilation will occur 
only when their cores collide and annihilate with each other and secondly the core annihi- 
lation will take place in a very short time ~b/2m yc compared with the characteristic 
time of the cloud oscillation ~h/w,.* 

In an antiproton capture by a nucleon at rest an annihilation will occur probably 
from an L or a K-orbit of the antinucleon. In this orbit the antinucleon wave function 
has small but finite probability for overlapping with the nucleon wave function, Therefore 
their cores can also overlap with each other and an annihilation proceeds. Pions in their 
clouds are oscillating around their respective cores, being absorbed and reemitted by the 
cores. Since this oscillation period is expected to be longer than the core annihilation 
time ~h/2myc, the pion cloud would not change much during the core annihilation 
process. Then the pions lose their respective centers to be bound to and are emitted as 
free pions. Therefore the number of pions thus emitted are nearly equal to the number 
of pions in the clouds.** Energy distribution of pions may reflect the energy distribution 
of pions in the clouds, but the impulse they receive during the core annihilation is 
appreciable and will disturb substantially their original energy or momentum distribution. 
In the core annihilation one, two,—pions and possibly one or two Kak pairs are newly 
produced, These and the pions coming out from the clouds will constitute the total 
observed pions in capture processes. 

Since the static pion theory could give reasonable description of low energy pion- 
nucleon scattering, photo-pion productions by nucleons, and Compton scattering by nucleons, 
we use the static theory to study the properties of the pion cloud. The number of p- 


wave pions*** in the cloud is readily obtained from a dispersion-like relation’) and the 


results are 


(ng’ 0.66, (nn°)~0.43 (nn )~0.20, (3-1) 


and (te) 1,3. 


Therefore, 2.6 (=1.3X2) pions are on the average coming out from the clouds of the 


nucleon-antinucleon pair. 
Now we discuss the multiplicity of pions produced in the core annihilation. No 


* The estimation for these times is made by a simple application of the uncertainty principle. Some 
field theoretical consideration will be presented in @ 4. 
* Possible strong interactions among produced pions may produce another pion and increase actual 


multiplicity of pions coming out. Even if this effect is present it will bring the theoretical (n,,) to the right 


direction. ae i 
** Most of low energy pions are supposed to be in P-orbits. On the other hand most pions in S orbit 


isti i = yc? I art of the core. 
have characteristic frequencies comparable to ~b/2my c* and should be considered as a p 
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justified field theoretical way for studying the core phenomena is yet available. So, 
tentatively we apply Fermi’s statistical model to the core annihilation, that is to say, we 
neglect the detailed behaviour of the matrix elements. The average pion energy observed 


9 
» Hence we assume that an energy 0.96 myc 


in annihilation processes is 346 Mev.’ 
(~346 Mev X 2.6) is on the average ascribed to the clouds and the rest (~1.04 myc) 
is released in the core annihilation, If this energy is in statistical equilibrium in a 
volume 2, which we take tentatively equal to the core volume (47/3) a? (a= (2/3)6/m,,¢) 
in § 2,* we obtain the pion multiplicity 2.2. 

Adding this value to that due to the pion clouds, we obtain 4.8 as the average 
pion multiplicity in the antiproton-nucleon capture. Agreement of this with the observed 
multiplicity is satisfactory. Of course, we should not put much confidence in this numerical 
agreement, but we would like to emphasize that the mere distinction between the cloud 
and the core leads to an easy and reasonable explanation for the observed (n,). 

The situation concerning K2K production is also improved. Virtual K—K pairs 
in the nucleon had better be considered as a part of the core. A characteristic time of 
an oscillation associated with a virtual production and annihilation of KK pairs in the 
nucleon is comparable with the short collision time necessary for the core annihilation 
and is much shorter than the characteristic time of the cloud oscillation. Therefore, we 
treat the observed K—K pairs as coming out from the core. If we apply Fermi’s model 
to it, only a very small amount of REX pairs could be produced, because the available 
energy for the core annihilation is only 1.04 myc on the average, which just suffices to 
make a K—K pair. Thus a small probability for observing a K—K pair can be explained.** 

Since the average pion and K—K pair multiplicities are reasonably explained in our 
model, we shall now study more detailed properties of the capture process. In particular, 
a distribution of pion multiplicities is of some interest to us, because it will more or 
less reflect a distribution of pion numbers in the cloud. 

An application of a dispersion-like formula to problems of the pion cloud could 
predict only the average pion number (71.3) in the cloud but not the distribution of 
pion numbers in it. No calculation of the latter has been done either which gives 
the distribution around the average pion number 1.3, Therefore, we use the results from 


the intermediate coupling theory calculated by one of the authors.* This unfortunately 


* Strictly speaking, this is not the volume of the nucleon core itself, but that of a sphere, whose radius 


is equal to the channel radius (twice the core radius) of the pair annihilation. It would be also possible 


to assume a large volume for statistical equilibrium and supply it with a larger fraction of available energy, 
since we should expect secondary exchanges of energy between particles after the annihilation of the cores is 
over. (This remark is due to Prof. S. Takagi.) Our main point is, in any case, that the mesons that come 
from the cloud would behave differently, not fully participating in the statistical equilibrium. 

** If K-interactions are smaller than pion-interactions with a nucleon, then the number of virtual K—K 


pairs - that of virtual pions in the nucleon is very small. Thus the small probability for seeing K—K pairs 
is evident. 


seokk : ‘ ¢ 
Various constants used there are fy?/4z~0.3 and K,~4.7 mxc, where fo is the unrenormalized 
coupling constant and K, is the cut off momentum. They are to be compared with those used in the 


dispersion-like calculations for n.,; Miyazawa used fo?/4z=0.19 and K,=5.5mzc and Fubini and Thirring 
used fo7/4z=0.22 and K,=4.7m,,c. Both obtained the average pion number 1.3. 
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Table 3-1 Distribution of the pion 


ives 0.98 instead of 1.3 fa 
numbers in the pion cloud. : Paes ipa Mead rae 


number, but most of the qualitative results of the 


Nucabef of pions | Probability (%) following arguments are not altered by this deviation.* 
fe . sire The probabilities for seeing various numbers of 
: ips pions in the cloud are given in Table 3-1. 

, ee The probability for n pions coming out from the 
3 | 5.6 clouds in the capture process is equal to the probability 
4 | 0.9 for seeing in total n pions in either the antinucleon 
as | &e or the nucleon cloud. This is easily obtained from 
| <n) =0.98 Table 3-1 and is given in Table 3-2. 
The number of pions produced in the core 
Table 3-2 Probability for seeing annihilation may have some correlation with the 


various b f pi i : : ; 
PER DES Cy PIons coming out number of pions present in the cloud, This correla- 


from the nucleon and antinucleon 


ERE a oe ae tion can be argued by using the statistical model. 


When n pions are present in the cloud, an available 


Number of pions | Probability (%) energy for the core annihilation is 

0 12 2myc —n (346 Mev) = (2—0.37n) myc. 

1 28 

> 30 If this amount of energy is released in a volume 

Q= (47/3) - (26/3 m,,c)* and a statistical equilibrium 

3 19 / } q 

4 9 is reached after a short time, we can _ evaluate 

5 probabilities for n' pions coming out from the small 

= = region. Calculations are made in the same way as 
(nx) =1.96 Belenky et al.” for two different cases: in the case 


(a) only pion emission is considered and in the 
other case (b) | ey 4 pair production is also taken into account.** From this we can 
easily obtain the probability for seeing N-mesons (N=n-+n’'). The resultant prong 
distribution of produced pions in the antinucleon-nucleon capture is given in Fig. 3-1 
for the two cases. For making comparison we have also plotted the number distribution 
of pions in the clouds. The curve for the latter distribution is obtained from that of | 
the former by shifting the pion number axis by nearly 2.2,*** where this number 2.2 
is the average pion multiplicity due to the core annihilation. Thus it is hoped that 
further experimental study of the pion prong distributions will give us some knowledge 


about the number distribution of pions in the cloud. 


* In the following, therefore, we distribute the numbers of pions derived from the dispersion relation 


according to the probabilities obtained by the intermediate coupling calculation. 
*k For both cases pions are treated as extremely relativistic. On the other hand K mesons are treated 


as non-relativistic for the case b). 

* Tn the case b) large K—K pair production (~27%) obscures this correlation. Since the observed 
K-K pair production is small (~6%), the actual situation seems to be nearer to the case a) than to the 
case b). The curves have been, of course, worked out by combining various numbers of pions in the cloud’ 
with corresponding energies available for the core annihilation. The result is roughly given by the pion 


distribution in the cloud plus the average number from the core (2.2), as described in the text. 
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The energy distribution of pions ry 
produced in the core annihilation may Aa 
be different from that of pions coming 30 4 
out from the clouds. If we could 
find two groups of pions different in 
their energies, it will be a justification 25 | 
for the above conjecture. But a close 
correlation between the energy distri- 
bution of produced pions and that of 20 4 
virtual pions in the clouds are unlikely 


to exist because of the large impact 


they receive during the core annihila- 1D 
‘tion. 
o a e 0 4 
§ 4. Discussion 
In the previous sections we have 
‘presented a model of the antiproton- 5 


nucleon interaction which can explain 


the characteristic features of the ex- 


periments. Our model is a phenomeno- 0 


logical and preliminary one. Justifica- 


nz 


tion for the underlying philosophy in 
the medel should be brought from a —__—— the prong distribution for the case (a) 
—-+—-— the prong distribution for the case (b) 


more fundamental theory, and@chens PONE ok the number distribution of pions in the 


a more quantitative treatment of the antinucleon-nucleon clouds 


antiproton-nucleon interaction would Fig. 3-1 The calculated prong distribution of produced 


become possible. pions in the antinucleon-nucleon capture. 


Here we shall make a few remarks 


on various points that have something to do with our model : 

(1) We shall reconsider the mechanism of the pion emission in the capture 
processes from the field theoretical point of view. In our model the capture process is 
composed of two processes, i) the slow oscillation and emission of pions in the clouds 
and ii) the rapid core annihilation process; both of them lead to the pion emission, but 
in different ways. 

Field theoretically the situation can be expressed by Feynman graphs like Fig. 4-1. 
The hatched circles correspond to a process for making the pion cloud around its re- 
spective cores and should be calculated in the static approximation, Therefore, only P- 
wave pions are included in the cloud. These pions =,, ,, 7, make oscillations with a 
period ~b/«,,, being emitted and reabsorbed by their respective cores, The unhatched 
circle corresponds to the annihilation process of the pair of the cores, by which several 


pions 74, 7;,—are emitted. Because of our ignorance of the detailed behaviour of the 
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matrix elements leading to different numbers of pions, we have applied Fermi’s statistical 
method to this process. 

The core annihilation process goes very fast and ends within a short interval 
~h/2m\.c,* producing about two pions on the average. The pions in the clouds, 7,, 
7, 73, do not have enough time to move during the short interval, loose their respective 
cores to be bound to and then are emitted as free pions. Thc existence of this relatively 
slow process for pion emission is essential in our model and cannot be inferred from a 
simple application of the uncertainty principle to the antiproton-nucleon annihilation 
process as a whole, which would say that the entire process ends within a short interval. 

Most of S-wave pions and virtual nucleon-antinucleon pairs should be considered as 
parts of the core, since the characteristic time associated with their oscillations is expected 
to be of the order of 6/2myc. Fig. 4-2—4-4 represent some different types of the core 
annihilation process. In Fig. 4-3 the nucleon core contains one virtual nucleon-antinucleon 
pair and in Fig. 4-4 two virtual S-wave pions are present in the core. Since distributions. 
of S-wave pions and nucleon-antinucleon pairs in the cloud are not known to us, some 
field theoretical calculations of these core wave functions are highly desirable. Then it 
will become possible for us to obtain the pion multiplicity in the core annihilation with- 
out recoutse to a conventional theory such as the Fermi model. 

Interactions among the pions produced may distort the energy distribution and number: 
distribution of pions. We have assumed that possible interactions among 7), 7),°+*7%4,""° 
can cause energy and momentum exchange between them, but that they do not alter the 
number of pions. 

(2) In §3 we have assumed that the annihilation of a nucleon and an antinucleon 


Ty 


Fig. 4-1 Fig, 4-2 Production of pions by a 
collision between the antinucleon and 


nucleon bare cores. 


\ 


* 2my’c2 should be taken as the energy associated with the core annihilation, which is of the order 


of 2myn c’. 
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Tl, Ts 
Ty 
Le) 
Ty 
Fig. 4-3 Production of pions by the Fig. 4-4 Production of pions by a 
collision between the cores containing collision between the cores containing 
antinucleon-nucleon pairs. S-wave pions. 


takes place in so small a time after they come into contact with each other that the 
pion clouds of the original particles will remain essentially unaltered. The extremely 
opposite point of view would be to regard the process as going on very slowly. Then 
the state of the pion cloud just before the annihilation occurs would be described ap- 
proximately by a field surrounding a pair of nucleon and antinucleon, which lie apart 
from each other by a distance 2h/myc, say. It is not very simple to work out the 
general behaviour of such a field. If we restricted ourselves to z'-mesons only, for instance, 
the field around a PN pair would be a “dipole” field for an odd number of pions and 
a twice field for an even number of them, while for a PP pair the result would be always 
a twice field.* The first case would be expected to give a more singular spatial distribu- 
tion and a shift of the energy spectrum to the high side. The second case would be 
essentially the same as our treatment, if we could neglect the possible existence of pion- 
‘pion interaction, Thus we can hardly say at present anything definite concerning the 
mechanism of the core annihilation, 

(3) Concerning the charge distribution of the so-called nucleon core, which has 
been deduced from the high energy electron scattering on proton and deuteron, Tamm!” 
has proposed a model of nucleon structure. He admits that the interaction between nucleon 
and antinucleon is very large (which is, according to his opinion, “ quite understandable 
from the point of view of meson theory”), and tries to explain the effective spread of 
the nucleon core to the order of pion Compton wave length. 

Our treatment in § 2 of this note goes the same way with Tamm’s, but in the opposite 
direction, so to speak: We want an explanation of the large cross section (strong interac- 


tion) of nucleon-antinucleon reaction and are led to a somewhat larger extension of the 


* We are grateful to Prof. S. Takagi and Prof. T. Nakano for their helpful comments on this point. 
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nucleon core than is usually expected, although our model is too crude to be taken 
Jiterally. 

In any case these two attempts, Tamm’s and ours, appear to share the point of view 
‘that the strong interaction between a nucleon-antinucleon pair, on one hand, and the 


vunusual extension of the nucleon core suggested by high energy electron scattering, on 
ithe other, should have some intimate interrelations. 


Concluding remarks 


In conclusion we should like to emphasize again the preliminary character of the 
;present work—at least in the following sense. First, the treatment of the nucleon-anti- 
nucleon interaction (§ 2) should be improved by taking into account the effects of the 
outer pion cloud ; then we could make a more reliable guess concerning the function of 
tthe nucleon-core. Second, the model employed here should be applied to the analysis 
-of other phenomena (at high energies) to see whether it leads to plausible explanation 
-of the experiments. Third, this kind of approach should be justified from a more funda- 
‘mental point of view; we should start, for example, from field theoretical interactions 
and examine whether it is possible to formulate the theory so as to correspond to our 


‘phenomenological model. 
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B-spectra are calculated by assuming the Fermi theory. All the effects due to the finiteness of 
the nuclear size are taken into account in an analytical form, and the screening effect by atomic 
electrons are included as additional factors though their values are not given explicitly. In 42 the 
electron wave functions are calculated and in 73 they are applied to get the correction factors for 
B-spectra. The mixed type interaction consisting of scalar, tensor and pseudoscalar is especially examined 
in detail. The final formulas are similar to those for light nuclei of Konopinski and Uhlenbeck. There 
is a difference, however, which lies in the fact that several “effective nuclear radii” are used in 
our formulas instead of the usual nuclear radius. Special attention is paid to the errors in our 
formulas, which seem to be inevitable from the practical view-point, and also to the insensitivity of the 


B-spectra to the nuclear charge distribution. 


§ 1. Tatroduction 


The -decay interaction first proposed by Fermi’ is a sum of products of the four’ 
spinor field operators for the proton, neutron, electron and neutrino. The theory with 
the above mentioned characteristics was extended afterwards to include all the possibilities. 
within the restriction of invariance under the proper and improper Lorentz transforma- 
tions. This theory, which has been called “the Fermi theory of f-decay”’, is not only 
simple but also very powerful. There seemed to be no evidence of contradiction in it, 
until recently the surprising experiment by Wu et al? has revealed that the parity is. 
not conserved in the (decay. Although the original Fermi theory had to be abandoned 
in this tespect, it is easy to extend it to explain the parity violation, still keeping the 
form of a sum of products of the four spinor field operators. Therefore, we still call. 
this generalized theory the Fermi theory. Besides the Fermi theory a number of varieties. 
were proposed on the theory of B-decay but they either failed to explain experiments or 
were too peculiar to be accepted widely, The Fermi theory is the ruling theory at present, 


although we cannot neglect other theories which may be successful too.. 


* On leave of absence from University of Tokyo. 
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In order to compare the Fermi theory with experiments many mathematical manipu- 
lations have been performed, and many formulas have been derived with which experimental 
results may be compared. These formulas are sometimes reliable but sometimes not. In 
the cases of the allowed and unique forbidden transitions (see § 3) the formulas are 
fairly precise. On the other hand in the case of the non-unique forbidden a 
most of them are quite inaccurate. There are a few formulas which are precise even 1n 
the latter case, but they are too complicated to compare with experiments. 

In this series of papers we try to obtain formulas for -decay which are not only 
precise in all cases but also convenient for practical handling. In this first paper, I, we 
treat the /-ray spectrum. 

Very useful formulas for (-spectra were first derived by Konopinski and Uhlenbeck” 
(abbreviated as K—U hereafter), Their method is based on partial wave analysis. 
Although the wave functions of the electron and neutrino are explicitly taken into account, 
the wave functions of the nuclei are not specified because it is so difficult to know them 
in most cases. However, the effect of the nuclear wave functions is included in a selec- 
tion rule and in a few adjustable parameters. This method of arranging the formulas is 
very convenient and has been adopted by most researchers. This paper follows this 
method too, One of the main approximations of K—U is their use of the electron wave 
function whose radial part is proportional to r” (bl’: the orbital angular momentum) 
inside the nucleus and is continuously (not smoothly) connected with the Coulomb wave 
function at the nuclear surface. This is a generalization of Fermi’s method for allowed 
We call this approximation the K—U approximation hereafter. Several papers” 
which appeared thenceforth are based on this K—U approximation. K—U also proposed 


a further approximation which was supposed to be valid for light elements”. We 
particularly call the latter approximation the K—U low-Z approximation. 


decay. 


On the other hand, the necessity of applying several corrections to the K—U ap- 
proximation was pointed out. Among them are 1) the screening effect”, 2) the radiative 
correction,” 3) the finite nuclear size effect in a narrow sense”, 4) the finite de Broglie 
wave length effect.’ and 5) the effect of the decay in the internal region of the nucleus” 
Since the last three corrections all concern the finiteness of the nuclear size we call them 
simply “the finite nuclear size effect”’ in this paper. The above corrections were treated 
separately in most cases, and we have not known how to apply all of them together 
because the corrections are sometimes too large to add up independently, especially in the 
case of the so-called “large cancellation”. There is also a paper by Takebe" which 
formally includes most corrections but is too complicated to allow practical calculations 
with sufficient precision, 

In this paper we include both the screening effect and the finite nuclear size effect 
(in a broad sense) synthetically, We neglect the radiative correction because it is estimat- 
ed to be rather small” and also this correction has quite a different character from the 
other two. ig genes made in the present paper were formerly attempted by one of 
the authors™, but the argument was rather crude in spite of the strong restriction to its 


applicability. This paper may be regarded as the extension and the completion of that 
previous work, 
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In the next section we calculate the wave functions of an electron moving in a 
spherically symmetric potential. We need not specify the shape of the electron potential 
inside the nucleus. Terms representing the screening correction are added formally. In 
§3 it is shown how to calculate the correction factor. Special emphasis is laid on the 
correspondence of our formulas to those in the K—U approximation, which will make 
our formulas familiar, In this respect the idea of “the effective nuclear radii’’, which 
should replace the usual nuclear radius, plays an important role. The Ist forbidden 
transition in the mixed interaction of scalar, tensor and pseudoscalar types (called STP 
interaction hereafter) is treated as an application of our formulas, The formulas for the 
allowed, 2nd forbidden and 3rd forbidden transitions in the same mixed interaction are 
given in Appendix 1. § 4 is prepared particularly for persons who are not interested in 
the derivation of the formulas but in the applications only. One of the interesting 
characteristics of our theory is that our formulas do not depend explicitly either on the 
nuclear radius or on the nuclear charge distribution. This indicates that we cannot get 
any quantitative information about the nuclear charge distributions only from the research 
on f-spectra. Detailed argument on this problem is given in Appendix 2. In § 3 and 
Appendix 1 we take into account only the states in which the sum of the magnitudes 
of the orbital angular momenta of electron and neutrino takes the minimum value 
permitted by the selection tule. This approximation is somewhat insufficient for the 


allowed and unique forbidden transitions. We give the supplementary formulas for these 


transitions in Appendix 3. 


Cc 


§ 2. Wave function of the electron 


As far as we treat nuclear matrix elements as adjustable parameters, we need not 
know the wave function of the nucleus. All we have to calculate are the wave functions 
of the emitted electron and neutrino, The neutrino causes no problem because of its 
very weak interaction with other particles. It is the wave function of the electron that 
comes into question. The motion of the electron will be influenced mainly by the 
Coulomb potential due to the nuclear charge and the atomic electrons. In this paper 
we assume the spherically symmetric charge distribution for the nucleus and its atomic 
electrons. Other effects neglected here (e. g. radiative correction, effect of nuclear moments) 
do not seem to be very important, but we intend to investigate them in future. The 
recoil of the nucleus is surely unimportant. 

The above assumption makes it possible to use the partial wave analysis. A con- 
venient quantum number in the relativistic motion of an electron is denoted by «x. 
«=F (j+1/2) according as j=l+1/2, where 7 is the magnitude of the total angular 
momentum and / is that of the orbital angular momentum of the large component. We 
adopt the representation employed by Rose’ which has been used in most articles on the 
f-decay. To each value of « there belong two radial wave functions called the large 
component (/, (7) and the small component f,(r). These names come from the behaviors 


of the electron in the non-relativistic motion. fu(r) and g,(r) for the finite nuclear 
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charge distribution satisfy the following coupled integral equations” : 


rfl) =r {d+ [r*VG) — WD tarda 
; (1) 


; 
, 
al) =r ide— |r (VO) — WD dart 
0 
where r is the distance between the electron and the nuclear center, V(r) the (central) 
potential for the electron, and W the electron energy including its rest mass energy. We 
use the natural unit (b=c=1) and also take the electron mass as unity (m=1). 4d, 
and d, are constants. 

If we neglect both the finite nuclear size effect and the screening effect, i.e. if we 
assume V(r) =—a@Z/r (a@: fine structure constant, Z: atomic number of the daughter 
nucleus with a positive sign for ~-decay and a negative sign for #°-decay), the solution 
of the Dirac equation from which eqs. (1) come are simply expressed by the confluent 
hypergeometric functions (It should be mentioned that eqs. (1) are unsuitable for the 
point charge nucleus). The above two effects change the solution into a more complicated 
form. The properties of these corrections are very different from each other, The finite 
nuclear size effect changes the behavior of the electron motion drastically but only in the 
neighborhood of the nucleus. On the other hand, the screening effect does not appreciably 
alter the electron motion near the nucleus, but it does produce a slowly varying change in 
the electron wave function in a region large compared with the nuclear charge. Since the 
-decay occurs inside the nucleus, we have to know the electron wave function only in the 
nucleus, where the finiteness of the nucleus has a direct effect. The screening effect occurs 
through the normalization of the electron eigenfunction, because it must be normalized 
suitably at large distances. 

We take the following steps to get» the normalized electron wave functions in the 
nucleus. In the first sub-section we calculate the unnormalized wave functions in the 
nucleus, In the second sub-section the regular and irregular wave functions for a point 
nuclear charge will be given as those for an unscreened aucleus plus screening correction 
terms. Then in the third sub-section the inner wave functions are multiplied by normali- 
zation factors to be smoothly connected to the linear combinations of the regular and 
irregular outside wave functions. In the last sub-section the behavior of our wave functions 
are examined more explicitly by assuming a few nuclear charge distributions. 

2A. Unnormalized electron wave function inside the nucleus 

Eqs. (1) have suitable forms for obtainning the inner wave functions. The un- 
normalized (regular) solution of eqs. (1) is obtained by putting d,=0, d,=1 (these values 
are chosen only for convenience) for «<0, and d,=1, d,=0 for k>0, The nuclear 
radius / is 0.01 to 0.02 in our unit for most nuclei, though the definition is somewhat 
ambiguous. The electron energy W is usually less than 10, V (r) is of the order of 
aZ/~, and aZ is less than unity. If we regard W and aZ as of the order of unity, 


and r as of the order of y, we can solve eqs. (1) in power series in». The third term 
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in this expansion is about (i//)* times as large as the first term, and does not seem 
important in most cases. Inclusion of this term will increase the number of nuclear 
matrix elements so tremendously that we neglect it. Then we get the unnormalized 
(regular) solution of eqs. (1) as follows : 
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where k=|x|, and J, (7), KS (r) and Ki (r) satisfy the following equations : 


Joi — [ann *V(n) | ara! V(r) Jn (19) 9 
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0 
It should be noted that these functions ate independent of W. Eqs. (3) can be easily 
solved for the finite nucleus by the iteration method, and the convergency is good. In 
expression (2) the first terms are the largest terms and the second and third terms are 


one order higher in //. Here we should make a comment that our equality signs are 
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used not only for the absolute equality but also for the approximate equality within our 
approximation, 

The solution (2) is still not simple. In the case of the allowed decay or the 
unique forbidden decay these formulas might be handled but with rather troublesome 
effort. However, in the case of the non-unique forbidden transition, we can never control 
many adjustable parameters coming from all the terms in (2). Therefore, we make the 
additional approximation in which @ZW is neglected in comparison with unity. This: 
means we neglect the second terms of g_,(r) and f,(r) and all the third terms in (2). 
The ratios of the second terms of f_,(r) and g,(r) to their first terms are of the order 
of Wp/(aZ), so that they are retained. In order to understand the nature of this 
approximation these neglected terms are shown as percentages of the retained terms in 

Figs, la—1d and 2a—2d for Z= +90 and W=5, by assuming the uniform and surface 
nuclear charge distributions. As they are roughly proportional to aZWy, we can 
estimate these quantities for other Z and W values. 

In should be mentioned here that the above errors are not those in the transition 


matrix elements but only those in the eigenfunctions. The former errors will usually be- 
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Figs. la—1d. Neglected terms in the inner electron wave func- 
tions as percentages of retained terms, for Z= ==9055(A=230) 
and W=5. Uniform nuclear charge distributions is assumed 
with (minimum) o=1.2 4'/3x10-13em. The numbers on the 
gtaphs are k’s and primes are for positrons. For details see eqs. 
(2) and the following explanations. 
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of the same order of magnitude of the latter one, although the detailed value will differ 
in each particular case because the radial dependence of the neglected term is different 


from that of the retained term. In particular, the error may be considerably magnified 


when the main matrix element becomes extraordinarily small, or when a large cancellation 
among several partial matrix elements occurs. An unusually large ft value is an indication 
of such a case. One must be careful in interpreting the result of an analysis in such a 
case. It is dangerous to deduce a definite conclusion from it, although a plausible con- 
clusion might be drawn. 
2B. Electron wave functions outside the nucleus 
Outside the nucleus the potential is independent of the nuclear charge distribution. 
Therefore, the actual wave function of the electron is a linear combination of the regular 
and irregular wave functions for the point nuclear charge. If we neglect the screening 
~ effect and also neglect (W)? in comparison with unity, the regular radial wave functions 


are given by’ 
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eae HMO) 


In (4) and (5) p is the magnitude of the electron momentum, Ye (RP —aZ")'?, and 


c.¢, means complex conjugate. The Fermi functions are defined as 


a C lk 
(6) 
irr — (2k)! —1Tr—k ,72ZW/ (2p) iaZW 
V Ft, (1) =- ne & (2pr) ~1#—Fe D7 
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(6) 
The absolute signs of the wave functions are not important, and we may take the value 
of the two-valued functions (k+iaZ/p)'” and (7,+iaZW/p)'” on the branches where 
they become positive for Z—>0. The above wave functions are normalized so that there 
} ate R electrons in a large sphere of radius R. We note here that the factor kK—7, in 
T the denominator of the higher terms in po in the expansion of the irregular function 
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Figs. 2a—2d. The same percentages as Figs. la—id except 
that here the nuclear charge is assumed to be entirely at the 
surface. 
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causes no trouble for Z—>0, but the approximate expressions (5) certainly fails for 7,1/2. 

If we take into account the screening effect, the functions (4) and (5) are no 
longer the exact wave function even for the point nuclear charge. The shift of the electron 
potential near the nucleus due to this effect was evaluated by Rose”, using the WKB 
method as V,™1.13.a7Z*!’, Even if the WKB method is crude in this case, it certainly 
gives the order of magnitude correctly. The above V, is quite small in comparison with 
the magnitude of the total potential, so that the unnormalized wave function near the 
nucleus is practically independent of the screening effect. The screening effect is expressed 
as a change of the normalization in this case too. From the above consideration we may 
write the normalized regular and irregular wave functions of the electron for the point- 


ruclear charge as 


(1+ 4,@ fe), [14+4.0) ] 9" ©), 
1445 Oi @), (tra ]9. ©). (7) 


4,(r) and J'""(r) are correction terms for the screening effect, and also depend on Z 
and W. They are almost independent of r which is as large as 7. It seems difficult to 
express them in an analytical form. At present we do not have the numerical values 
for them, but we can expect from the experimental data for allowed transitions” that 
their effect is appreciable only for 9 -decay of relatively low energies, where K electron 
capture dominates. Even if we do not specify 4,(r) and A" (r), we shall see in the 


following that fairly convenient formulas can be obtained and the screening effect can be- 
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taken into account without difficulty once we know the numerical values of J,(p). 
2C. Normalization of the inner wave functions 
The actual electron wave functions outside the nucleus normalized in the same way 


as (5) or (6) ate written as their linear combinations, 
fi. =40144, 016") +5114 4° 0]: 
Gn (1) =4y[1 +4, (7) 9 (1) + bel 1+ 4" ©) | Ge"). 


We are assuming that there is no nuclear charge at r>j (This condition gives the 


r>p (8) 


definition of » as used in this paper). The normalized inner wave functions in which 


we are most interested can be represented as follows : 
pal Cp) ton 


; 2 re (9) 
In (1) = Ca Gu (1). 


Here, c, is obtained by connecting (8) and (9) smoothly, and is solved formally as 


C= fa" (0) Ga" (0) 9x (0) fe") [1+4,]a,. (10) 

% (—) In (?) — Ix (?) fx (P) 
Here 4,(~) is written simply as 4, because it is independent of / in our approximation. 
We shall see in § 3 that this normalization factor is independent of the so-called large 
cancellation, and the error in it is not magnified contrary to the error in the f7'(r) and 


Gi (r). Therefore, we may calculate c,’s somewhat more roughly than f;'(r) or g(r). 
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First we can take a,=1 in (10) as a suitable approximation. The first terms in 
the right-hand side of (8) are of the same order of magnitude as the second terms at 
r=, which may be seen from considerations of self-consistency. Since the irregular 
function is much larger than the regular function near the nucleus, 6, is much smaller 
than a,. A simple order estimation shows that 6, is about (pj)*™ times as large as 
d,. 7x» 1/2 for Z< 118. This suggests that we can practically neglect the second terms 
in (8) when we discuss the properties of (8) at r—>0o, because the irregular functions 
are as large as the regular functions at r—>co according to the normalization condition. 
Then a,=1 follows from the normalization of f,(r) and g,(r). (For the detailed 
discussion see reference 7.) It should be clear from the above argument that a,=1 in 
our approximation is not equivalent to b,=0, The numerical estimate has been performed 
for Z=90, W=5, k=1 by assuming the uniform and the surface nuclear charge distri- 
butions, and has confirmed that a4,=1 within 1% error. With this approximation we 


get 
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In (11) W*o? is neglected in comparison with unity. It is not impossible to handle 
all the terms in the denominators D,* of c_, and c,. However, if we consider that we 


have to make many other approximations of the same order, it seems not only more 
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Figs. 3a—3b. Functions appearing in the electron wave func- 
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convenient but also more consistent to neglect the third terms. Their orders of magni- 


tudes are aZWp/(27,—1), but they are not magnified by the cancellation. Moreover, 
if one wants to include these terms, one may attribute their effects to J,. 4, has been 


supposed to represent the screening correction, but it may be considered to be more 


Table L Neglected terms in the normalization factors cxx as percentages of retained terms. Uniform 
and surface nuclear charge distributions are assumed with (minimum) o=1.2 4'/3X1078 cm. For 
details see eqs. (11) and the following explanations. 


| k 1 | 2 | 3 4 
eo = | = ~- ul ——— = -—- “ = 7 = 
Z=+50 uniform 0.31 (W+£1/2) | 0.11 (W+1/4) | 0.07 (W+1/6) | 0.05 (W+1/8) 
(A=120) | surface 0.44 (W+1/2) | 0.15 (W+1/4) | 0.09 (W2-1/6) | 0.07 (W+1/8) 
Z=+90 | uniform 1.21 (W+1/2) 0.25 (W+£1/4) | 0.15 (W+1/6) | 0.11 (W+1/8) 
(A=230) | surface | 1.75 (W+1/2) | 0.36 (W+1/4) | 0.22 (W+1/8) | 0.16 (W+1/8) 
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flexible. The third terms in D,* are listed in Table 1 as percentages of the main terms 
for a few particular cases. 
After all we have obtained the following normalized wave functions : 
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Figs. 4a—4b. The same functions as Figs. 3a—3b except 
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Expressions (12) and (14) are our final electron wave functions. They include the 
effects of both the screening and the finite nucleus in a consistent way. Among the 


latter effects, which consist of the finite nuclear size effect in the narrow sense” the 
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effect of the P-decay at the inside of the nucleus” and the finite de Broglie wave length 
effect,» one may suspect the omission of the last effect. As far as an unscreened point 
charge nucleus is concerned, the K—U approximation might look better than ours because 
the former includes some higher terms in po other than ours, But, their approximation 
‘was performed after the transition matrix element was squared, while our approximation 
is made before squaring. Suppose the neglected term in the transition matrix element is 
of the order of 1% compared with the largest terms. If a cancellation between the 
largest terms reduces the matrix element to 1/10, which corresponds to a cancellation to 
1/100 in the squared matrix element, our error will be of the order of 10%. However, 
if the neglected term in the squared matrix element is of the order of 1%, the error 
after the same cancellation may be 100%. Actually this may happen in the case of the 
K—U non-low-Z approximation, but their low-Z approximation fortunately gets rid of 
this tremendous increase of error accompanying a cancellation.” From this consideration 


it can be seen that our theory includes the main part of the finite de Broglie wave length 
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effect. Higher terms in pv considered by Rose et al.”, which are neglected in our calcu- 
lation, are understood to be only a possibility if we notice that many terms of the same 
order of magnitude are neglected in their theory. We avoid uneven approximations and 
keep the order of the error in our mind. 

The normalized wave functions should be independent of the choice of the hypothetical 
nuclear radius . Each wave function in (12) and (14) has two -dependent terms. 
Note that [,(r) depends on”. It is proved in Appendix 2 that every function in (12) 
and (14) is actually -independent by the cancellation of the p-dependences of two 
terms. Although ~ can be chosen somewhat arbitrarily in our theory within the restric- 
tion of absence of the nuclear charge at r >, the smallest value is favourable to estimate 
the error in our approximation, which is followed in this paper unless stated explicitly. 

2D. Behavior of our wave functions 

Our final forms of the electron wave functions (14) include I,(r) which depends 
on both & and the nuclear charge distributions. It is desirable to get an idea about that 
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behavior of J[,,.(r) for later purposes. In Figs. 3a—6b I[,(r) and br dre V) 
x (71). are shown for Z= +50 and +90 (independent of the sign) and for he uniform, 
surface and point nuclear charge distributions. For the point charge nucleus the [, (r) 
cannot be obtained by the procedure given above because the boundary condition of the 


first equation in (3) is unsuitable in this case. However, we can get it directly by 


-compating (4) with (14) as 
| af er ee Tr-k 
I, (7) =/ 3h) Be : for point charge 


This function satisfies the differential equation derived from the integral equation (3). 
It should be noted that the function for the point nuclear charge does not correspond 


sto the K—U approximation, The K—U approximation rather corresponds to 
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although this correspondence is not perfect because of the different method in their 
approximation. Thus we have obtained the electron wave functions in quite a generab 
form. In the next section we calculate the correction factors for /-spectra by using these- 


wave functions. 


§ 3. Correction factor for the beta-spectrum with effective 
nuclear radii 


In this section we show how to derive and arrange the correction factors for p= 
spectra using the electron wave functions obtained in the previons section. As an example 
we treat the Ist forbidden transition assuming the STP interaction. See Appendix 1 for 
the allowed transition and the 2nd and 3rd forbidden transitions with the same interac- 
tion. In the first sub-section a primitive form of the correction factor is presented, which 
includes both the finite nuclear size effect and the screening effect. This form is still 


inconvenient for practical purposes. In the second sub-section we introduce the ‘ 


‘ effective 
nuclear radii” to make the form of the new correction factor quite familiar. In the 
third sub-section we discuss the domain of the possible values of the nuclear matrix 
elements and the effective nuclear radii, In the final sub-section further parametrization 
characteristic of the STP interaction is performed, which will not only help the actual 
calculation but also be useful for understanding the nature of our approximation. 

3A. Primitive form of the correction factor 

The correction factor for the f-spectrum is such a function of the electron energy 
that gives the actual f-spectrum after multiplication with the ideal spectrum (allowed- 
shape spectrum), (1/27°)F,(~) pWq?dw (q: neutrino energy). We shall normalize our 
correction factor so that the above mentioned (actual) spectrum also gives the absolute 
transition probability. The /-decay interaction is so weak that we may use perturbation 
theory. In this paper we assume the Fermi theory for the $-decay interaction. The 
interaction Hamiltonian density in this theory is 


A, (r) =Gs$,* (7) Bou (r) -$.* (7) BA) 
+Gy[ho* 7) Pur) -P.* 7) fy (7) —Pp* (7) ain (r) -$.* (r) ay, (r) ] 
+ Gol hy* (7) 869, (7) -$.* (7) Bod, (r) +4,* (r) Bay, (r) -$.* (7) Sad, (r) | 
+GalPo* (1) Ob, (7) -f.* (7) Of, (r) —$o* (W) 1s Pa) -Pe* W) rsh) ] 


+ Gp fy* (r) Bi54n (7) -$.* (r) Bis fy (r) 
+ (Hermite conjugate) . (15) 
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Here ¢,(r), ¢,(7), ¢-(r) and ¢,(r) are the field operators for the proton, neutron, 
electron and neutrino respectively, (, @, O and 7,=—ia@,a@,a, are the Dirac matrices, 
and G;, Gy, G,, G, and G, are the coupling constants. The recent experiment by Wu 


2) . 4 J R 7 
et al.” showed that the interaction (15) is not the true.one, but the interaction may 
be revised as 


3? (r) =H; (r) + Hy, (r) (15’) 
with 


Hy (r) =G5' f,* (7) Bon) fe* (7) Bis fy ©) 
+Gy'[h,* TF) Galt) -Pe* Ts flr) —Hy* WH) adr) -fe* ro, (r) | 
+Gy' [,* (r) Bod, (r) -b* (7) Bag, (7) +H," (7) Badin r) -fe* 7) BOP) ] 
+G,'[f,* (7) Opn (r) -f_* (r) ad, (7) —py* (r) 7s Pn (Tr) -Pe* ) bv) | 
+Gp! py* (7) Bishn(r) -P* 7) BA) 
+ (Hermite conjugate). 


This interaction H$(r) includes two different kinds of terms, those which have primes: 
attached to the coupling constants and those which do not. It is well known that the 
interaction (15’) necessarily violates the parity conservation. The interference term of 
these two kinds of interactions causes left-right asymmetry. However, there occurs no 
such interference term in the /-spectrum, because the spectrum is a property integrated 
over all directions and there arises no difference between right-handed and left-handed 
coordinates. We can not distinguish ¢/, and 7,4, by themselves since we assume zero 
rest mass for the neutrino. Therefore, we get precisely the same correction factor for 
each kind of interactions in (15’) if the prime signs are ignored. Accordingly the: 
results of this paper are easily extended to the interaction (15’). To do so we have 
only to add the correction factor with ptimed coupling constants to that with non-primed 
coupling constants. We do not assure invariance of the theory under the time reversal 
in this paper, so that the coupling constants may take any complex numbers."” 

The (J-decay interaction has become fairly well-known now.” One of the clearest 
facts is the existence of both the Fermi type (scalar and vector type) and the Gamow- 
Teller type (tensor and axial vector type) interactions ; 1. e. allowed transitions occur for 
nuclear transitions of spin change 0 and 1 and parity change no. If we assume the 
Fermi theory (not to be confused with the Fermi type interaction or the Fermi selection 
rule), the 1st forbidden transitions occur whenever the nuclear spin change is 0, 1 (non- 
unique transition), or 2 (unique transition) and the parity change is yes. The n-th 
forbidden transitions for n=~2 have the selection rule of spin change n (non-unique 
transition) or n-+1 (unique transition) and parity change (—1)"”. In this paper we 
define the order of forbiddenness according to this selection rule. Then for the n-th 
forbidden transition, the electron and neutrino partial waves concerned can be found from 


the following rules: When the Dirac matrix for the nucleon in the cofactor is 1, 9, © 
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or 6, the sum of the magnitudes of the orbital angular momenta of the electron and 
the neutrino is not less than n, When the Dirac matrix for the nucleon is 75, S75, @ 
or fa, the sum of the magnitudes of the orbital angular momenta of the electron and 
the neutrino is not less than n—1. In the text (eq. (16) and § 3D) and Appendix 1 
we take into account only the partial waves leading to the smallest sums of orbital 
angular momenta permitted by the above rules. For non-unique forbidden transitions this 
approximation means the neglect of aZWy in comparison with unity, and is consistent 
with the approximation made in § 2. For the allowed and unique forbidden transitions, 
however, it means the neglect of (@Z)* in comparison with unity. This approximation 
is usually cruder than that in § 2, so that we supplement the formulas for these transi- 
tions in Appendix 3. For more explicit arguments, see references 10 and 17. The radial 
wave functions of the neutrino are the Bessel functions. We use only their first terms 
in the expansion in (qr)*. 

The above two approximations (without the refinement for the allowed and unique 
forbidden transitions) are the same as those which were made by K—U and many others. 
But an important difference is that we do not regard the radial wave function of the 
electron as constant inside the nucleus, even if it is divided by 7” (/': appropriate orbital 
angular momenta for the large and small components). The radial wave function of the 
neutrino divided by r” is surely constant in our approximation, but the effect of the 
Coulomb field is so large that we cannot make the same approximation for the electron 
wave function, 

In the following example of a calculation by our method we assume Gp=G,= 


» We also assume that G, 


16) 


in (15), which seems to be probable from the experiments.” 
is not much bigger than Gs or Gp because it does not seem likely" and furthermore an 
extraordinary large G, (|G,/Gp|>10) requires quite a different procedure." We also 
assume that Gy and G, are of the same order of magnitude. In the text we treat only 
the 1st forbidden transitions because the long formulas required for the others may be 
annoying. In Appendix 1 the allowed, the 2nd forbidden and the 3rd forbidden transi- 
tions are treated assuming the same interaction. It is not difficult to get the formulas 
for other interactions by the aid of reference 9. 

With the above mentioned approximations we get the following primitive form of 


the correction factor for the 1st forbidden transitions 
Cisep= + |Gs|"{ (9°/3) Lo* (Br, Br) +2L,* (Br, fr) +M,* (Br, Br) 
+ (q/3)LNo* (Br, Br) +c. ¢.]} 
+ |Gyl? 4 (q?/9) Ly” (Bo-r, Bo-r) +M,*(8o-r, Bo-r) 
+ (4/3)[Ny' (Ga-r, Bo-r) +e. ¢] 
+L," (Ba, Pa) + (q'/6)Ly*(8oXr, BG Xr) + (1/2)L,*(BoXr, Boxr) 
+M,* (86 Xr, 8o Xr) — (q/3)[Ny* (BoXr, BOXr) +e. ¢] 
— 4/3) Ly" (Bo Xr, Ba) +e. c.J+[Ny* (RoXr, Ba) +ec.] 
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+ (g°/12) L,* (Bi-Bij) + (3/4) L, (Bi, Bi) } 

+ |Gp)?L,* (875, B75) 

+ {iG,*G,[L,* (br, Boxr) —M,* (Sr, Boxr) + G/3)N,* (Sr, Bo Xr) 

— (q/3) N,** (Bo Xr, Br) — q/3)L,* (Br, Ba) —N,* (Gr, Ba) |e. c.} 

+ {iG,* Gp| — q/3)L,* (Bo-r, Bis) —N. (Bo-r, Br) ]+e.¢}. (16) 
Here c.c. means complex conjugate, and 


LE,(X, Y) = (2F, (P) p’) i 
(Gerke her Oheee nd hares It 


r 


Mi(X, Y) = (2F,(p) p*) 7 


Be eh a? 


N&i(X, Y) = (2F, (0) Pp) 
[xP Nora )a(Geey GoD} 

X and Y are used for arbitrary nucleon operators operating on any one of all the nucleons. 
If they are vectors or tensors the scalar product should be taken in (17). means not 
only the matrix element between the initial and the final nuclear states, but also, when 
two |’s are multiplied, the average over the directions of the initial nuclear spins which 
are assumed to be random and also the sum over the directions of the final nuclear spins. 
Instead of using the above definition, we may define |x as “the reduced nuclear matrix 
element ”, a quantity similar to that denoted by Racah’s (|| |)’ symbol or Yamada-Morita’s 
Wt symbol.’ According to this definition \x is free from all the directions of X, the 
initial nuclear spin J, and the final nuclear spin J’. In order to match the normalization 
to the former definition, \x should be (2)’+1)'?/(2J-+1)™ times Yamada-Morita’s 
ym (X).' This latter definition of \x becomes inevitable for the calculation of angular 

“B, 


distributions. 
of K—-U’™. The electron wave functions always appear in such combinations as (17) 


and only those with --indices occur in the STP interaction. In the 


J, (r) /r* by their 


Bj, in this paper is a tensor operator whose matrix element is the 


in the Fermi theory, 
K—U approximation which replaces f_;(r) ft, Wav eT? AO ae 


values at r=, (17) tends to 


1x, NA[X) (fyb teas Y(|X) (YY) Ee 


Mets (X, vy) (|x) (\¥ Me Mz.(X, Y) (|x) (jy me _ 
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* ¥ 
Nii (X, ¥) (|X) Chaise Neal’, ¥)>({x) (\¥) Ne. 
(17 K—U) 
In the above expressions Lz_,, Mj, and N,z; are the symbols used by Smith.” 
3B. Effective nuclear radii 


The above form of the correction factor is inconvenient for practical purposes because 


the functions L#,(X, Y), etc., have energy dependences in the integrands. 


energy dependences are separated by substituting (14) in (17), 


to a(n) (rn) | 2] 


ul 7x/R g —7./k 
NG 7 tH [1+4_,2+ —_"|i+d th 
BPE dpe tlh 4 ay 


= Far) [ 28H iP 
Me Coy. fois - 
lta ARE), WE 


| (farce (4 HV) tale) ) (Pv jar, FEV (r) Ie(n) ) 


1 (W+7,/k teed yall oA Ges Tae 
Ti a/R P42 ge 
Sos rier Fy 


” (J ioe far, FV o)Ien) ) (| ¥RO ) 


+ 


BED aCcaaice | dr,ri* V(r) Le(n) )} 


0 


x 
20k 21) W 


+( [xn@)'(| YI, 8 pecs 


x {nO ey" [i+ Joy Pat Wan + 13 [1 +4,7+ ], 


INe GS Ue oF (7) BER Rare 
( ) a Ge.) hex P | 


[fxr fantroon w)) ({¥n0) 


1 (W+7,/k age 
SC vous es ay ete, eS Cs | 
zi Pies yw a 


1 NCAR ford [1+4_,P+ W—ri/k) W+ Dats +4,F} 
W 
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i (| XI,(7)). (| YI.(r)) > 


WW +in/k) W 1) | a Paes! 
x] ae OOD) (14d We tal) ey er +4,}+]. (18) 


In order to write (18) more concisely we use the following notation : 


PET PTH Perk >», W—-7,/k 5 
poe (WR a pH a 
_._._ W (W+7r/k > W—7,/k | 
A, => — (1+4.p-- Eh +4,}1, 
gt pen Zak) (W—1)° >, (W—7,/k) W+1)° 
ee 14+4_,?+ : 
fs oa - [1+4_.P+ a [1+4.F. 
WW en/) WS 2 W—-7,/k) W+1)* ; 
is leat Py : ak cal (es 7 (ta_,) = nl) + 4,7 : 
ee a) (W+7x/k) (WEY) 2 (W—7,/k) (W+1) 2 
Bie er iy hy Gubs ttie! Mauna Dipsayt, 
2 yy mk aX 
ig aed (W+in/®) W -1) [1 BEAD oe UE -Tn/k) WV) [+47 : 
2p" W W 
(19) 
They are not independent, but 
py =Ay* + (2/P?) Ce A) py =A + W? +1) [Po Ae 4a), 
yyt=Att (1/p) ae —4a),  e = —W?/p- (Ay An). 
If the screening effect is neglected, i.e. if we put 4,=4_,=0, (19) becomes 
nS, A 1— (1—7%/)> 
py 1+ (2/p) AF: /*)> py 1 + (W? +1) /p? 72/4), 
pti 4+ (17p) A—M/F); oS Wp ee (20) 


A,*, pat and »,* can be regarded as the factors which make it possible to take into 


account the screening correction. 1—7;,/k is considerably smaller than unity and can be 


neglected in most cases. p’ in the denominators in /4,* and v,* causes no trouble because 


these quantities are always multiplied by p* in the correction factor. 


or 


Now we define the “ effective nuclear radius” ~,(X) as 


( creat 2 en al I 
[xem [dn VOhO=—p 5 xy |Xh@, 


0 
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thao 
k 2¢(X) 


[xr | dri 7) ele) =— [XhO. (21) 
Since the effective nuclear radius is defined by the ratio of two nuclear matrix elements, 
it depends on both k and X, but is independent of the electron energy. It should be 
noted that our effective nuclear radius is a well-defined quantity contrary to the hypothetical 
nuclear radius ». When we know the nuclear wave function thoroughly there is nothing 
arbitrary about the effective radius as can be easily seen from the latter form of its 
definition (21). 
Substituting (19) and (21) in (18) we get 


fie (C6 ¥) =(| Xt ()) ( {Yn@ Fin ok ee 


F,(y) L (2k)! 
tc, Yy=()xnio) Pra) Fe | Boro] 
eg 1(p) | eet 
Mea(X, Y=(JxRO) (J¥hC) FG) ieee | 


le Garey) Gaay)* trata Graco tac) 
ee | 
(2k+1)? 


Mis, ¥)=([xnO) (fyb) A [ZR pl 


1 1 r a 
x 44 (Sir Nee seo dae + ATE SV AeT Nic ¥ oie es 
Fa, 

(2k-£1)? 


mises ell am) hemo eee | rep 


x| =- 1 ak he P 


2 Ape co le ee ee 
k EP 5.6) (2k+1)W e | 


ne, (fun) Grn) [Mo] 


1 1 C7 2 
x _ FS" 2Pibes. sunls 
al 2X)” Chew | (42) 


If we compare the above formulas with those in the K—U low-Z approximation 
‘we find a great similarity between them. If we put I,(r)=1, F,_ il) Fito) =i) as 


BE pe 
= [a =e =1, 4g =0 and o,*(X)=0,(Y) =p in our formulas, they reduce to the 
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formulas in the K—U low-Z approximation, Actually [,(r) is not much different from 
1, especially for small Z, as can be seen from Figs. 3a—6a. F,_;(~)/Fo(e) differs from 
1 somewhat more than I,(r) does”, but F,_;(¢)/F,() ==1 does not seem to be an 
essential part of the K—U low-Z approximation. As the K—U approximation does not 
take the screening effect into account, it is natural that its formulas should correspond to 
ours with 7,*=,*=»,*=1, 47 =0 which are fairly good approximations except for 
very heavy nuclei. The fact that in the K—U approximation ,*(X) =/,(Y) = seems 
to be the most essential difference between that approximation and ours. However, the 
K—U low-Z approximation can be regarded as a special case of ours because we may 
assume (/,(X) or ~,(Y) to be either equal to or different from , as far as we can 
regard nuclear matrix elements as adjustable parameters (see § 3 C). On the other hand 
the K—U non-low-Z approximation is very different from ours, and cannot be regarded. 
as a special case of our approximation. 

3C. Interrelations among the nuclear matrix elements and the effective nuclear radii 

From the argument of the last sub-section we see that in our formulation there 

3 ~ 
appear two kinds of nuclear matrix elements | Xk (r) and oe | dart) Ds Gable 
| 0 

The effective nuclear radius p,(X) can be obtained from the ratio of the above two 
nuclear matrix elements. In most cases we cannot calculate the above quantities with. 
reliable accuracy. Therefore, they are treated as adjustable parameters, and may in principle 
be determined from the experimental data. However, they cannot be regarded as indepen- 
dent parameters since there are interrelations among them. 

In a given transition there are generally a few X’s and k& values. It seems difficult 
to get any reliable relation between the nuclear matrix elements of different X’s in the 


present situation, so that they may be considered to be independent of each other. How- 


ever, I(r) does not vary significantly for different & values, so that | Xl (r) will not 


r 


depend strongly on k&. This means that we cannot regard such quantities as \X1, (r) and 
XI,,,(r) as independent adjustable parameters. It is not easy to say generally how much 


difference is allowed between these two nuclear matrix elements, because this difference 
depends not only on Z and nuclear charge distributicns but also on other factors such as 
nuclear models when applicable. However, the following method will give a fairly reasonable: 


estimate of the ratio of two nuclear matrix elements. 
e 


Let us consider |XL@/) Xt (r), which can be written 


e 


\ X1,(7)/\ XL) =b0/L,@) 


ap 


+| XU Ah) LO LOVLO | XL. (23) 


Here 7 is a certain average of r and is taken so that the radial dependence of the func- 
tion (7) L(r) -—LM) L@) differs from that of I,(r) as far as possible. r=0.8/7 may 
be a good choice if the smallest value (see § 2C) is chosen. I, (7) /I,(r) will serve: 
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e 


as a middle point of the range of | XL) /| Xt (r). On the other hand the second 
term in the right-hand side of (23) will take a positive sign as often as a negative sign 
because the radial dependences of the integrands of the numerator and denominator are 
so different. The integrand of the numerator vanishes at r=r. If we choose 7=0.8/ 
as stated before the largest contribution to the numerator will come from the region around 


r=7,~0.6¢ and r=7,~ 0.99. Then 2 >> |Z ML) —LM%) I(r) |/[ 217 (7) ] will serve 
i=1.2 


as a measure of the range of the ratio | Xt)/| XI (r), or as a measure of the radius 
of the range on the complex plane if we do not assume invariance under the time reversal 


: ae 19] 
even for the nuclear interaction” : 


| x1.0)/| XL -2.0/1.0| 


Sad LOL) -LOLO|/121"@], (24a) 
with TeO.B.M, Tt e0,0. 0,9 fo 0.0.83 


Here the “ratio of risk” of (24a) depends on the value of n. If we choose n as 1 
that 


< > 


the ratio of risk is expected to be of the order of 1/2, because the “ probability ’ 


|| XLOLO-LOLOV LOL -LG@LO]| 


is larger than || xr (r) /[2I,(r)]| seems to be about 1/2 when the nuclear wave func- 
tion is completely unknown, For n>1 failure of (24a) occurs when || xr, (r) | is very 


small due to a cancellation in the radial integral. It is natural to assume that the a 


‘ 


priori “ probability” for || XI (r)| to take a very small value is independent of that 


value. This means that the “ratio of risk” of (24a) for n> 1 is inversely proportional 


“ee 


to n. From the above argument we may regard the “ ratio of risk”? as of the order of 


1/(2n), 
“Ratio of risk” of (24a) =O(1/(2n)). (24b) 
The authors feel that n=5 and 0.1 risk are suitable for many cases. 

Although the above argument is very crude, (24a) and (24b) will be helpful for 
practical calculations. The numerical results of .the above method depend on nuclear 
charge distributions, We assume uniform charge distributions which seem to be pretty 
close to the actual one, and calculate the allowable ranges of some important ratios of 


nuclear matrix elements in the same way as (24a) : 
|XLO /\ XI) =1, Zo (25a) 
| |xnc/| XI, (7) —1.01,| << 0.003,n, 


| | Xz (r) /\ XI,(r).—1.01,| < 0,004; n. 


we 
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|| XL@)/)XL@ 1.01, <0.005,n, | 


i[xn@)/ XI,(r) —1.00,| << 0.0025, 


\ xr | ar V(r.) Ip(71) 


|| X4,0)/| X1.@) —1.08,| < 0.017,n, 


| /p.(X) —1.01,|< 0.064 n, 
| 0/p3(X) —1.075| < 0.0759, 
| 0 /p (X) —0.885| < 0.04290, 
| p/g(X) —1.024| < 0.063,n, 
| 0/ p(X) —1.07,|< 0.07450, 
| o/p,(X) —0.90,| <0.037,n, 


| 0/fog(X) —1.04,| < 0.06240, 


| 0/p4(X) —1.074| < 0.073;7, 


| 


3|xr*|'ar, V(r.) L,(n) 
0 


pxrs|an r2V (1) 1, (rn) 
0 


| 


|x \. dr, re V(r) 1, (r,) 
0 


XE,()/| XL —1,00,|<0.001,n, 


X1()/| XE) —1.00)| < 0.00037, 


XI,(r) /\ X1,(r) —1.07,| < 0.01237, © 


|XL@/| XL — 1.08, | <0.020,n, 
| XI, i /\XL@ —1,00,| <0.004,n, 
\ XI,(r) /\ XL,(r) —1.00,| <0.007.n, 
|X (r) /\ XI, (r) —1.009| <0.002,n, | 


0/1 (X) —0.875| < 0.0459”, 


— 1,16; 0.01347, 


a Lee te OO 
eZ 9.0 
: Z~0 (40) 
3) ha ae ol) 
P Vhs sh) 


. A <4 
1,23] <0.022,n, : Z~0 (40) 


iD 


(25b) 


(25c) 


(26a) 


(26b) 


(26c) 


(27a) 
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r . Cr : 
ne | xr’ dr, nVG)S (r,) 4 
‘ 0 - —1.05,;0.007,n, 


2\ Xr | drt V LO) | 


)2)Xr*| dr,r'V (r,) Io(7,) 
| ood AOE =e ——1.18, = 0.01201, 


| 


[xr] dred bee) 


| 3 | Xr driv V (rds ry) { 
| a eS — 124, 0021, os Ze 50 (27b) 


r 


\ Xrs|drr8V(n) Lig) 


ie \xr7| dae Vin dee ; 
se 1-045) OOO 


| 
2 ao ae ad 
——1.24,|<0.008)n, | 
ni | 
\xr a arts Vy) Lgaa) | 
3 r ear aly V (a) dD | 
0 + = 1°29, |< 0.01347, 4) = 2= +90 (27c) 


z 


Paed 
{ xe {dune L) 
Peale 


| 
| 
| 


Tat, Vv (14) I, (a) 
gee oe —_—] 03, <0.004,n, 


afxrr{dnntV Gd Le | | 
0 

with 

“Ratios of risk of eqs: (25a) — (27c)””=O(1/(2n)). 


The application of (25a) —(27c) are given in the next sub-section and Appendix 1. In 
concluding this sub-section, it should be mentioned again that the above argument is based 


on our ignorance of nuclear wave functions. 
3D, Further parametrization in the 1st forbidden transition in the STP interaction 


The argument untill now is quite general and not restricted to a special (-decay 


interaction, However, the procedure given in this sub-section is rather characteristic of 
the assumed STP interaction, 


After substituting (22) in (16), we can arrange (16) into 


Crefee= ae | ete ee (i Ro-rI, () ) +16, (her 1(r) )/ 


| 20, (8a: r) 
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+ (94°= Fv )\(G, | Bo-rt,(0)) 
x ts ())+iG,(| Prt ())|+6 cf 
+ (gat tpt” - 2aP. ¥*)G | Bo: rl | 


+A° 6,| (| Bat, ew 


aie ras G, orale 


(gi - 2 ,")| (1G. fr.) {Ge| (| 202.0) 
ee ot G; (Jorn +6 4 
~ (gi —£4,°)(GrfAoxr tn) {Gr| (| eah0 ) 

ae ee ())|=i Sat G s({ ar.) )} +6 | 


Gs [ar t()| 


a 
+-5-(3gth" +p Hy —74F »,*) 


2p° £0 77/6 Ltr) | 
ae F,(p) 2 s| Br alr) | 


+ 4 i 4 
+ (3g + 2p shar -Yj ) 
18 


x 2 
G,| Ba Xr I(r) 


LE ys MeLG)d 
er F.(p) 7 | Pox T(r). 


+p (igs fern)” Gp({foxrt,)) +e | 
SBE lon np 7 
4+ erat DG, [BLO (28) 


Now we define the (adjustable) parameters independent of W and p as follows ; 


Pea yc, | Bs 1, (r) 
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az 1G’, | Pr [, (r) 
Oi e 


'  29,(Bo-r) G, | po-r (7) 
=| Gr(| Rat, (r) )— a oe G (| Boxrl@) 


a a SeEay G, s(f art ~))|[e r|Boxr ty | 


‘ iG | Br ,() ros ert. On 

y=, a : (29) 
G, | Rox (r) Gn | sax, (r) 

(Os [Poxrt( (2) ice 

we [Foxx 1,0) We stg | Bb1G) | 


Each index of the parameter in (29) indicates a magnitude of the (vector) sum of the 


emitted electron and neutrino momenta. Substituting (29) in (28) we get a fairly 
concise expression for the correction factor, 


Cispp= G,{o-rf, (r) {alm?——2 (9a, —Fv,*) Re ia) 


$a Py — Py +| 
i) Y) OW } 


+ Gp| Po-r1,() 


Lac a 2 (aa Bho) me Pay) 
(ght +, * ake Gi?) += (gat + py - 2a," bee 
-+- _2p° ee Re (yf?) wim A; aut + Pf y+ 4249p" v7 
9 c 9 ow 


PP). 2p al (1) (Oe p(t) (1) { 
ty oe [Este r2?) + Pre} 


+316,| 3570) 
eG] J 


fei Fol pp 
A A, 
> (9 ith F,(p) SP aoe, | (30) 

(30) is our final form for the first forbidden correction factor in the STP interrc- 


tion, ‘Ke and (ym mean the real and imaginary parts respectively, 


i Among the nuclear 
matrix elements appearing above \er [I,.(7), \@o-rf, (r), | Box t, (r) and | BI, (r) are 
considered to be of the same order of magnitude, and | Pa, (r) to be of the order of 
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aZ/2p times larger.” The magnitude of | Prt (r) is still very ambiguous. It may be 
much smaller than | Br I(r), but may be as large as | Pat, (r). If we regard™Z) "ps ¢ 
and W as of the order of unity, we can classify the terms in (28) according to the 
power of ¢ except for the \ By51.(r) terms. Usually the lowest terms in p are the larg- 
est. In (29) x," and x{? are one order lower in p, and |x\”|? and |x|? terms are the largest 
in (30) if there is no large cancellation among the terms in the numerators of x{” and 


xf? in (29). However, it is possible that some large cancellation makes x and xf of 
the order of other parameters in (29). In such cases (30) is very convenient for the 
actual calculation because the large terms do not appear explicitly in (30). The large 
cancellation which requires a very troublesome calculation in the primitive form of the 
correction factor can be taken into account merely by taking small values for x{ and 
xf 

From the above argument and (30) it is clear that a large cancellation can occur 
even if the screening effect is taken into account, On the other hand the correction 
factor is a homogenious linear function in the screening factors Ai, Pact and, ¥,*, so that 
the order of the magnitude of the screening effect does not change appreciably with the 
degree of cancellation. The cancellation which depends only on (unnormalized) inner 
electron wave function f;"(r) and g,"(r) has quite a different nature from the screening 
effect or the effect of normalization which is determined by the region outside the nucleus. 

As we stated in the last sub-section it is important to notice that the parameters 
(29) are not always independently adjustable parameters. We can easily see from (25a), 
(25b) and (25c) that z$, uf? and y$?/y{? are almost unity or slightly larger than unity. 
y{? itself is an independent parameter in the following sense: 1) If time reversal does 
not hold in the nuclear interaction, y{? can be any complex number. 2) In the other 


case, yf? 


can be any number whose phase is that of +G,/G,. x{? is also a fairly inde- 
pendent parameter: 1) If time reversal does not hold in the nuclear interaction, x{” 
can be any complex number. 2) If the time reversal holds in both the nuclear interac- 
tion and the /-decay interaction, x can be any real number. 3) If time reversal holds 
in the nuclear interaction but not in the (-decay interaction, Rte (x) can take any number 
but Gin (xf?) is equal to —aZ/(2/, (8r)) -Yim(y). In this case, therefore, the allowed 
range for (Jm (x) /Im (oP) =—aZ/ (2p, (fr)) is restricted as can be obtained from 
(26a) —(26c). It is interesting to note that only in this case 3) a large cancellation 
does not occur unless we make Ym(y!”) very small. The restriction for xi is most 
complicated, 1) If the contribution from the pseudoscalar interaction is negligible, x{?= 
aZ/(20,(80-r)) whose allowed region is known from (26a) — (26c). 2) If the contri- 
bution from the pseudoscalar interaction is comparable to that from the tensor interaction 
and time reversal does not hold for the nuclear interaction, x can be any complex 
number. 3) If the contribution from the pseudoscalar interaction is comparable to that 
from the tensor interaction and time reversal holds for the nuclear interaction, x{” — 


aZ/ (20, (So-r)) must have the same phase as +G,/G,. The three typical nuclear matrix 
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elements [o-r1., [Boxerl, (r) and | B81 (r) can surely be regarded as independent 


parameters. 

As was mentioned in § 3B, the main difference between our theory and the K—U 
low-Z theory is that our effective nuclear radii are more flexible than the usual nuclear 
radius p. In the above mentioned restrictions to the range of parameters, the effective 
nuclear radii appeared only in two cases, namely those in which: 1) time reversal holds 
for the nuclear interaction but not for the /-decay interaction, 2) the pseudoscalar interac- 
tion has no effect (for no-spin-change transitions only). In the other cases the difference of 
our theory from the K-U low-Z theory is insignificant in the Ist forbidden transition. 
It is a remarkable characteristic of the STP interaction that the correction factor is almost 
independent of Z and charge distributions in the 1st forbidden transitions if we neglect 
the relations between the adjustable parameters and the nuclear wave functions. 

Our correction factor (30) is ~-dependent which comes from the /-dependence of 
the normalization of the ideal allowed spectrum to which the correction should be applied. 
However, this -dependence is completely independent of the electron energy, so that it 
does not affect the spectrum shape. It is necessary to pay attention to the ”-dependence 
only in connection with the f#value. 

Thus the mathematical manipulation has ended. The next section includes nothing 


new, and may be omitted without loss of any theoretical points, 


§ 4. Summary 


This section is prepared especially for persons not interested in the derivation of the 
formulas but only in their application. 

In § 2 we obtained the radial wave functions of the electron as (14) which are 
normalized so that there are R electrons in a large sphere of radius R. (14) is obtained 
by taking into account the finite nuclear size”) and the screening by atomic electrons.” 
The conventional notation and units in the theory of /?-decay are used as far as possible. 
V(r) is the electron potential which depends on nuclear charge distributions. 4, is the 
screening correction term (4,=0 without the correction), We do not have simple 
formulas or tables for J, yet, but we can get some idea about it from the published 
papers on the screening correction.” [,(r) is an energy-independent function shown in 
Figs. 3a—6a for a few particular cases, I,(r) is ot much different from unity and 
I,@7)-1 for Z>0, 

Of course, (14) is not completely exact. The errors in (14) are composed of two 
parts: one is in the normalization, and another is the error which would remain after 
normalizing (14) exactly, The former is roughly proportional to aZWp/(27,—1), and 
the latter is roughly proportional to aZWp, They are shown in Table I and Figs. la— 
2d in a few particular cases. These errors are given only for the purpose of indicating 
the limit of our theory, It is extremely difficult to go beyond our approximation, The 
error in our correction factor is mostly of the order of the error in (14), but it may 


sometimes be cancelled out, or may sometimes be magnified by piling up of errors or 
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especially by cancellation of the main terms as is indicated by a large ft value. One 
must be careful in interpreting the results of analyses when the ft value is unusually 
large. 

In the Fermi theory of /?-decay, the correction factor for the spectrum can be written 
by using combinations of electron wave functions as (17). For example the correction 
factor for the non-unique first forbidden transition in the STP interaction is expressed in 
(16). For the other interactions see reference 9. X and Y in (17) represent arbitrary 
nucleon operators. (17) can be written as (22) using (14). It should be noted that 
no approximation is used in this procedure. The electron wave function is not replaced 
by its surface value divided by r” (/’: magnitude of orbital angular momentum) as is 
usually done. Therefore, our theory fully takes into account the effect of §-decay from 
inside of the nucleus. The symbols 4,7, + and »,= in (22), which are introduced to 
take into account the screening effect, are defined in (19). If we neglect the screening 
effect we may use (20). (,(X) defined in (21) is the “ effective nuclear radius’ which 
should replace the ordinary nuclear radius appearing in the K—U (Konopinski-Uhlenbeck) 
low-Z approximation” and is more flexible than . Substituting (22) in (16) or in 
similar formulas for other interactions we can get a fairly simple form of the correction 
factor. Our formulas are similar to those of the K—U low-Z approximation, The main 
difference is the flexibility of our effective nuclear radii which unfortunately increases the 
number of adjustable parameters. However, our adjustable parameters are subject to some 
restrictions owing to the similarity of the operators whose matrix elements are related 
with the parameters under discussion, Important restrictions are listed in (25a)—(27c) 
which are based on the assumption of our ignorance of nuclear wave functions. The 
“ Probabilities” that (25a)—(27c) fail (“ratios of risk”? of (25a)—(27c)) are estimated 
to be about 1/(2n). (25a)—(27c) will be sufficient to interpolate for other Z values. 

For the non-unique transitions in the STP interaction we arranged the terms more 
concisely as (30) (1st forbidden), (A3) (2nd forbidden) and (A4) (3rd forbidden). 
The x’s, y’s, z's, u’s and the nuclear matrix elements explicitly written in these formulas 
are adjustable parameters, but they cannot be adjusted independently of each other. The 
important restrictions to the adjustabilities which are based on (25a)—(27c) are stated 
next to the formulas, Since the accuracies of (30), (A3) and (A4) are somewhat 
insufficient for unique forbidden transitions we supplement the formulas for these transi- 


tions in Appendix 3, 


§ 5. Additional remarks 


We have obtained a fairly satisfactory formulation of expression for the §-spectrum 


in the Fermi theory. It includes all the corrections which are considered to be important 


at present, yet it is not very complicated. 
The ft-value has a quantitative meaning only in the allowed and the unique forbidden 


transitions, We need not change the interpretation of the ft-value because our theory 
does not present these transitions in a new aspect, especially for low-Z nuclei where ac- 


curate ft-values are sometimes meaningful. 
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In the next paper we shall treat the angular distribution of electrons and neutrinos 
by our method. The radiative effect and the effect of nuclear moments which are quite 
ambiguous in the present situation will also become our future problem. 

The authors wish to express their sincere thanks to Dr. K. Way and Jr. 1D. IN. 
Kundu for valuable discussions. One of the authors (Z. Matumoto) is also very grateful 
to Dr. M. Morita, Mr. J. Fujita and Professor S. Nakamura for helpful discussions and 
encouragements, and is indebted to the Yomiuri- Yukawa Fellowship for the financial aid. 


Appendix 1. Allowed, 2nd forbidden and 3rd forbidden transitions 
in the ST (P) interaction 


Under the assumption made in the text the pseudoscalar interaction has no effect 
except for the Ist forbidden, so that we omit the sufhx P in the following correction 


factors C,s,p. For the allowed transition the correction factor is 
Cosr= |G | BEG) PAs + |G | BOL) [24% (A1) 


There is little difference from the old theory in the allowed transition. If we neglect 
the screening correction, (Al) has no energy dependence. 
In order to write the formulas for the 2nd and 3rd forbidden transitions concisely 


we put 


m=[6, aohes (3a, (r) )— eae 2 6,(]Q (96 x1) I,(r) ) 


a mar 5596 (J 2.87) KO) )|[ Gr) QtFoxr 4 |, 


Hee | Q. (Br) I, (r) 
Gr| Qu (86 Xr) I,(r) 


JQGoxn hk |e 


L 
Coe yi) — 


gh ~9 ? (A2) 
Jac (9a Xr) I,(r) | @.(5) 40) 


where Q,(X)’s are tensor operators whose matrix elements are “ Q,(X)’s of Pursey” ”, 
Then the correction factor for the 2nd forbidden transition in the ST (P) interaction is 


On poe aes TA |op+ £(Li+= F¥.*) Re Gy) 
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(A3) 
In (A3) we used the K—U’s notation T,5 and Sij, instead of of ©, (Xossaeyathe -32d 


forbidden correction factor is 


ser = Gr { Q(BOXr) 1) {LAr PE 


4 2 4 2 me . 
cere Cg he aa ( eka Fu) Fe (x1) 


q° i as A ++ f ele: | erie 
Eres 14 My Ti 


t Wye) 
24 IP n+ Re(y 
135 My (yt) 


£ Soda F dow 4 Fil) HF | a,t ae 
+45 \se6 ss at Aen F,(p) 9 2a" 


+ 2 (ait — Bn) ReePty™ — (ate + Fv" Be #2) 
at +P pt —ZE v4" )yPF 
2(£ q i,t -£ p, *) Be (92) 
+(o4 putes £ pee ce vy Pr 
Fp) | #|t Lat 2? +(-£ 1 },* — Ft Re @P*9) 


PC ae) 


je 3 ‘ 


324 7. Matumoto and M. Yamada 


+(£ is 45 Ps! ty, yer 


Gott rip pie a (3) 43) 
29 Me A, ——_~— fl, Re ( BO PRE ) 
Grate eh 


spake Fh ab. £ (Dee +4: 9P ys 


3 3 


\ 120 21W 


or 


SELON me PP +2 yP—_ me (wre |} 
F,(v) 245 8 


mE, {ait Sales ot ha, the 


7 F,(p) 
F, Mae © F3(P) P94) ye 
i ee Ne +—=— A,* |uS A4) 
Le Nese Ale y EeCey 7. a 


As in the case of 1st forbidden transitions the parameters in (A3) and (A4) are 
not independent. From (25) and (26) we can easily see that z%, uf? and y{/y{” 


(i= 2) are almost unity or slightly larger than 1. There is practically no difference 


v L L 
(1)? (1)? 5 yf 


pendent parameter in the same sense as y{'’ in the 1st forbidden transition. 


itself can be regarded as an inde- 
xi) 


between z's, between uj’”’s or between yj 
obeys 
a restriction similar to that for x‘? in the first forbidden transition except that in case 
3) Sm (xf?) / Si (94?) = —aZ/|2k0,(Q,(Pr))]. The main difference from the case 
of the 1st forbidden transitions is that the xj’”s are not quite independent mutually, 


There exist the following relations among them: 
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The K—U low-Z approximation corresponds to I5(7) =1.(7) =1, 0;(X) =—,.(X) =p and 
¥§° =? (=y), so that only one of the xis is independent. The quantities in (A5) 
are more flexible in our approximation, Among these flexibilities those of the effective 
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nuclear radii are much larger than others. Therefore, we first fix the ratios of the nuclear 
matrix elements in (A5) to their “mean values”. Then we get, using (25a)—(25c) 
and (27a)—(27c), 


See eee es: az hese al 5 |) \ 
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| 
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BD hac 014; | al a |, 
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xf? 0.98.45 ~—0.41, ak + ak |, 
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From (A6) we can see that the large cancellation over all electron energies is less 


probable in the higher forbidden transitions than in the 1st forbidden transition. 


Appendix 2. -Independence of our theory 


It is one of the advantages of our theory that the results do not explicitly depend 
on ~. The condition to ~ is only that there is no nuclear charge at r>p. Therefore, 
there is much arbitrariness in choosing /, although the smallest value is favourable for 
estimating the error of our theory, This situation is similar to that in the formal theory 
of nuclear reaction.” 

It is easy to prove the p-independence of our theory, First we prove that our 


electron wave functions (14), or more suitably, the expressions (12), are p-independent. 


There are two p-dependent terms y dhe uve and Dj; in (12). In order to Sih the 


p-independence of (12) we have only to show that the logarithmic derivatives of V7 ‘F =i 1(p) 


and Dy, are equal to each other. From (6) 
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On the other hand we get from (12) 
———— P 
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As r=/ lies outside the nucleus and the screening correction for V(p) is small (see 


§ 2), 


V(p)=—aZ/o. (A9) 
Using (A9) the third term of (A8) becomes 
kre AW 7, (p), (A10) 
2k =p 
Promm)ganda( A) 
WO <a y*-'| drrV OL. (A11) 


0 
Using (A11) the sum of the first and the second terms in (A8) we have 


Ke pe | ae V(r) J. (r). (A12) 


0 
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Comparing the sum of (A10) and (A12) with Dy, we get 


d > k—/;, 
vi [log Deg | = LS “I 
? ? 


Thus the proof has been completed. 


(A13) 


From the above proof it is clear that [,(r) has a -dependence pk-te, Since the 
ideal allowed spectrum has a -dependence of p771—2, the correction factor must have a 
(-dependence of ~~ so as to make the whole theory /-independent. All the -depen- 
dence of the correction factor is in L~_,(X, Y), Mi,(X, Y) and N#,(X, Y) which 
surely have a j-dependence of 2~27! as can be easily seen from (22). Note that neither 
the effective nuclear radius nor the screening correction factor has ~-dependence. 

Although the (-independence of our theory is quite obvious in the stage of § 3 B, 
it becomes somewhat obscure in (30), (A3) and (A4). In these formulas the adjustable 
parameters, x’s, y’s, 7s and w’s, have a -dependence to make the g-dependence of the 
correction factor 7771, This situation is not desirable but seems inevitable as we usually 


have to use a certain coordinate system for the practical calculation even though the 
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theory is independent of the coordinate system. 

Instead of the dependence on p, our formulas depend on the effective nuclear radii. 
They depend not only on charge distributions but on the details of the nuclear wave 
function, Generally the latter is much more unknown. Moreover, the effective radii are 
only numbers, Thus we can understand that we cannot generally get any information 
about nuclear charge distributions (this is a function of r) from analyses of §-spectra. 
This is a similar situation to that we cannot determine the radial form of the nucleon- 


nucleon potential from analyses of low energy data.”” 


Appendix 3. Supplement to the formulas for allowed and 


unique forbidden transitions 


As was mentioned in the text our formulas in § 3D, Appendix 1 and eq. (16) 
are not sufficiently accurate for allowed and unique forbidden transitions. In these transi- 
tions a®Z? has been neglected in comparison with 1, while any power of @Z is retained 
in the non-unique forbidden transition. Our general principle for approximation is to 
neglect aZWy or aZWp/ (27,—1), not a®Z*, in comparison with 1. This appendix 
supplements the insufficient formulas for allowed and unique forbidden transitions in the 
STP interaction. 

The terms which are of the order of a’Z* times as large as the main term come 


from the velocity type nuclear matrix elements whose operators include 7, or @. For 


example, the ratio of the contributions of the \Baxr (in the K—U approximation) type 


ad 


term to that of the \ 8s type term is of the order of a2Z?. One aZ factor comes from 


the ratio of two nuclear matrix elements, the other from the ratio of the electron wave 
functions concerned, For the correction terms only the leading terms of f_,(r) and 9, (r) 
in (14) are necessary. The contributions of the other parts are aZW yp times as large 
as the main term, and consistently neglected. 

We need not calculate the correction from the beginning if we note that the results 
are invariant under the transformation of the neutrino field, ¢,—7;,4) since the neutrino 
rest mass is taken as zero, For the STP interaction, the correction factors for allowed 
and unique forbidden transitions can be obtained as follows: First, pick up the largest 
order terms from the correction factor for the transitions whose order of forbiddenness 
is higher by one than that of the transition under consideration. Make the following 
replacements of nucleon operators and coupling constants ; G;P>G,r;, G Ets 2GsPs 
G,po>G,fa, G,Pa—>G,8o. Then we get the final answer. The results are given for 
allowed, 1st forbidden unique, and 2nd forbidden unique transitions as follows : 
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In (A15), the indices 87, of T}}* and Rji* mean that nucleon operators include 
extra factors of By,. Note that By*=Aj, and Aji*=B. We see from (A14) that 


the spectrum for allowed transition does not change even in this approximation. On the 


other hand, the spectra for unique forbidden transitions are not so “unique”? when Z 


is very large or when the nuclear matrix elements of the main terms are unusually small 
for some reason. 


Note added in proof (To %3, Appendix 1 and 3). After submitting this paper the 6-decay interaction 
has become known to be more likely VA than ST(P). Formulas for VA are easily obtained from those for 
STP by the following substitutions: GsS—>Gy, GrBo->G 40, GrRa—>Gye, GpBrs>Gurs, and q>—q. The 
above Dirac matrices are those for nucleons. Relations similar, but not quite the same, to those given 
for STP hold between nuclear matrix elements and parameters for VA. 


1) 
2) 


3) 
4) 


5) 


6) 


17) 


18) 


19) 


20) 
21) 
22) 
23) 
24) 
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The 1/m correction to the static approximation assumed by Sugawara has been estimated within 
the non-recoil framework in the case of the low energy pion-nucleon scattering. It is here assumed 
that the Foldy transformation generates a valid static Hamiltonian in the relativistic 7;-theory. It is 
shown that two extra parameters appear besides three renormalized coupling constants known thus 
far in describing S- and P-wave pion-nucleon scattering. However, a crude numerical estimate shows 
that they may be quite negligible. Other effect of the 1/m correction is to modify the numerical 
values of three coupling constants, which would, according to the present rough numerical estimate, 
not be so great as invalidating the static approximation assumed by Sugawara. 


§ 1. Introduction 


The low energy P-wave pion-nucleon scattering has been successfully described in 
terms of the static model by Chew.'’ Some models have been proposed also as regards 
the low energy S-wave interaction, among which the static model by Drell et al.” is the 
only reasonable one, though less satisfactory than the P-wave model. It is, however, not 
yet quite clear whether these models would really follow from the covariant 7, theory as 
the static limit. According to a recent method due to Sugawara,” it is possible in 
principle to investigate this problem. It was assumed there that the static approximation 
is permissible after a certain canonical transformation is applied to the relativistic 7, 
Hamiltonian, It is the purpose of this paper to examine to what extent this static 
approximation assumed by Sugawara” is valid. 

In the present work we assume the Foldy transformation’ as the canonical transfor- 
mation generating a valid static Hamiltonian. The motivation is that the expansion in 
powers of the inverse of nucleon mass m would be reasonable in the low energy region ; 
it is known that the Foldy transformation produces such an expansion. It is thus straight- 
forward to retain the terms of order 1/m in the transformed Hamiltonian (Section 2). 

We derive in Section 3 the Low-type integral equation for the pion-nucleon scatter- 
ing amplitude, taking into account the nucleon velocity up to order 1/m. In this integral 
equation the nucleon coordinates have already been eliminated and only the physical 
nucleon momenta (c-number) appear explicitly. 

It is seen that the effect of the terms of order 1/m consists of two parts, one of 
which depends explicitly on the physical nucleon momenta and the other contains only 


meson field quantities, The former is the leading term of the essentially recoil effect, 
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while the latter is the 1/m correction to the static Hamiltonian within the non-recoil 
framework. 

If we neglect the terms containing physical nucleon momenta, according to a recent 
investigation,” the integral equation then assumes a form which permits the same technique 
as that employed by Sugawara. Thus the 1/m correction to the static approximation is 
shown firstly to modify the numerical values of three renormalized coupling constants 
characterizing the low energy S- and P-wave pion-nucleon scattering and secondly to give 
rise to two extra parameters which did not exists in the simple static approximation. All 
these five renormalized coupling constants are given as the physical nucleon expectation 
values of certain complicated meson field operators, thus permitting us to calculate them 
in terms of the unrenormalized ps-ps coupling constant and the cut-off momentum. 

A very rough numerical estimate of these parameters is given in Section 4. Though 
the numerical values should not be taken too seriously, the 1/m correction to the static 
Hamiltonian does not seem to be so great, though not quite negligible; on the other 
hand, it seems almost certain that two extra parameters which did not appear in Sugawara’s 


approximation are quite negligible. Conclusions are summarized at the end of Section 4. 


§2. Static approximation 


As was mentioned in Introduction, we assume the Foldy transformation as generating 
a valid static approximation. The meson-nucleon system is described in terms of the 


Hamiltonian, dropping the renormalization terms, 


H= j yi | ia 2 +mal idee + (1 /2)\ fe? + grad? 6 +29} dx 


+if| M*PritOdde, (1) 


where the notations of the operators are the usual ones. 


According to Foldy,® we apply to (1) a unitary transformation Uns 
U=exp (iS), S=(f/2m) | Prrstbm Dds, 
w(~) = (1/29) tan" 27, 1= (f/2m) VF - (2) 


The result is 
H!=UHU“=A+ \e (Z4O)pda+ | Agi + (1/2) \ W*Dpl'de (3) 
with 
A=H,= (1/2) | {a+ grad’ p+ 226") dx, 
E =(4/p) (op7d) f(D + (9/19° (48) (Oped) (78) 9. CO) 
$2mPb(q) + (/#)*| FOX DEG +4 ch, 
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O=p,{(1/2) (9/1) (a exth.c.) + (9/4) (9D (9) (62) +4. c.) 
— (4/p)*k(p)r- (6pdx¢) +op}, 
D= (9/p) {ein t+29:(9/P)°9(D (78) d— G/DRGDEXT, 


where 


fo =0/2(+4+), 9q) = G/2x)(4,-—), 6@=4/2) €- 9), 


ky =—Co(), 2) =1/6, C= +47"), 
and y= (ft/2m)f is the equivalent ps-pv coupling constant. 
The term + (1/2) | |\*Dw|?dx in H’ will be neglected in the following, since most 


of its effect concerns the renormalization which is neglected in this paper. 


The static approximation assumed by Sugawara is simply to adcpt the static limit 
in H’ given by (3), dropping the odd term \ Odde. It is the purpose of this paper 


to see the effect of this term. We, therefore, apply furthermore a canonical transforma- 


tion 
Use ee ee Glam | #2 fade (4) 
to H’, which is transformed into 


H"'=U'H!U!1=H,,+ | yrEyde 


4. (1/2m) | yrPOrgde +0 Jats (5) 


where the third term is the 1/m correction mainly interested in this paper. 
We now neglect the last term in (5) and restrict us within the nonrelativistic 


framework for a nucleon, which leads to a Hamiltonian 
H"”=H,+H,+H,+H,, (6) 
with 
Hy)=H,,+ (p?/2m), 
A= (9/p) op (<9) f(~) + (9/1)? (zd) (ped) (rb) 9 (Y) 
+ 2mh(y) + (9/P)? (1/2) {z- OX a)R(Q) +h. c}, 
F,= (1/2m)| (9/1) "(dk/dy) (1/4) 6 (dpb) X (7b X49) -7) 
+ (1/4) (9/H)?{ (nze-+20n)* + ir ((ne+20n) X (ne-+an))} 
— (1/2) (9/1) *{ (nw +2) (96 (dr) +h. c.) 
+ic-| (nw+an) X (96 (de) +h. c.) |+4. c.} 
t+ 1/2) (9/4)? { (ne +an) (6x opp) k+ir[ (neta) x (9X OPO) |k+A.c.} 
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+ (9/p)°4 (gb (On). ¢.)?+ic-[ (gb (dar) +h. ¢.) X (99 (Oz) +h. c.) J} 
— (9/P)*{ (9b (bx) +h. c.) (OX opd)k 
+it-| (gd (Gr) +h.c.) xX @XOPO)k] +h. ¢} 
+ (g/pP)*R [pdx 9}, 
H,= (1/2m)[ (1/2) (9/) (ar +t70n) op 
— (g/p)3(g (2d) (ox) +h. opt (g/t)? kt [bX po]-pth. «], 


where p is the bare nucleon momentum —id/dr, and the nucleon coordinate r is to be 
substituted in all the unintegrated meson field quantities in the Hamiltonian. 

Sugawara’s investigation is based solely on the interaction Hamiltonian HP inn (6)e 
The 1/m correction terms are contained in H, and H,, the former of which does not 


contain p and the latter contains p. 


§ 3. Integral equation for the scattering amplitude 


The Schrodinger equation can be written as 
HE (p, q) = (p?/2m+o,) F (p, W); 
EO (p, q) =a* (qi (p) +L (P, D> 
H¢ (p) = (p*/2m) ¢'(p), (7) 


where Y‘*?(p, q) is a scattering state in which a meson of momentum q collides with 
a nucleon of momentum p. It is here presumed that p and q specify also spin and 
charge variables. ¢(p) describes a physical nucleon with momentum Pp, and a*(q) is: 
a creation operator of a meson with momentum q. 

It is well known that the bare nucleon coordinate r can be eliminated by putting 


the total momentum eigenstate  (p’) of the system as 
 (p!) =exp {i(p’—G)r} (Pp), 
—i(8/8r) O(p’) =0, 

where G is the meson field momentum, p’ being the total momentum eigenvalue. Thus, 
by putting 

PO (p, q)=exp{i(pta—G)r} PP D, 

a) (p, q) =expli(ptq—@)r} 7° (P: > 

ib (p) =exp{i(p—G)r} (Pp), (8) 
wevcan eliminate r from Eq. (7), which become 

H(p+q) ® (p, @) = (p'/2m+ 04) PO (Ps D> 

D> (p, q) =4* (q)6(p) +L (Ps D> 

H(p) 6(p) = (p°/2m) 6 (p), (9) 
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‘where H(p) is defined as 
H(p) =exp{—i(p—G)r} H(—i(0/dr), d(r), =(r)) exp{i(p—G)r} 
=H(p—G, (0), 7(0)). 
It is to be remarked that p in (9) represents the physical nucleon momentum. 
The scattering amplitude T,, is defined in terms of the relevant S-matrix element 
Sy by 
Sp= (OP (py, Gy) ||P (Pes Gs)) =O — 2710 (E,—E,) Ty. (10) 
‘Using the relation 
P™ (p, q) =4*(q)9(p) 
—[H(p+ 4) — (@,+ p*/2m) + 1€)"-|H'(p+q/2), 4*(q) |9(p), 1) 
‘which is derived from (9), we get 
T= (O° (py, Gy) LA" (pit 4/2), 2* (Ge) 1.19 (po); (12) 


where H’ is the total interaction Hamiltonian and the dot besides the commutator implies 
that G in H’ is regarded as a cnumber (See Appendix). An integral equation for T ,; 


-can now be derived as usual from (11) and (12): 
T= (8 (py) \La(qy), LH’ (pi/2), a* (qi) |.}|0 (pa) 
“ue sF (9 (py) | [H'(p,/2), 4(q;) i | on COO| |H’(p,/2) sa (qi) |. 19 (pi) ) 


Pn=PitUu=o0 Ea (pf) 2m) — a1 
ao) Toston SE R2 |LEZ"(p,/2), 4* (qu) |.| On) @’| LA" (pet p,/2) 4) ]- 16 Cp.) ) 
Pn=Pi- WV Ent Or_— (pi7/ 2m) 


(13) 


which ts written in the centre of mass system, where p;+4q;=p,+ q;=0. 

We shall in the following consider only those parts of the 1/m correction to 
Sugawara’s static approximation, which do not depend on the physical nucleon velocity 
P;/m and p,/m. This is because those corrections which depend explicitly on p,/m and 
p;/m are the essentially recoil corrections, which are, however, shown to be small accord- 
ing to a recent work by Chew et al.” We thus put p,/m and p,/m in (13) equal to 


zero and obtain 
T= (P (gy) |LH’, a* (qe) J. |G) 
= (dolla(q,), LH’, a* (q:) ].]|¢0) 
+33 1/e) | Gol Lad) lon) oul Ls (qu) Je|9) 
+ [LAS a* (qe) |-|Gsn) BoalLH’, 4(q,) ]-10) | 


4 mf olLH’, a(q,) |.) ) (@> LA, a* (qi) J. \b). 
Eni Qi 


ne1 
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4 (ol LH, a* (qy) ||P) (MLAS AIL Dp 


14 
E, +s oe 


A corresponding equation follows immediately for Sp=(P” (qy/) ||’, 2(q:) ]-|%0)- This, 
together with (14), gives a coupled integral equation for T;; and S;;, if we assume the 


one meson approximation. 


§ 4. Estimation of the 1/m correction and conclusion 


The next problem is to examine the inhomogeneous terms in the integral equation 
(14). For this purpose we have only to follow the procedure adopted by Sugawara,” 
Therefore, only the outline is given below. 


We first expand the meson fields as usual : 


Uk / 
$. = na Aina ’ T= Sy URV OK. Dies (15) 
kV OK k 


with 
Ana= (1/W.2) (de® (hE) +a5(k)),  Bre= C/V 2 ) (aa* (k) —40(k)), 
[Ara ? Bras | = 10 pert Oey ) (16) 


where the cut-off function 2, is introduced explicitly. Then we can show the relations 


(Go| [H’, Ac]-lb.) =iGp—A= (i) 7, 
VO 


(65|( Ay, [H% Ade] G0) =Gp’ 2 (lecle,) + Gs rev v/ 0,0, 94, 
V OO; 


(Q |A > Wo Bs B,]. || Go) — (Oo| [By We ke A,].||%o) Se irbes 


V Oj; 
(65|{Br> [H’, Bil-]l¢.) =2Gs—= 4%, (ol LH", Bil-I#0) =0, (17) 
V O;Os 
where ig, is equal to +1 or —1 for even or odd permutations of its indices, G’s in 


(17) are the renormalized coupling constants effective in the low energy pion-nucleon 
scattering. It is to be added that (17) follows under the assumption that no D and 
higher waves appeat in the physical nucleon ¢,. More exactly, G’s in (17) are only 
nearly constant, since the meson field momentum % appears in H ‘This would be 
permitted, however, as far as the low energy pion-nucleon scattering 1s concerned, 

It is readily noticed that G,’ and G,’’ are two additional parameters which did not 
appear in the simple static approximation.” The meaning of these coupling constants 


would be clarified if we give explicitly the effective Hamiltonian 


Hejp=Gro SP TI +G ro (PO)? + GH 
+Ght-OX24+Gyo 2, (18) 


which gives rise to exactly the same integral equation as (14) under the one-meson 
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approximation. We put the subscript 0 to the coupling constants since those in (18) 


are unrenormalized yet, which are related to those in (17) as follows : 
G,=G po (by |77 199) + 2G jy (bo 9|9o) » G,'=Gpo 
Gs=Gy, Gs’ =Gsy(bo|7 |), Gs" =Go0 « (19) 


We thus see that the effect of the 1/m correction is two-fold: one is to modify 
the numerical values of the renormalized coupling constants defined by Sugawara and the 


other is to produce two extra parameters. We write explicitly as 
G,=G,+4G,, Gs=(Gs+4G;5)/p, (20) 
Gl = (Gs +4G,')/#, G,'=4G,'/, Gs" =4G3"/P", 


where JG’s are the 1/m corrections. 


To estimate these corrections we assume the same approximation as was done by 


Sugawara; namely we approximate |@,), according to the intermediate coupling theory,” 
as 
|Go) =Cy|u> + (C,/3) ort abet |u), (21) 
with 
bal =i\ 9 (k) (3/4)'?-Iey/k-ag* (Ie) dhe, 
OWE eS \e (k) Pdk=1, 
Table 1. The numerical values of the renormalized coupling constants. The definitions are given in 
(20) in the text. 
Case A: kmax.P=5.0p, kmax,8=5.04, (g7/47) = 0.26. 
<a | : = : See = 7 
G , ae Lo | AGp | Gs° | AGs Gs” | 4G,’ | AGP’ AG’ 
| aye | ee 
(Us) | 0.50 0.01 1m! SRA | 0.34 0.14 0.006 | 0.033 
=O) | 0.43 
| 


0.08 11 966 | 0340 je ogts 0.006 | 0.033 


Case B:  kmax,p=5.04, kmax,s=4.0n, (92/42) =0.44. 


i | Ge | Gp | G59 | 4Gs Gyo'd | *uey AGP’ | AG!” 
. iu | 
| | { { ji 
=08 0.65 | 0.06 20/re vihieh-—Oi50ne| eoeO-56:ly lop 02055) ead.010 0.055 
| | | 
—0.5 0.55} 0.15 20 | —1.6 | 0.56) Jeo 017 0.010 0.055 
La | | 
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‘where |u) is the bare nucleon spinor and g(k) specifies the P-wave configuration inside 
tthe pion cloud. 


Results are given in Table 1 for two sets of parameters, both of which correspond 
to Yo = (1/3) < (f/2m)*¢"))=1.0, using the notation in reference 3. It is not attempted 
here to reproduce the experimental values, since the approximation (21) is certainly not 
sufficient. It is here aimed to see how large the 1/m correction is. For this purpose, 
‘even a crude approximation (21) may give us some information. 

We can now summarize some important conclusions deduced from Table 1: 

a) If we cut the virtual meson momentum below the nucleon rest mass, the 1/m 
‘correction would not be so great as invalidating the static approximation assumed by 
‘Sugawara. 

b) It is to be noted that two additional parameters seem quite negligible, though 
their effects in the integral equation (14) have not yet been studied in detail. In this 
meaning the static model containing three coupling oonstants can have a strong validity. 

The author would like to thank Prof. Sugawara for helpful discussions and_ his 
.careful reading of the draft of this paper. He also thanks Dr. H. Tanaka and many 


other members of the Institute for valuable discussions. 


Appendix 


Let us derive the relation (11) from (9). H(p) defined in Section 3 is written 


more explicitly as 
H(p) =H, + (p—G)?/2m+ H, + H,+ 1; (p) + H;(—@), (Al) 
where H,(—G) has a form 
H,(—G) =A(, 2, 5, tT) -G+G6-A. 
‘Using the relations 
[(p+q—G)?, 4*(q)]=4*(@) {((p—©)*— (pt q-©) 5, 
[H,(—G), a*(q) ]=[H,(—©), *(q)].-#* (MA @ 
— (1/2)[H,(q), a*(q) |, 
H,(p+4q) =H;(p) +43 (9), (A2) 
it is easy to justify the following manipulation 
H(p+q)¥° (p, -) =H (p+ @ 14° (9) 9 (Pp) + (p, 9} 
—a*(q)H(p+4)4(p) +[H (p+); 4*(q) ]9(P) +H(p+q)x (Pp, D 
= {a*(q)H(p+q)+[He, 2*(g)]+[(p+4a—©)//2m, a*(q)| 
+[H,+H,, a*(q)]+[ (pt), *(@I+14s(—-6), a*(q) |} 9(p) 
+H(p+q)x (p> D 
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= {a*(q) (H(p+q) +0,+ (p—G)*/2m— (p+q—G)*/2m—H;(q) ) 
+(H,+4,+ H,(p+4q) — (1/2) A; (q) + H;(—G), 4*(q) |.}9(p) 
+H(p+q)x (p, 
=a*(q) (H(p) +,)6(p) +|H'(p+4/2), 4*(q) |.9(p) 
+A(p+q)y (p, @) 
= (p’/2m+,)¥ (p, q). (A3) 
The relation (11) follows directly from (A3). 
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On the Recombination Processes 
by the Auger Effect 


Moichiro Nagae 


Physics Department, Defence Academy, 
Yokosuka 


December 23, 1957 


It is the aim of this note to show how 
much the Auger effect contributes to the 
trapping and recombination processes, in 
Ge and Si. 

L. Bess” has already calculated about 
those processes, but we got different results 
although our method of calculation was 
almost same as his. We shall in the 
following show our results and the points 
that are essentially important. 


Let us treat an n-type sample using the 


Ky 
conduction band Ky 
K; 
gap 
t 
——— 
k 
valence band 
(a) 


Fig. 1 Fig. 2 


Born approximation method, The transi- 
tion matrix element from (K;, k)-state to. 


(K,, f)-state is got as 
|(K,, ¢|H’|K,, k)| colq?+ CK, — K,)*)* 
x [+ (Ki —K,+k)*J*, 1)” 
where 
A= (2 / xr.) exp (a G7 a) (2) 


In deriving (1), we used the hydrogen 
1s type wave fn., V a®/m exp(—ar), for 
trapped state, (t), and free wave approxi- 
mation for conduction band electron, (k), 
and another electron changed from its 
initial free state, (K,), to final free state, 
(K,). 
Then we can know that 


dn ke and K; <K;, 2m,E,/b”, (3) 


because of the equilibrium electron distri- 
bution (majority system) ; in 
(3), of course, is used the 


relation 
|K,|?>~2m,E,/b*, (4) 


which is resulted from the energy 
conservation law. 

Now, we can easily show the 
capture cross section, after 
summing up all K,-states and 


averaging over all k-states, as 


follows. 
grt 8? 5? 
(b) o, => am ippe? ©) 
V 3K °m, E; 
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-where m, is an effective mass of electron, 
SE, ~b a? / 2m, and 8=1/kT. 


Numerical result is got as 


CLAS 27 XOL0 Ficm*s for Ge, 4 (6) 


3 


-where we used n,=10"% cm”, m,=0.25 m, 
wens 169 £,=20)25.eV Panda) —=300 KR, 

In the case of the Auger effect, how- 
‘ever, it should be noticed that we must 
take into account the exchange effect 
‘between those two electrons, but in this 
case the matrix element corresponding 
‘to (1) is got as in the same form as (1), 
on account of (2), and the result is not 
-changed, 

Next, we show that the exchange 
‘effects become essentially important in the 
case of hole capture (minority system), 
which is shown in Fig. 2. In this case, 
the trapped electron falls into k-state hole 
in the valence band and make another 
electron accelerate towards the upper part 
‘in the conduction band, i,e., from K, to 
K,. 

When we neglect the exchange effect in 
this case (ref. Fig. 2a), matrix element 
becomes to be identical with (1), on ac- 
count of (2). But when we do not 
neglect the exchange effects, the matrix 


element, 
|Ck, K,|H’|K,, #)|co[g?+ (k—K,)2]7! 
x[at+ (e- K+ KP, (7) 


Then we can find that (7) is 
much larger than (1), because the Ist 
factor of the right side of (7) is large. 
Nummerically o, becomes of the order of 
10~-" cm? for Ge. 


Bess obtained the large capture probability. 


Is got, 


This is the reason why 


Now, we must emphasize that hk, is not 


zero in the energy minimum points of 


conduction band but k, is zero in the 
energy maximum points of full band, so 
we substitute k, k,+K;, k,+K,; and 
—ik,+a@ in place of k, K;, K, and a 


in (7) respectively. Then we get 


Ck, K,\H’|K,, #)\oc[9? 
+ (ky — K,) J") 
x [a?+ (k—k,— K;,+ K,) ie (8) 


instead of (7), which is the essential 
point in our results, It is easily shown 
that (8) becomes much smaller than (7) 
because of |k,| > |K,| in such a case of 
Si and Ge. 

Even when k,=0, ¢,’ is very smaller 
than o,° as mentioned above in (5), and 
moreover 0,” becomes large and o,’ becomes 
small by the charge of trapping center. 
In such a case, therefore, recombination 
process cannot take place but the hole 
temporary trapping seems occur.” 

We can conclude safely that the Auger 
effect can be neglected in the ordinary 
recombination phenomena compared with 


multiphonon process.” 


The auther is thankful to Asst. Prof, 


T. Ohta for valuable discussions. 
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On the Auger Effect in the Deep 
Traps in Si 


Moichiro Nagae 


Physics Department, Defence Academy, 
Yokosuka 


December 23, 1957 


In Si, the possibility of the Auger 
effect was suggested by the fact that the 
lifetime of the minority carrier trapped in 
the deep trap, which is resulted in the 
recombination with the majority carrier, 1s 
proportional to inverse square of the density 
of them,”” 

It is the purpose of this note to show 
that the above is true, using the calculation 
method described in our previous note.” 

Let us consider about n-type sample, then 
it may be reasonable to regard that the 
deep trapping center of the hole, whose 
energy level lies near the bottom of the 
conduction band, has more negative charge 


Therefore, 


before an electron is trapped in this center, 


than the ordinary acceptor. 


there is still a potential barrier arround it. 
In such a case, it is difficult to calculate 


exactly the capture probability of an 


Ky 


Fig. 1 
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electron by the Auger effect. As an 
approximation, however, only the electron 
which has higher energy than a height of 


effective potential can be 


barrier, E*, 
regarded as a plane wave state near this 
center and can approach there and can be 
captured. But another electron which is 
expected to be accelerated towards the upper 
free state by the Coulomb repulsion between 
this electron and the captured one need 
not jump over this barrier because of long 
range interaction between them (ref. Fig. 
13 

It becomes somewhat complicated to 
calculate the electron capture cross section 
of this trap because we must use following 


conditions in such a case, 
qg, KZ <K,, k? and 2m,E,/?, (1) 
K/~2m,(E* +E,) /b*, (2) 


instead of (3) and (4), respectively, in 
But, if E*>kT, we 


our previous note. 


get 
* \1/2 7 E* 
1+—— 
=) | iE, 
4 E* -| E* , 
aie 1 +——__ 
Sele) | te 


x o,) exp(—PE*) (3) 


ae 


as a good approximation, Where ¢,’ is 
shown by (5) in the previous note.” So, 
the probability that the trapped hole 
recombines with an electron (this electron 
is trapped into the center) can be expressed 
by wo,./V, where v is the thermal velocity 
and V is the volume of the crystal. 
Multiplying this by the total number of 
electrons, the lifetime of trapped hole 7 


which is due to this process is got as 


L/t=Ue,Ny (4) 
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where n is the density of electrons. 

For the deep trap in n-Si, it has been 
measured that 1/7 has an activation energy 
of about 0.35 eV.” 
contains not only E* appeared in (3) but 


This value, however, 


also the twice of the activation energy & 
of m, because o, has a factor of mn) then 
We can 
estimate the value of € about 0.045 eV 


1/7 is proportional also to n. 


from the data of conductivity in such a 
sample. |Cf. the case (a) of Fig. 7 in ref. 
20) aavhen, 


E* =0.35—2X0.045=0.26 (eV). (5) 


It is difficult to calculate the value of 
E*, but the above value may be reasonable 
ifthe center has.charge of —2ehosie=de; 

In p-Si, there is no datum of E*, but 
from the small value of 1/7, E* is re- 


garded as larger than in n-Si. 


For example, when ny»~10"cm~’, from 
(4) in the previous note, 
o,’~0.864 X 10-” cm? (6) 


is got, where we used following constants 
In Ol; i, e%; ),— 0.5) m,. U== 1.345% 10" cm 
Secu k— 12a 0132 eVandd ==B800 Kk? 

Then, inserting the above values into (4), 


we get 


1/£=0.00052 ‘sec, (7) 

This value agrees with experimental one” 

in order, which is about 0.0002 sec! for 
the same electron density. 

Nextly, let us consider about the multi- 

In this 


case, however, it is possible that there 


phonon capture in such a center. 


exists another activation energy of the 
phonon system, which is caused by the 
Franck-Condon principle,” in addition to 
the above E*, 


Hence, the probability of 


this process will be much smaller than that 


by the Auger effect. 
Therefore, it can be concluded that the 
Auger effect predominates such a pheno- 


menon, 


1) J. A. Hornbeck and J. R. Haynes, Phys. Rev. 
97 (1955), 311. 

2) J. R. Haynes and J. A. Hornbeck, Phys. Rev. 
100 (1955), 606. 

3) M. Nagae, Prog. Theor. Phys. this issue. 

4) M. Nagae, Busseiron Kenkyu (preliminary cir- 
cular in Japanese) I[-2 (1957), 67. 


Mass Levels and Relative Parities 
of Baryons* 


Hiroshi Katsumori** 


Institute for Atomic Research and Department 
of Physics, Iowa State College, Ames, 
Towa, UTS. A. 


December 26, 1957 


It seems tempting to speculate on the 
possibility whether one can explain the 
observed mass levels of baryons in terms 
of their self energies through the strong 
interactions with the 72 and K_ mesons, 
within the frame of the Nishijima and 
Gell-Mann scheme” of the strange particles. 

In this note, we shall show the possibility 
that, unlike Schwinger’s proposal,” the 
observed mass level ordering of =, ¥, A 
and N comes chiefly from the charge 
independent baryon-K 


interaction, if a 


* A brief account of this note has appeared in 
Memoirs of the Osaka Gakugei University, B. No. 
6 (1957) 1s 

** Now at the Osaka Gakugei University, Osaka. 
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suitable (relative) parity for each baryon 
is assumed.* 

Recent experiments on the K-N scattering 
and on the hyperfragments seem to give 
the coupling constant, J;°/4™~1. We 
shall consider the baryon self energy due 
to the K- and 7-interactions in the lowest 
order perturbation approximation, though 
this approximation is known to be un- 
reliable for the =—WN interaction. 

Assuming that all the baryons would 
have the equal rest mass in the hypothetical 
world where the K- and z-baryon interac- 
tions vanish, and using the charge indepen- 
dent interaction Hamiltonian given by 
d’Espagnat and Prentki,” we obtain the 


mass shifts of baryons, 

AM(N) =9 2(3F (NY K) +F (NAR) | \ 
+ 39,°F (NNZ) | 

AM(A) =29,2[F (ANK) +F (AEK)] 
4+ 39,2F (AZ) | 

4M (2) =292(F (2 NK) +F(2EK)] 
+952 [F (2 Az) + 2F (227) ] 

AM (=) =92[3F (22K) + F(ZAK) | | 


+39,°F (227) / 
(1) 


where F(--:) stands for the contribution 


* After this report was prepared, the new works 
by M. Gell-Mann (Proc. of the 7th Rochester Conf. 
(1957)) and by D. Kleitman (Phys. Rev. 107 
(1957), 1453) came into our notice. Gell-Mann 
proposed the theory based on a global symmetry 
and obtained the relation, 1/2- [M(N)+M(2)] = 
1/4- [M(A) +3M(4)]. His theory, however, does 
not give the observed mass splitting in the lowest 
order approximation as was shown by Kleitman. 
On the other hand, in our model an appropriate 
parity assigned for each baryon gives the mass splitt- 


ing in the lowest approximation. 


to each baryon self energy from the interac- 
tion (---), and all the K- and all the 
m-coupling constants are equally taken to 
be Je and g,, respectively. If all the 
coupling types are assumed to be equally 
direct and/or derivative, a simple considera- 


tion from (1) shows that, in order to 


get the observed N—= mass splitting, a 
relative parity between N and = should be 
odd,* i.e., the N and = form a parity 
Then we 
may examine only the following two cases. 

Case (a). The relative parity of the N 
and = is odd, but that of the A and oY 4s 


even: eq. (1) gives the mass differences, 
M(=) —M(N) =2[M(A) —M(N)] 
= 49,2 (FS —F\), 
M(3') —M(A) =0, | 
(2a) 
where FF =e F (NSK)=EGNAK) -and 


doublet with the isospin 1/2. 


F(® =F (SEK) =F(AER). 


For this case the 7-interaction has no effect 
to the baryon mass difference in the lowest 


approximation. We have the interval ratio, 


M(=)—M(, A) _, 
M(s, A)—M(N) 


(3) 


and the observed order of baryon mass 
levels under the condition Fie Fe 0, 
though the ¥ and A are still degenerate 
(Fig. 1 (a)). 

Case (6). The relative parity of the N 
and = is odd, and that of the A and pees) 
also odd: eq. (1) gives 


* Tf the relative parity between N and & is 
taken to be even, we get F\(“) = F,(” without respect 
to the parities of the other particles. This is the 
reason why the Gell-Mann theory of global symmetry 
does not give the level splittig in the lowest approxi-- 


mation. 
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M(£) —M(N) =298 (FY —FY) | 

M(A) —M(N) =9e (FYO—F) 
339," (Ei —His®) 

My MY In ey 


(2b) 
5 evel eee os Rta 25 Ue 
1 S 
i i i 153 me 
2,4 Sey A 
| 1 345 me 
N N N 
Case (a) Case (b) Observed 
Figs i 


where F({® ==F (NS'K) =F (AEK), FSYO= 
F(NAK) =F SER)) Fee P(NNz) = 
F (222) =F (2 27) and Fi 2=F (422). 
In the limit of vanishing 7-interaction 
this case also gives the interval ratio (3). 
In the presence of Z-interaction, however, 
we have the +’—/ level splitting, and the 
level ordering is in agreement with the 
observation under the condition 9 (F$” 
Sb, ) ogy he oP oy OF MEI al 
(b)). 

The experimentally correct interval ratios 
might be obtained by a more reliable 
treatment of the strong interaction, The 
condition F$“’—F‘®>0, which has to be 
satisfied for the both cases, suggests that 
if the N and +’ have the same (cpposite) 
‘parities, the scalar K with direct (deriva- 
tive) coupling and/or the pseudoscalar K 
with derivative (direct) coupling is prefer- 
able, as is inferred from the signs of the 
divergent integrals in the lowest order self 


energy expressions,” 


The future experi- 
ments would check the validity of the 
opposite parities of N and =, and would 


determine the suitable parities of the other 


baryons and of K as well as the coupling 
types. 

We wish to thank Professors H. M. 
Mahmoud and J. Joseph (I. S. C.), and 
Professors Y. Katayama and H. Enatsu for 
their critical discussions, and Professor G., 


W. Fox (I. S.C.) for his kind hospitality. 
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(1956), 33. 
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Effect of Electron-Electron Scattering 
on Hall Mobility of Electrons 
in n Semiconductors 


M. S. Sodha and P. C. Eastman 


Department of | Physics, University of B. C., 


Vancouver, Canada 
December 27, 1957 


The large ratio of Hall mobility to drift 
mobility (/4;'//4=1.93), predicted by the 
simple theory,’ when lattice scattering is 
negligible, is in disagreement with experi- 
ments. 


The theory usually applied to 


transport phenomena in the impurity 
scattering region is oversimplified in other 
respects than in the neglect of electron- 
electron scattering and hence it is not to 
be anticipated that the inclusion of electron- 
electron scattering in the theory will give 
a complete explanation of all the deviations 
from the simple theory. Nevertheless since 


there is reason to believe that the electron- 
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electron scattering is by no means negligible 
it is desirable to include it in the theory. 

The time of relaxation of an electron 
due to scattering by ionized impurity ions 


is given by 
p= Bx (1) 
x= (m/2kT)'"v, 


vis velocity of the electron, 

m is the effective mass of electron, 

k is Boltzmann constant, 

T is the temperature of crystal, 

B is a constant at a given tempera- 
ture, inversely proportional to 
impurity density. 

Spitzer and Harm” have investigated the 
velocity distribution of electrons in the 
presence of an electric field in an ionized 
gas. Sodha and Eastman” have applied 
this analysis to semiconductors and shown 
that the time of relaxation of an electron 
due to both electron-ion and _ electron- 


electron scattering is given by 


t= Bg (x) /x (2) 
where @(x) =ZD(x)/A is a function tabu- 
lated by Spitzer and Harm” for various 
Sodha 


and Eastman” have also pointed out that 


values of mean ionic charge Z. 


the case Z=1 applies to most of semi- 
conductors of interest. 
The velocity distribution of electrons in 


a nondegenerate semiconductor is given by 
N(x)dx=Ax exp(—x)dx. (3) 


The drift and Hall mobilities are given 
by” 


ree ape alld ) (4) 


om 
and pds sk aly (5) 
fae al Lea 


From eqs. (1), (3), (4) and (5) we 


have” 


8qB 
fy —_ (5A) 


my A 
and fed (nose (5B) 


From eqs. (2), (3), (4) and (5) we 


have 


ap |e) ep(—*) a 


pases ee 0,582 py 
- \ x‘exp (—2x°) dx 
0 
(6A) 
and 
B |, 19 @ }exp(—*) de 
pe! ag 0 : 
ua \ x°¢ (x) exp (—%°) dx 
0 
= 0.685 py. (6B) 
Hence 
(if ppe= 118) (6C) 


Both the integrals involving ¢(x) were 
numerically evaluated. 

Thus we find that the inclusion of 
electron-electron scattering in the theory 
lowers the ratio of Hall to Drift mobility 
as anticipated. It is a strange coincidence 
that the ratio 1.18 is also obtained,” when 
scattering due to acoustical modes of . lattice 
vibrations is taken as the sole mechanism 
of scattering. 

The authors are grateful to Dr. G. M. 
Shrum for kind encouragement and to 
Professor R. E. Burgess for his kind 
Thanks are 
also due to National Research Council of 
Canada for award of a fellowship (M.S.. 
S.) and scholarship (P.C. E.),, tosmthe 


authors. 


interest in the investigation. 
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Density of the Normal Component 
for Solutions of He’ and He’ 


S. Ko Prikha 


Department of Physics, Delhi University, 
Delhi, India 


January 9, 1958 


) have 


Recently, Berezniak and Eselson' 
reported measurements of the density of 
the normal component (fluid) for solutions 
of He® and He‘ for various concentrations 


of He’, 


made use of a model recently proposed by 


In the present note we have 


us," to explain the observed data re- 

ported by Berezniak and Eselson. 
Assuming that He’ atoms partake in the 

motion of the normal fluid, the density of 


the normal fluid, ,, can be written as” 


Pn= [x (1 x5) +5 (u/ms) |, (1) 
where is the density of the solution, x 
the fraction of the total number of atoms 
of He* which constitute the normal fluid, 
while x, is the concentration (by mass) of 
Here / is the effec- 


tive mass of the He® atoms in solution 


He?® in the solution, 


while m, is the actual mass. 
We have calculated the ratio of the 
density of the normal fluid, »,,, to the 


density of the solution at its 4-temperature, 


PX,» a8 a function of absolute tempera- 
ture, T (°K), on the basis of our model 
by making use of the linear and quadratic 
expressions” for G,* and using (/4/m;) = 
2.17, as required to explain the second 
sound velocity measurements in solutions.” 
The results thus obtained are normalized to 
unity at the /-temperature of the solution 
and are compared in Fig. 1 with the ex- 
perimental results.’ We have ignored the 
volume change on mixing in order to 
calculate the density ” of the solution and 
have made use of the experimental results 
of Keesom” and Kerr for the densities 
of liquid He* and liquid He’ respectively. 
As is evident from Fig. 1, the results 
calculated on the basis of the present model 
are in fairly good agreement with the ex- 
perimental data. 

the /- 
temperature, Tyx,, of the solution of He® 


Further, we have calculated 
and He’, as a function of the molar con- 
centration of He®, X,, on the basis of the 
present model” using the linear and quadratic 
expressions of G,. The calculated values 
are compared with the experimental results 
of Berezniak and Eselson” in Table I. As 
is evident from Table I, the results calcu- 
lated on the basis of the present model 
are in fairly good agreement with the ex- 
perimental results. 

It should be mentioned that the linear 
as well as the quadratic expressions of G, 
lead to satisfactory results, in general 
agreement with the experimental data. 
This leads us to the conclusion that in 
all evaluations of the properties of the 
solution using classical thermodynamics, the 
predominating influence is that of the basic 


assumptions of the present model whereby 


* G, is the Gibb’s function for pure Het. 
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TCR) 
Fig. 1. The ratio of the density of the normal fluid, p,, to the density of the 


solution at its j-temperature, p,xy, as a function of absolute temperature, T (°K). 


.--- : Present Medel, Linear Expression for G,. 

—: Present Medel, Quadratic Expression for G,. 

Curve I: X,=0.00; Curve II: X7,=0.03; 

Curve III: X7=0.056 ; Curve IV: X7,=0.082. 
Smoothed experimental results of Berezniak and Eselson!) :— 

@2X,=0.00; A: X,=0.03; fl: X,=0.056; 


@®: X,=0.082. 


‘Table I. 


j-temperature of He’ and He? solution, 


Tax,» as a function of the molar concentration of 


He, X;,, in the solution. 


Tax,C®K) 
£ Present Model aie 
using :— 
5 vines | aaerae”) Ps 
Expression | Expression | 

oS et of G, oEGs | 
0.00 2.18 2.18 | 2.19 
0.03 2.14 2.14 | 2:15 
0.056 2.10 TOM p= 210 
0.082 2.07 2.06 | 2.04 


the quantum nature of the liquid He’ is 
injected into the calculations, and whereby 


agreement with experiment is obtained 


irrespective of the assumed variations in 
the energy spectrum of pure liquid He’. 
My grateful thanks are due to Professor 


D. S. Kothari for his interest in this 
investigation. 
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The Non-lIndication of the “ Anoma- 
lous” Scattering of Mu-Mesons 


S. Fukui,* T. Kitamura and Y. Watase 


Institute of Polytechnics, Osaka City University, 
*Department of Physics, Osaka University 


January 9, 1958 


The principal difficulties in the experi- 
mental study of the mu-meson scattering’~” 
to date are due to the fact that it is not 
certain whether particles other than mu- 
mesons are involved or not and to an 
uncertainty in the determination’ of the 
lowest momentum of mu-mesons detected 
by the apparatus. The present study of 
mu-meson scattering has been performed by 
means of the apparatus capable of selecting 
only mu-mesons, their momenta being 
determined with a thick absorber and a 
delayed coincidence method within a narrow 
range of (140.15) GeV/C. The arrange- 
ment is illustrated in Fig. 1. The trigger- 
ing method is AB (B or C or D) delay 
—D. The observed angular distribution 
of scattered mu-mesons has been found to 
be in good agreement with the Coulomb 
scattering theory for extended nuclei obtain- 


ed by Cooper and Rainwater® (see Fig. 2). 


MULTI PLATE 
CLOUD CHAMBER 
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Fig. 1. Arrangement of apparatus. 
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Fig. 2. Measured and calculated integral angular 
distribution of the scattered particles registered by 
the delayed coincidence. ; 
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It has thus been concluded by this obser- 
vation that the possibility of the ‘‘ anoma- 
lous’ scattering of mu-mesons near 1 Ge 
V/C is excluded. 

On the other hand, the angular distri- 
bution observed with the prompt coincidence 
(A. B.D. coincidence), which selects all 


the particles penetrating through the 
absorber, fits to Moliére’s theory” for point 
charge nuclei rather than Cooper and 
Rainwater’s one as shown in Fig. 3. It 
seems that this fact can be explained mainly 
by an uncertainty in the determination of 
the lowest momentum of mu-mesons, be- 
cause the 


contribution to large angle 


scatters comes chiefly from the mu-meson 


Indeed, if we 


assume the lowest momentum to be 0.8 


of the lower momenta, 


(SCATT. PROB. GREATER THAN 8) 


(0) \ 2. 43.14 5) 6 7 oe ee) 
scattered angle (DEGREES) 


Fig. 3. Measured and calculated integral angular 
distribution of the scattered particles registered by 
the prompt coincidence. The dotted curve is the 
angular distribution uncorrected for the noiselevel 


scattering. 
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Fig. 4. Measured and calculated integral angular 
distributions of the scattered particles registered by 
the promt coincidence. The lowest momentum value 
of adopted particle’s momentum spectrum is limited 


to 0.8 Be V/C 


Ge V/C, the observed angular distribution 
turns out to fit Cooper and Rainwatetr’s 
theory quite well (see Fig. 4). 

We shall further discuss the scattering 
of mu-mesons above 2 Ge V/C. In this 
case it can again be shown that the 
determination of momentum with a magnetic 
cloud chamber gives rise to the same kind 
of uncertainty. That is, a distortion which 
occured in the cloud chamber leads to a 
spurious curvature of track. In the case 
of no magnetic field tracks with a spurious 
curvature of about ten times the r.m.s. 
value are observed at a frequency of about 
Lf SOR? 


distortion in determining momentum may 


The inaccuracy attributed to this 


give rise to the seeming existence of the 


anomalous” scattering, Another cause, 
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to give rise to the “anomalous” scattering, 
may be the contamination of protons. Some 
“anomalous” scattering thus far observed 
can be attributed to the protons; our 
delayed coincidence method excludes this 
contamination. At high energies where 
the delayed coincidence method is not 
available, however, the proton contamination 
may play a significant role. It is interest- 
ing to note that the contamination is 
somehow related to high energy nucleons 
associated with extensive air showers. Since 
we have yet no definite experimental infor- 
mation on an elasticity in the nucleon- 
nucleus collision, we estimated it by referring 


A suitable 
choice of the elasticity predicts the proton 


to the nucleon cascade theory. 


contamination which can account for the 
“anomalous ” scattering observed by Lloyd 
et al. It is thus hard to draw a very 
definite conclusion of existence of the 


““c 2» : 
anomalous scattering for mu-mesons 


with energies greater than 2 BeV from the 
experimental results to date. 

We wish to express our sincere thanks 
to Prof. W. L. Kraushaar for his early 
suggestion on this approach and help in 
constructing the apparatus. We are also 
indebted to Prof. S. Hayakawa and the 
Underground Group in this laboratory for 


their stimulating discussions and criticisms. 
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Ground State Energy of Bose System 
with Lennard-Jones Potential 


Ryuzo Abe 


Physics Department, Tokyo Institute of 
Technology, Tokyo 


January 13, 1958 


For the system of strongly interacting 
particles, e.g., the system with Lennard- 
Jones potential, the usual perturbation 
procedure cannot be applied, since the 
Fourier component of potential diverges. 
In this note, we shall propose one method 
which makes it possible to treat the 


singular potential by the perturbation 


method. Suppose that the Fourier com- 
ponent of such a potential can be expanded 


ay (k) +a'v,(k) +-, (1) 


whete a is some expansion parameter peculiar 
to the potential, in particular the hard- 
sphere diameter for the hard-sphere potential. 
This power series should diverge when the 
How- 
ever, if one retains the finite terms, the 
usual perturbation method can be applied 


and an exact expression for the energy can 


sum is carried out to infinite orders. 
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be obtained up to the specified orders. 
For example, if the first term is retained, 
the lowest term of order a can be obtained. 
Hence the problem is reduced to find an 
(1) for the 


Fourier component of potential. 


exact expression such as 


By a simple consideration, we obtain an 
integral equation for ftoperator which is 
equivalent to the potential as follows : 
t(af, Ay) nae, 47) 


1 u(aB, ot) t(o=, 7) 
2V ‘c.% Re — ke. 


ms tee) 
u(ap, 47) =3 (a8, iy) 


x fen te# u(x) ), (x) dx, (3) 


UE)! f(a) = (PK) clare, 


iret 
aso 


(4) 
where t(a/3, 47) is the Fourier component 
of foperator, V volume, P=E— (hk, + 
k,)?/4, (€=2mE/#?N) ,t (x) =2mV (x) /b, 
(V(x): potential function), k,,= (k,— 
k;)/2 and d(a, Ay) represents the mo- 
mentum conservation, 
(4) 


method; then one may verify that the 


If v(x) is regular, 
can be solved by the perturbation 


solution of (2) is just the Fourier com- 
On the other hand, if 
(2) is solved by itera- 


ponent of u(x). 
v(x) is singular, 
tion and the resulting equation becomes 
the power series like (1). It should be 
noted that u(af, 47) does exist even if 


the v(x) is singular. 
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It is convenient to use the method of 
partial waves in the practical calculations. 
If we confine ourselves to the lowest order 
term of the ground state energy for the 
Bose system, we have 


co 
E = bom f 


ne u(r) R(r) dr 


(5) 


« 


where R(r) is given by 

(1/1?) d/dr (d/dr) (0) /2} R@ =0, 
(6) 
(7) 


One may easily verify that (5), (6), 
(7) lead to Lenz’s formula” for the hard- 
sphere potential. 


R(r)> 1, 


(r>0o). 


For the Lennard-Jones potential such as” 


V (r) =V,[ (/r)°— (c/r)*], (8) 
we have 


Ea), DUT (3/4) P'(5/8—7) 


N  P(1/4)'G/8—7) 


—7/8 1/8 ~5/4¢7/4 
xm Le) PhP 0 


(9) 


where 7=\ ‘mV,0/ 8b. This expression 
corresponds to Lenz’s formula for the hard- 
sphere potential. The appearance of V WS 
is interesting, since it denies clearly the 
use of conventional perturbation method 
in which E/N is expanded in powers of 
V,. A full detail of this article will be 


published in the near future. 


1) W. Lenz, Z. Physik 56 (1929), 778. 
2) H. S. Green, Proc. Phys. Soc. 65 (1952), 1022. 
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z-N interactions in an energy region near 1.0 Gev are studied by means of the simple ray optical 
model. The energy dependences of the optical parameters, the absorption coefficient K and the index 
of refraction f,, are determined so as to reproduce the behaviours of the real and imaginary parts of 
the forward scattering amplitude, which are calculated from the observed total cross sections or by 
making use of the dispersion relations. For convenience sake, the target radius of the nucleon is 
taken as_1.3, 1.5, oc 1:6%10-4cm and is assumed to have no energy dependence. 

The energy dependence of K is similar to that of oy, but &, displays a very different dependence, 
which is characterized by the fact that k, takes a negative value in an energy region below the energy 
corresponding to the maximum oy. Using the obtained K and hj, the elastic, inelastic, and exchange 
scattering cross sections for z-N collisions are calculated. According to our analysis, the choice for 
the nucleon radius as 1.6 107!%cm seems to be consistent with experimental data. The bump which 
appears in the backward hemisphere of the angular distribution for the elastically scattered pions at 
1.0 Gev, is explained by contributions from the spin flipped scattering in D wave. 


§ 1. Introduction 


For the interactions between pion and nucleon in Gev region, the recent experimental 
data indicate the following facts : 

1) The total cross section for =~-p collisions has a maximum at an energy of 
about 1.0 Gev, and for 7*-p interactions such an energy is near 1.3 Gev.” 

2) For 2~-p interactions, the ratio of the elastic to inelastic cross sections (O¢7/ Fine) 
is ~0.7 and ~0.55 sat. an incident energy 1.0” and 1.5 Gev® respectively, and for 
z*-p interactions, estimating from m~-(d—p) interactions, Ce1/ Tinet™O.9 at 1.37 Gev.” 

3) In such a high energy region, the center of mass angular distribution of the 


elastically scattered 7 -mesons rises up very strongly in the forward direction and the 
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existence of a small bump in the backward hemisphere seems to be plausible, especially 
at an energy 1.0 Gey,” 

Based on these pieces of experimental information, Takeda” and Dyson”’ independently 
suggested an idea of taking account of the 7-7 interactions to explain the maximum for 
c,(z--p). Ito and Minami” analyzed the experiments under an assumption that in such 
a high energy region only the diffraction scattering is predominant in all elastic processes. 
This assumption seems to be correct at near or above 1.5 Gev, but in the energy region 
where o, is close to the maximum value, the refractive effects cannot be ignored as 
implied by the experiments.” Thus it is necessary to reanalyze the experimental data 
without disregard of the refraction scattering. In the present note, we analyze the above 


mentioned three pieces of information in terms of the simple ray optical model. 


§ 2. Determination of the optical parameters 


There arises a question at first, whether the ray optical model, which was proposed 
by Fernbach et al.” explain the scattering of the high energy neutrons by nucleus, is 
suitable to describing the z- nucleon collisions, since the boundary of a single nucleon is 
more diffuse than that of a nucleus. In spite of such a circumstance we tentatively 
adopt this model to understand the overall behaviours of the interactions. 


According to the in- 0.7F 


formation given by Walker 


0.6 
et al.”, the interaction | 


radius of the nucleon is Oey 


aes as, 
not so much dependent on Kee 


the incident energies and 


always stays at equal to or 


greater than 1,1 X 107 cm. 


Cra es (10cm!) 


Thus assuming that the 
interaction radius of the 
nucleon, one of the optical 
parameters, is constant in 
the energy region concern- 
ed here, we determine the 


energy dependence of the 


0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0 


other two parameters, th 
P Taig E., (lab) Gev 


Fig. 1. The energy dependence of the calculated K and &, for 
(z~—p) interactions. 


Usually, from the observed forward peak of the angular distribution for the elastic scattering 
and the measured value of op or O4;/Cine; the optical parameters are determined. Un- 
fortunatly, in the present case, only the total-cross section has been meassured in the 
whole energy region. Therefore, we determine the parameters so as to fit the curves of 


the real and imaginary parts of the forward scattering amplitudes which are calculated by 


absorption coefficient K and 


the index of refraction k,. 


we.” 


K & k, (10'8cm7!) 


m-N Interactions in Gey Region 


R=1.3X107cm 


0.3 
0.2 
0.1 
7S ===S-= 1.5 

0 =1.6° 

=0.1 
= 
————e oe ee ee ee 
0.4 0.6 0.8 1.0 ice 1.4 1.6 1.8 2.0 
E_ (lab) Gev. 


Fig. 2. The energy dependence of the calculated K and k, for 
m*—p) interactions. 


355) 
Sternheimer”’ using 
the dispersion  rela- 


tions and the observed 
total cross section. 
The energy de- 
pendences of K and k, 
obtained in this way 
are shown in Fig. 1 
and Fig, 2 for 7 -p 
interactions and 7*-p 
interactions respective- 
ly, in each case R 
being taken as 1.3, 
1 Si or 1.6 X 10s cm 
following the sugges- 
tion by Walker et al. 
The fact that the 
values of K are greater 


than those of k, for 


all the cases indicates that the absorptive interactions play an important role in the energy 


region. Especially, the very small value of k, near and above 1.5 Gev confirms the 


validity of the assumption that was proposed by Ito and Minami to analyze the experi- 


mental data at 1.5 Gev. 


once in an energy region fairly below the energy corres 


As for the energy dependence of K and k,, it is interesting to observe that, in con- 
trast with the form of K being similar to that of o, both in z~-p and =*-p collisions, 
the behavior of k, is considerably different from that of o,; that is, it becomes negative 


and reaches its maximum value at an energy slightly above it. 


ponding to the maximum OF OF, 


These properties of K 


and k, are expected to be valuable tools for investigating pion-nucleon interactions. 


Fig. 
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3. The calculated (x~—p) total-, absorption- 
and diffraction cross section for the case 


of R=1.6X107#cm. 


op 


ley? 1.4 1.6 1.8 2.0 


E,, (lab) Gev 


The calculated (x+—p) total-, absorption- 
and diffraction cross section for the case 
of R=1.6X107!%cm. 
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Next, we caiculate the total cross sections in order to check to what extent o, can 
be reproduced by K and k, thus obtained, These results are shown in Fig. 3 and Fig. 


4 with the experimental curves. 


§ 3. The values of o,, and 6;,,, 


Using the obtained values of K and k, and the equations obtained by Fernbach et 
al.”, we can calculate the diffraction scattering cross section o, and the absorption cross 
section o,. The results are shown in Fig. 3 and Fig. 4. From these figures, we can 
see again that the absorption process is predominant in such high energy regions. The 
information from the experiments done in emulsion plates, however, are concerned with 
the elastic scattering cross section o,, and the inelastic cross section Ojn¢/ rather than o, 
and o,. Therefore, it is not reasonable to compare immediately the calculated o, and 
o, with the observed o,, and ©;,,;, respectively, since a part of the elastic process, the 
so-called compound elastic process, is included in the absorptive process. In the studies 
of the nuclear reactions, the separation of the compound elastic cross section o,, from 
o, is undertaken by the use of the principle of the detailed balance, though it is im- 
possible in the present case. Thus we assume that for the decay of the compound system 
attained by the absorption of the incident pion beams, the Fermi’s statistical theory may 


be applied. So we estimate o,, as if various decay processes are proportional to the 


Table 1 Cross sections for (x~—p) interactions 


| | | | : 
46 eae es | Es Ndi ro | Experimental Values 
(mb) | (mb) | (mb) | (mb mb mb) | @/0#nez) 
| ) | ) | ( ) | ( ) | | 7 (mb) Couns Camb Tel/Tinel 
E,=0.8 Gev | | 7 if ; i 
| | | 
REUS 10 “car | FO.905) 34:0! |) 13.9.) 123.8.) 20:26) 11.0 feo 2.2 i 
| | | 
Reales 76a 3697413. 20:7.) 23.6) 105 0.9 + ||12+5.49} ~30 ~16.5 | ~0.33 
R=1.6 ID | B89 || WO" aoa | Bao aloes | WHE 
= — 1.0 Gev, | | ; | ' = 
| | 
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| Ye 2043 | 26-43 ~5 | 0.77 
R=15 SOM 36x71) 106s se | 260) 85) O7 
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R=13X10-%cem | 4.4 | 249) 7.4! 118] 175| 5.9! 07 | 
R=1.5 AA 25188) 6:1 |) 10:55) 19:6) 4.9) 0S 
R=1.6 29: N26 | SS6e)_ 8.54) 20.7) 4,53 10.4 
Bea) Gev | 4 y 
RSE3 X10 Mem 4.8.9) 25.21 N6.0uly 107) 19.2, nag | 0.6 | 
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R=1.6 3.4 26.8 4.3 7.6 | 22.6 3 45e2 08 | 
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a) Diffusion chamber data 
b) Emulsion data 
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magnitudes of the phase space volume of the final modes. The o,,(=o,+9,,) and 
Oinet(=F%_—Fee) Obtained by such manner are listed in Table I together with the ex- 
perimental values. In the same manner, the cross sections for the charge exchange 
scattering (7 +p—7°+n), o,,, are also presented in this Table, in which the observed 
o,, are estimated from the data for the other processes using the assumption of charge 
independence. 

From Table I, the target radius of the nucleon 1.6 < 10~"’cm seems to be compatible 
with the experimental data. 


§4. Angular distribution of the elastically scattered pions 


Adopting the value 1.6X107-"cm for the interaction radius of the target nucleon 
which gives the ratio 4) One; Consistent with the experimental data, we study the angular 
distribution of the elastical- 
ly scattered pions. It is | 
not reasonable to compare 15 
the curve | f(@)|?=do,/d2, 
represented in ref. 8, with 
the observed one because 
o,, is equal to the sum of 
o, and o,, as mentioned 
above. So do,,/d2 must 
be, suitably added to 
do,/d2. Since the elastic 


= 
i=) 


processes through the com- 


pound states are incoherent, 


do/d2 in mb/ster 


we may be allowed to 
superpose the both curves 
directly. 

From the experimental 5 
results, the estimated value 
of the integral cross sec- 
tion for the backward scat- 
tering is about 7mb and 
its distribution curve seems 
to have a similar form to 
the Legendre function By a — Z = = 
It suggests that the spin Poe) 


flipped reaction of the D- Fig. 5. Center of mass angular distribution of the elastically scattered 
n- at 1.0 Gev. The curve represents the result of the calcula- 


wave is predominant in le of 
tion using our model, in which R=1.6X107"cm_ is assumed. 


this angular region. *? On 


* This is also suggested by Walker et al.” 
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the one hand, a half of the above calculated value of o,, is about 5mb for R=1.6 
x107%cem. Then assuming the compound elastic process consists of only the D-wave 
spin flipped process and superposing the contribution from the diffractive parts, the angular 
distribution is estimated. The final result is shown in Fig. 5. The agreement with the 


experimental result is fairly good. 


§ 5. Discussion 


As is shown in previous sections, the several facts may be explained by the simple 
ray optical model. The main reason why the conventional results were obtained may be 
due to the fact that we determine the optical parameters by using the forward scattering 
amplitude, since the forward scattering is the characteristic feature in the optical model. 
However, in the present studies, there remain many problems which must be investigated 
more closely ; for example, the method for the separation of o,, from ©o,, or the effects 
of the final state interactions of pions with nucleon, etc. In these problems the most 
serious one is the assumption that the absorption of D-wave is predominant in such pro- 
cesses. If we make the more detailed partial wave analysis for the diffraction scattering, 
one may hope that the “assumption of D-wave process being main” is examined. 
Though its effect was not considered in the present study, it may be necessary to in- 
vestigate this effect upon the angular distribution. 

Finally we conclude that in these high energy region the absorption is the main 
process and in which D-wave spin flipped scattering plays an important role, and that 
the value of the target radius of the nucleon is not so much dependent upon the incident 


—13 


energy and its consistent value is about 1.6% 10~'*cm as far as we use the tay optical 


model, 
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Taking into account the possible parity-nonconservation in the weak interactions, the decay angular 
distributions of the strange particles produced by the pion-nucleon collisions are re-examined. It is shown 
that, when the parity-nonconservation effect is actually observed in the decay angular distribution of the 
hyperon, its spin value can be determined less ambiguously than in the case of the Parity-conservation. 
Especially, in this case, it is possible in principle to decide completely whether the spin is 1/2 or not. 
The effect of the parity-nonconservation can appear also in the K,o- and K.smodes of decay, unless 
the spin of K is zero. Taking this into account, also the possibility of determining the spin value 
of the K-meson is considered. In this case, however, the conclusion is not so decisive as the case of 


the hyperon. 


§ 1. Intreduction 


Parity-nonconservation in the weak decay interaction seems to be an experimentally 
established fact for the decays accompanied by the neutrino,” However, this is not yet 
certain for other decay processes,” and accordingly the test on this point is a very im- 
portant problem. Recently, Lee et al have shown a possible method of this test for 
the case of the decay of a hyperon into a nucleon and a pion, assuming that the spins 
of the hyperon and the K-meson are 1/2 and 0, respectively. Their arguments are 
essentially based on the fact that the produced particles in the pion-nucleon collisions are 
generally polarized along the direction perpendicular to their production plane. However, 
this fact holds independently of the spins of the produced particles, and thus the method 
of Lee et al. is applicable to any value of the hyperon spin. Moreover, it can be shown 
that the parity-test is possible (in principle) also for the (4-+v)- and the 37-decays of 
the K-meson, provided that the spin of K is not zero. What is needed for all of these 
conclusions is that the “parent” particle is sufficiently polarized. 

Conversely, the existence of such effects of parity-nonconservation can be taken as a 
direct evidence for the sufficient polarization of the “parent” particle. 

This is very useful for the practical determination of the spins of the strange particles. 
When the particle in question is sufficiently polarized, it would be possible to know its spin 
value from the angular correlation effects in its decay process. Along such a program, 
the method for the spin determination has already been considered by several authors”, 
However, since the parity-conservation were regarded as an indisputable principle in those 
days, all of these authors have made use of this principle, and thus they have mentioned 
nothing of the method for judging whether the ‘ parent” particle is polarized or not. 
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For example, when the parity conserves in the decay interaction, the spherically symmetric 
angular distribution of YN-+7 (in the rest system of Y) teaches us nothing on the 
spin value of Y: We cannot decide whether the spin of Y is 1/2 or it is not 1/2 
but eventually unpolarized. However, we know nowadays that the parity-conservation law 
would possibly be violated in the weak decay interactions, especially in the one accompanied 
by the neutrino. It will be shown in the present paper that, making use of the angular 
correlation effects of parity-nonconservation, we have a possibility of distinguishing between 
the above-mentioned two cases, and thus nowadays we would be able to determine the 
spins of the strange particles more definitely than pointed out in the earlier papers. 

Adair? has proposed a method for the spin determination, which is independent of 
the polarization of the “‘ parent” particle and accordingly free from the above-mentioned 
defects. However, his method consists of examining the decay angular distribution of 
the hyperon such that it is produced by =-N collision into the forward or backward 
direction and the associated K-meson decays into two pions which have the relative 
momentum parallel to the direction of the incident pion beam. (If the spin of the K- 
meson be surely zero, then all the decay events of Y produced into the forward and 
backward directions are available.) Such a restriction of the events would decrease the 
abundance of the available data considerably. Thus, the method explained in the present 
paper would be worthy enough to be attempted. Moreover, we wish to emphasize here 
that our method is advantageous in that the determination of the spin and the test of 
the parity-nonconservation are simultaneously carried out. 

Of the K-meson decays, we shall here treat only the modes of relatively abundant, 


and K,,,. For this case, however, the conclusions are somewhat more 


MamelyeK x, oh. 
ambiguous than in the case of the hyperon. This is mainly owing to the fact that the 
effects of the parity-nonconservation can occur only when the K-meson has a non-zero 
spin. Therefore, we cannot decide whether the K-spin is zero or not zero but eventually 
unpolarized. 

Throughout the present paper, we do not take into account the possibility of the 
parity-doublet,” and postulate the following assumptions : 

(1) The strict conservation of the total angular momentum, 

(2) The conservation law of the parity holds for the production process (strong 

reaction), but may be violated in the decay process (weak reaction). 

(3) The K-mesons are all the same particles except for their charge states. 
The last assumption would be natural as the first step to the determination of the spin 
value of the K-meson, and seems to be plausible from our knowledge thus far obtained 
6) 


on this particle”, However, as occasion demands, it must be remembered that this as- 


sumption might be wrong. 
§2. The hyperon decay, Y>N+z 
The decay of the hyperon 
Y5N42 (2-1) 
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has already been investigated by many authors. Especially, in ref. 3) and 5), the explicit 
formulas of the decay angular distribution for several spin values are derived under the 
assumption of the parity-conservation. On the other hand, the angular distribution for 
the spin 1/2 hyperon is derived in ref. 2) for the case of possible violation of the 
parity law. For completeness, however, we shall here derive full expression for the 
decay angular distribution taking into account the possible parity-nonconservation. 

As the preliminary step, we consider the process (2-1) in the rest system of the 
“parent” particle Y, and take an arbitrarily fixed direction as the z-axis in this frame. 
We assume here the conservation of the total angular momentum, but can no longer 
assume that of the parity. The derivation of the decay angular distribution is quite 
straightforward. 

When the “parent” particle Y is in the spin state described by its spin function 
i(s.), the wave function of the decay state has the form 


J (52) =dQ,_ 1/2 (a 5.) + bQ, +1) (s, 2): (2 - 2) 


where s, means the eigenvalue of the zcomponent of the hyperon spin in the state in 
question, and s is the magnitude of the spin SF 1 al, 50s.) cenotes, the simultaneous 
eigenfunction of the total angular momentum, its ¢component, and the relative orbital 
angular momentum of the final (N+7) system, belonging to the respective eigenvalues 
s,s, and 1, We have denoted the partial amplitudes of the orbital states (s—1/2) and 
(s+1/2) by a and 6, respectively. Thus, either one of a and 6 is the parity-conserving 
amplitude, and the other the parity-reversing one. The eigenfunction ¢ can be represented 
as the linear combination of the products of the nucleon spin functions a(“ up’) or 


3(“ down”) and the eigenfunctions Y (/, m) of the relative orbital angular momentum 


of the (N-+7) system : 
OC Ss as) a 22) 
She fs 4 2) by G2, = 1/2) le 
AL f(s—s.)/ (2) }1?-a¥ (5-1/2, 5271/2) (2»3) 
4 (545,41) / (2s+2) $1? BY (5+ 1/2, e+1/2) 18. 
The angular distribution of the decay products is easily calculated by (2-3), and is given 


by, for s, > 0, 
(1/2) do (s.) /d (cos A) =((s—5,)/ (sts,)!] 


x [Ja]? 4 (s+5.) '[PG—-1/2, fy) For PG 1/2, er 2 
+ |b)2{(s—s. +1) PGT 1/2, s 1/2) P4+[PG41/2, sdf 2) (2:4) 
42 Re (a*b) {P(s—1/2, 5+ 1/2)P(s+1/2, 5+1/2) 

ys i enc OV AC al a RC 2, ee) | 


where © is the angle between the zaxis and the relative momentum of the decay products, 


and P(l, m) means Legendre’s associated polynomial of degree | and order m with respect 
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to the argument cos, Since both of s and s, are half-integers, the coefficient of 
2Re (a*b) in (2-4) is an odd function of cos 4 and those of |a|’ and |b|? are the even 
functions of cos 0, Thus, as has been pointed out in ref, 2), the existence of the part 
of the angular distribution which is antisymmetric with respect to H=90° is taken as 
the evidence of the parity-nonconservation (precisely, parity-mixing) in this decay process. 
Moreover, it is obvious by (2-3) that, when the decay plane is taken to be x-z plane, 
the replacements b> —b, a—»—j3, and fa in g(s.) yield the function y(—s,) except 
for the irrelevant sign factor, Thus, d>(—s.)/d(cos /) is obtained from do (s,) /d(cos @) 
only by replacing 6 by (—6). Therefore, the effect of the parity-mixing can be detected 
only when the expectation value of the spin of the “‘parent’’ Y has non-vanishing z 
component. 

We list the explicit forms of the angular distributions for several s- and s,-values 


in ‘Tablesl. 
Table I. Angular distributions of Y>N+z 


riots a | a/ 2)dos. )|d(cos 6) 
bivoy Al, Sacavtip di, oe same = 2Re (ab) cos a 
ig ap apage” - “G/2)sin’6(|al24 24 16)? +2Re(a*b)cos 6) 
pet +1/2 | (1/2) [ (la ;? 2+ |b) 043 4 cos” 2 @) + 2Re(a*b) cos (5— 9cos? 326)] Lee A Eat 
| 5/2 |. €5/8)sin4@ []a|2+ 1612 2Re(a*b) cos 8] : 
5/2. +3/2 | G/8)sin’6 (| 2+ |B) (1 +15c08*6) +-2Re(a*8) cos 6 (9— 25 cos? 8) ] ‘ 
i il2 | (3/4) [(lal? +|5|2) (1—2 cos? 0 +5 cos!@) +2Re(a*b)cos 6 (5 — 26 cos? 29 +.25cos!@)] 


In so far as it concerns the angular distribution defined above, the interference effects 
between the states with different s,-values do not occur, so that, even if the state of 
the “parent” Y consisted of a certain superposition of the several spin states, resultant 
angular distribution could be obtained only by averaging the expressions corresponding 
to those s.-values with the suitable weights (which are related to the degree of the 
polarization of the “parent” particle). It is obvious that, when the state of the 
“parent? Y is “unpolarized ”*, the angular distribution of the decay products becomes 
necessarily spherically symmetric. 

Now, we shall return to the original problem of the production and the subsequent 
decay of Y. It is wellknown that, in the center-of-mass frame of the production process, 
the expectation value of the spin of the particle (with non-zero spin) produced by the 
pion-nucleon collision can have non-vanishing component only along the direction per- 
pendicular to the production plane. Even in the rest system of the produced particle, 


the situation is not much altered: The spin component along the direction perpendicular 


* Tt should be noted that the vanishing of the expectation value of the spin does not necessarily mean 
that the particle is “unpolarized”. However, when the particle is unpolarized, the expectation values of its 
spin components are always zero. 
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to the production plane can. generally have a non-vanishing expectation value. In any 
case, this expectation value depends strongly on the production angle @ and the incident 
pion energy E in the production process, Therefore, it would be rather improbable that 
this expectation value vanishes identically over the considerably wide region of these 
parameters and E. 

The foregoing analysis shows that the method of Lee et al.” for the parity-test can 


be applied independently of the spin value of the hyperon. Let us observe the chain of 
the processes 


t+ N->¥ 4K YON St. 


If the distribution of one of the final decay products is asymmetric with respect to the 


production plane of Y, then we can surely conclude that the parity is “mixed” in this 


“ > 


decay process, and that the “parent” Y is certainly polarized. 

Moreover, we may also obtain the information on the spin value of Y by expanding 
the observed decay angular distribution, (in the rest system of Y) into the polynomial 
of cos 4 and comparing it with the expressions (2-4) or Table I. These show that 
there exists a certain correspondence between the above-mentioned polynomial and the 
spin value of Y. Alternatively, it is also good to examine the probability density W (8,,) 
defined in ref. 2). Following Lee et al., we denote the component, along the direction 
normal to the production plane of Y, of the momentum of one of the decay products 


(say, 7) by R, and define the quantity ¢ by 
2=R/(maximum value of R). 


Then, W (A, ¢)déd(cos #) means the probability for finding the values of E between € 
and ¢-+dé in the decay of Y which is produced into the direction specified by the 6- 
values between @ and 6+d0. In the following, we shall refer to W(0,¢) simply as 
the “é-distribution””. The correspondence between the form of W(6,&) and the spin 


value of Y is shown in Table IL. 
The coefficients A’s, B’s and Gis Table II. The form of W7(0, &) for the decay of Y 
>] i 


in Table II are determined by the degree 2 W(0,) 


¢ 


of the polarization of the “parent” Y, 


4/2 Ay(0) + Ay (0)E 


and accordingly depend strongly on the - (0) +B (0) €-+By(0)62-+ By (OYE? 
production angle # of Y and the incident 5/2 Co (0) + Cy (8) E+. Cy (0) E1+-C5(0)E5 


pion energy E in the production process. 
There might eventually happen the case where the degree of the polarization of the 
produced Y makes unfortunately some of the coefiicients (especially that of the highest 


On such a reason, it has been believed that we 


even power term) vanishingly small. 7 


could know only the lower limit of the spin value from the decay angular distribution.” 
This is true, when the parity conserves in the decay interactions. In this case, for ex- 
ample, W (4, §) is ¢-independent for both of two cases where the spin of Y is 1/2 and 
where the spin of Y is not 1 /2 but it is unpolarized, and accordingly we can conclude 


nothing on the spin value of Y from the ¢-independent W (0, ). However, the situation 
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is very different for the case of the parity-nonconservation : W (4, €) can be €-dependent 
even if the spin of Y is equal to 1/2. 

Conversely, if W(0,¢) is ¢-dependent, then it turns out that the “parent” Y is 
certainly polarized. In this case, we would be able to improve the information on the 
spin value of Y by repeating the measurements for various values of # and E, since the 
degree of polarization of Y depends strongly on these two parameters. 

Moreover, as can be seen from Table I, it is quite improbable in such a case that 
both of the coefficients of highest even power and highest odd power terms of W (0, ©) 
vanish simultaneously all over a certain finite region of the parameters # and E. 
Particularly, for example, if the spin of Y were equal to 3/2, then at least either one 
of the coefficients B,(#) and B,(#) in Table Il would not vanish, in so far as the 
parity-mixing effect can be observed. 

Thus, we can conclude as follows: When the effect of parity-mixing is actually 
observed, we shall be able to determine the spin value of Y, more definitely than pointed 
out in the earlier papers, by observing the form of W (4, €). Particularly, in this case, 
we can surely judge whether the spin of Y is equal to 1/2 or not. 

Finally, we can relate the amplitudes @ and 6 in Table I with the pion-nucleon 
scattering phase shifts and estimate the order of magnitude of the quantity 
2Re (a*b) /(|a\?+|6|?) from the experimental data of the 7-N phase shifts. | Such 
considerations have already been done in ref. 2) and also by Minami and Yamaguchi’, 
in connection with the problem of the charge-conjugation and the time-reversal invariances. 
However, since the procedure is quite same as those of the above-quoted papers, and the 
data for the phase shifts of the arbitrary (high) total angular momentum states are not 
yet known, we shall not touch on this problem here. 


§ 3. The K-meson 


The method in the preceding section can be used also for the determination of the 
spin value of the K-meson. For this case, however, the conclusions are not so decisive as 
the case of the hyperon. This is mainly owing to that we cannot in principle distinguish 
between the completely unpolarized boson and the one with 0-spin. 

In this section, we shall first briefly summarize the distributions of the decay pro- 
ducts in the relatively abundant modes of the K-meson decay, namely K,., Kyo, and Kj. 
and finally consider the possibility of the determination of the spin value of K. 


(1) Angular distribution of the K,.o-decay 


The magnitude of the orbital angular momentum of the final 27 system (in the 
rest frame of the “parent” K) is uniquely determined by the spin value of K. Thus, 
the decay angular distribution does not contain the “ parity-mixing” part and is quite 
same as the case of the parity-conservation. The angular distributions in the rest system 
of K for various spin states and the form of the €-distribution of one of the final two 
Pions in the chain of reactions (7+ N—->Y-+K, K-27) are given in Table III. Here, 
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t is the spin value of the K-meson and the meanings of the other notations are similar 
to those of § 2. 


Table II. Angular and &-distributions for K->2z 


t te do (t-)/d(cos 9) . W (0, &) 
0 | 0 9-independent : sindependene 
=I (1/2) sin°9 \; 
1 SS = A,/ (0) + B,/ (0) & 
0 cos"@ | 
=E2 (3/8) sin*0™ : 
2 | +1 | (3/2) sin?@ cos? Ao! (0) + By’ (0) &2 + Co’ (0) & 
|——- — ZR Eee. 
0 (1/4) (1—6 cos?@ +9 cos'@) 


(2) Angular distribution of the K,.-decay 

If we denote the eigenfunctions of the relative orbital angular momentum and the 
sum of the spin operators of the final (“-+v) system by Y(I, L) and X(j, j.), respec 
tively, then the wave fanction of the final state in the rest frame of K can be written 


fiz) =>) a(j, [) Ci (t, t,3; m, t,—m) X(j, m) Y (1, Lm), (3: 1) 


where argument t. of f(t.) denotes the spin state of the “parent” K, and C ’s are the 
Clebsch-Gordan coefficients. 
(3-1) leads to the angular distribution 


do (t.) /d(cos #) ~ >} a* Gi, DaG, &) CAML Mey tte et) 
X Cyr (by te 3m, —m) YL, tm) 7, em), (3-2) 


where / is the function of cos 4 obtained by setting the azimuthal angle @ as 0 in 
the function Y and S$} means the summation over all the possible sets of values (J, 1’, m) 
for j=1 and 0. (3-2) is derived basing on the ordinary 4-component theory of the 
neutrino. However, our essential conclusions hold also for the case of the 2-component 
neutrino.” 

(3-2) is asymmetric with respect to 0=90° only when the contribution of the 
terms with (/-+/') =odd does not vanish. The latter condition can be fulfilled only 
when ¢,0 and the parity is mixed in this decay process. On the other hand, making 


use of the property of the Clebsch-Gordan coefficients 
Cy (J, —M; m, m') = ie lal 890 EL brie =m’), (3-3) 


ic can be shown’ that do(—4#,) /d(cos ) is obtained only by reversing the signs of the 


terms withendieli=sodds ime the expression (3-2) for da (t,) /d(cos 9). Thus, when 


the angular distribution is asymmetric with respect to H=90°, it turns out that the 


parity 1s mixed in this decay process, and the spin of the “parent ” K is certainly 
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non-zero and sufficiently polarized. 

Explicit forms of the angular distribution for several & and t-values and the form 
of the €-distribution of the final # in the process (7+N—Y + K, K>p-+yv) are given 
in Table IV. Here, the coefficients A(t, t,), B(t, t.), and so on, are the bilinear com- 
binations of the partial amplitudes a(j, /)’s, whose explicit expressions will be given in 
Appendix. * 


Table IV. Angular and €-distribution for Ky» 


t i ~da(t,)/d(cos 0) | WO, €) 
0 0 = 1a(0, 0) |?+}e(1, 1)|? £-independent 

sralll — A(1, 1) + B(1, 1)cos?9+ A’ (1, 1) cos 0 
1 =o = —| A,(6) +B, (0)F+C, (OE 

(0) A(1,0) + B(1, 0) cos°@ 
ae? A(2, 2) + B(2, 2)cos?@ + C(2, 2) cos!O A’ (2, 2) cos 9 (1—cos*) 
a : | Ao(0) + Bz (0)E+C2 (0) & 

2 +1 A(2,1) + B(2,1)cos*@ + C(2, 1) costO+ A’ (2, 1) cos@ (1 —2cos"@) | 2(6) (6) _ 


+ D2(6) &+ Es (6) &4 


| 0 A(2, 0) + B(2, 0)cos?@+C(2, 0)cos*® 


(3) Parity-nonconservation in the K...-decay 


Parity-test in the K,,-decay is very interesting in connection with the so-called 7-4 
dilemma. However, the parity-mixing part of the decay angular distribution can occur 
only in the case of the K-meson with non-zero spin, since, when the K-spin is zero, the 
parity of the final 37 system is necessarily odd. 

Let us observe, for example, the distribution of one particularpion, which is dis- 
tinguishable from the other two pions, in the 37-decay of the K-meson produced by the 
m-N collision. When this distribution is asymmetric with respect to the production plane 
of K, it can be shown by the similar arguments as those used thus far that the parity 
does not conserve in this decay process and the spin of the “parent” K is certainly 


non-zero and sufficiently polarized. 


* Expressions given in Table IV and in Appendix are formally valid also for the case of the two- 
component neutrino. This is obvious, unless the conservation law of the lepton number is imposed. Moreover, 
within the frame of pure kinematics, this conservation law affects our formulas only through the following 
additional requirements : 


AG 3h) aera), (0) 210), when t=0, 


a(1,t+1)=+[V ¢ a(1, t) -—Vt41 a(0, 1] /V 2041 ) 
Se -— eee 78 when ¢=<0, 
a(1, t—1)=4[V#41a(1,t)+V t a(0, t)]//2t4+1 | 


where the sign (=) means (+) for the neutrino process, and (—) for the anti-neutrino process. 

Thus, in any case, our conclusions are quite unaltered. 

In addition to this, it should be noted that, in the case of the two-component neutrino, the problem 
of the parity, itself, becomes meaningless. 
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(4) Determination of the spin value of the K-meson 


In so far as we restrict ourselves only to the K,»-decay, the parity-nonconservation 
does not cause anything new on the spin determination, 

However, we want to notice here the following fact: If any ¢-dependence of 
W(0,€) for Kx» or K,., or the parity-mixing effect in K,,, are observed, we can conclude 
that the spin of K is not zero, and the experimental condition (the values of @ and E 
in the production process) of this case is just adequate for the production of sufficiently 
polarized K-mesons, Therefore, in such a case, there would be the possibility to improve 
the knowledge on the spin value by repeating the measurements of the é-distribution of 
K,,. for various values of @ and E near those of the above experiment. 

On the other hand, when any effect of the parity-mixing is not found in K,,, and 
W (6, €) are €-independent for both of Kz» and K,., we cannot draw any definite con- 
clusion on the spin value of K: We cannot decide whether the K-meson is a spinless 
particle or it has non-zero spin but completely unpolarized. Of course, the wider the 
region of 4 and E where such a situation is observed, the more the possibility of K 
being spinless will become plausible. However, in such a case, it would be better to use 
the method of Adair”. 

Finally, we wish to add a remark on the K,,-decay. Since, in the rest system of 
K, the K,,-decay takes place on a sharply defined energy shell, each of the partial ampli- 
tudes a(j,/)’s has a certain fixed value. Thus, as will be seen from Appendix, the 
possibility may occur that these values of the amplitudes make some of the coefficients 
Att, 4); BU, 1),cand so on, identically vanish. This can occur quite independently of 
the production process of K, and accordingly cannot be avoided by adjusting the experi- 
mental condition (#- and E-values). In this respect, the situation is worse in K,, than 
in K,», although the former is the most abundant mode of K-decay. Thus, in the case 
where the parity-mixing effect cannot be observed, it is more convenient for the spin 
determination to use the K,,-mode. However, this is not necessarily the case, when the 
parity-mixing effect is actually observed in Verso 10) 4 example, let us consider the case 
where the spin of K is 2. The fact that the parity-mixing effect can be’ observed in 
K,. means that A! (25'2) =A! (2,'1) ZO (see Table IV and Appendix), and thus, W (0, €) 
would contain the term of ¢* for the suitable values of @ and E,. which is quite in 
contrast with the case of the K-spin being 1. Therefore, in such a case, also the K,o- 
mode can be of service to the spin determination to some extent. 

The author would like to express his sincere thanks to Professors K, Nakabayasi 
and I. Sato for their continual encouragement, and also to Mr, K, Nakayama for several 


useful discussions. 


Appendix. The expressions for the coefficients in Table IV 


A(1, 1) =|a(1, 0) 2+ (3/4) |a@s 1) P+ G/4) le 2) |?-+ (3/2) |e(0, 1) |? 


—(\/2 /2) Re[ a* (1, 0)a(1, Zs, 
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BC, 1) = (3/4) fla, 1) ?—Ja(, 2) ?—2|a(0, 1) |?+2)/ 2 Rela* (1, 0)a, 2s 


A’(1, 1) =Rela*(1, 1) 4/7 3 4s, 2) 4.2.41, 4, 


Bid Oya 2 deat vee 0, 


A(1, 0) +2A(1, 1) =3 {|a(1, 0) 
A(2,2) = (3/2) \@(1,1) 


24 la(1, 1) |?+a(1, 2) +1200, 1)" 5 


24+.(5/4) |a(1, 2) 7+ (13/8) ja(1, 3) |? 


+ (15/8) |a(0, 2) |?— G/ 6 /4) Re[a* (1, 1)a(1, 3) ], 


B(2, 2)==1G/2) a, 1) — O/4) eC, 3) a7 4) ao, 2) 


Cory (57/4) ain) 


+ (3/2)7/ 6 Rela*(1, 1)a(1, 3) |, 
24 (5/8) \a(1, 3) |?+ (15/8) |2(0, 2) |? 
— (5/4), 6 Rela* (1, 1)a(1, 3) |, 


A’ (2, 2) =Re[a* (1, 2) {y/154(1, 1) + 7/10a(1, 3)} J, 


A(2, 1) = (3/4) a, 192+ G/4) |¢G, 2) ?+ (1/2) eC, 3)/? 


B(2, 1) = (3/4) |aQ, 1) 


+ (1/2)// 6 Re[a* (1, 1) (1, 3) |, 
Pn (1.5964 pill: 2)? 423 at Dyn) 
> (9/2)1/ 6 Re[a* (1, 1)a(1, 3) ], 


2 


+ (15/2) |a(0, 2) 


C(2, 1) =—4C(2, 2), A (OE) 22s 


2A(2, 2) 2A (2, 1) =F (2, 0)=5{ a (gt) Pa Ay 2) 


*+ |a(1, 3) [P+ |a(O, 2) |, 


2B(2, 2).4,2B(2,. 1) +B) 0) = 2012, 2h 2C(2,.1) + C12, Oy oe 


1) 


2) 
3) 


4) 
5) 
6) 


7) 
8) 
9) 
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Separable Dynamical Systems of Staeckel in Flat Space 
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To help a study in orbits of a charged particle of high energy in electromagnetic fields, we 
determine coordinate systems and respective potential functions where the Hamilton-Jacobi equation of 


the particle is integrable by separation of variables. 


§ 1. Canonical forms of h,’s 


This paper is an appendix to our preceding paper? that has given a list of static 
electromagnetic fields where the Hamilton-Jacobi equation of an electron is integrable by 
separation of variables. In a Minkowski space the signature of d? is +++—. But 
the signature has nothing to do with the separability of a dynamical system. So we 
shall determine separable dynamical systems in a euclidian space of 4 dimensions where 
the line element is given in a form d&'=>jhdx?. Since the calculation goes quite 
similarly to that in Eisenhart’s paper or in our preceding paper, the results only are 
listed. 

There are eighteen canonical forms of the /,’s. The variables are not restricted to 
be real. 

When the hs depend only on one variable 

(A) 4,=1, ho=3, b5= P15 hy=Ty 
When the 4,’s depend on two variables 

(B) baad h,=@;; h,=01%, hye, 

(Cy b= 1 phate hy=O 1%, by=O172 

(D) b,=hp=O, 1%, h,=h,=1 

(BE)  by=hy== 014 2» b= 0,025 b=1 

Cry h,=hy=O, 1%» h,=0 12, h,=(o,+1) (1—o,) 

When the h,’s depend on three variables 

(SG) rt; py oy, bg 01%» hy=O 192% 

(H) =1, h=h,=7; (2 %)> b=; 

(1) h,=h=o,+ %, h,=1, = 

Gr) h,=h, =o, 7%» h,=0 1%» hy=F1F2%% 

(K) h,=1, poh, =o; (F2+%s) hy=O1 92% 

CL) h,=IT(o;—%))> 1=1, 2,35 fh pe 

(M) h,=I1 (o;—9;5)> ix1, 2,3,j7'> hy=O 152% 

When the h,’s depend on four variables 
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(N) b=h=o,4+0, = hy=og tes 

(OV = 15h, pal o,0,06,4-0,) 
(P) h=b=0,+06,, b= hy=o,% (034%) 
(Q) h=o,/T(o,—0,), i=1, 2, 3, fA, y=] 
(RD) ch=dl (Ceo), 21, 2 35,4) fet 


where o,=04(x%), 7,=04(%), ete. 


§ 2. Method of special values 


The Hamiltonian of an electron is written as 
H= >) (pi—%) */ be» 


p; being the momentum conjugate to x;, The condition of Levi-Civita gives a set of 
equations quadratic in p,’s, of which coefficients of the highest terms in pis are independent 
of 6,’s, so that the h,’s can be determined independently of 6,’s. The h,’s thus determined 
are listed in § 1. The 6,’s may be determined from the vanishing of other terms, but 
as the procedure is very cumbersome, we take another approach. 


When the Hamilton-Jacobi equation 

>} (0S /0x,— 6,)?/h,=h=const. 
admits a complete integral 

S=S,(%) +595 (%) +83 (%) +54 (%), 
we have an equation 

DS Cpi= 6:)?/b=h, ppd S,/dx. 
If we put x,;=a; (const), we have a condition 

DAs — bio) ?/ Peo =h 


where 4,=pj., and the subscript o denotes the values at x,=a;. Next, we put %,=a,, 
j 71, then we get 


CS eS es A, ie ve Ay) 
(’, being quadratic in 4,’s and §,=6,(x,, a, 4;, d,). Similarly we have 

Qi) -==4,(&,, Ay Aas ds 44) 5 

j=2, 3, 4. 
and 
Ps=Bi + V/ 95. 
Inserting these equations in the Hamilton-Jacobi equation, we have an equation 
oe (6,—2,;— /) os (A,-— bio) */ les 


which is to hold independently of 4’s, This equation is rewritten as 
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SG -PV $i/b=F, 
F being a polynomial in 4,;s. In order that the left member which involves radicals 


V4; be a polynomial in J,s, each of (b;—(;) a A must be a polynomial, so that either 


b,—8, vanishes or ¢; is a perfect square. Hence we have four cases. 
I) All os are perfect squares. In this case we have 
h,=a function of x; only 
b= b i=1, 2, 3, 4 
or =0 
by virtue of a guage transformation. 
II) go, 3, $4 are perfect squares, b=, 
h,= fi (2) + 9%) 
b= 6,4) $= 2,3, 4 
b,=0 
fis 9: being any functions of their arguments. 
III) 3, #4 are perfect squares, a Pp per 
b=fi(oit%)» b=flort %) 
hy=G2 (O40) / Prt Pas bo= G9 (O14 Fe) / (r+) 
by=Gg(4, +42) / (rt P2)> be= GaP + Pa) / Ort Fe) 
b,=5,=0. 
f=fi), 84%), Ce, 
IV) 4 is a perfect square, b= Bre = 15,2, 2 
b,=function of %, %, %3 


b=F,.Oys Xo 5 Saks yan, wap 35 4, 


§ 3. Coordinate systems and potentials 
The h,’s ate determined by the condition Ri,.=0, potentials 6,’s by Maxwell equa- 
tions in vacuo and the condition of separability. 
(A) dt—dx2+dx2+dx, +x; 
H=p?t+ (p.— 62)? + ( P3—b3)* + ( pa—b4)* 
by, bo, 6, are linear in %,, 
X, =, Xe being cartesian coordinates. 


The field here is a constant electromagnetic field. 
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de=dx2+t+dx-x2+dxe+dx? (2) 
H= p2+ (p3—by)?/x? + (py bg)? + (pa Fa)? 
b,=ax2, b,=/9 logx,, b,=7 log~, 
a, §, 7 are arbitrary constants. 
X EX COSKs, No %, SIM, Ag %> gy, 
(B) d&t=dx2+x2dx2+x, sin?x,dx?+dx2 (3) 
H=p?2+ p.2/2,-+ (p,—6,)?/ x2 sin?x, + (pa— 6,)* 
b= 8 cosx, +P, sin’x,/x, a@f=B? 
b,=a/x,+ a, cosx/x? aa,+f8,=0 
XK H% Si xy COSKys XG SEM, Siwy SIN Ky. Ag =A CORKyy 2X2, 
(C) de=dx2+dx2+x2dx2+x2dx2 (4) 
=p? pF ps — 5) 7%, (Pb, ) 2 fa 
b, =x," {a (x,?— 2x,”) +f} 
b= +x? {at (x2—2x,2) — B} 
X,=x, cosx,, X,=x, sinx,, X,=x, cosx,, Xs=% sinx, 
ds'=dx2+x2dx2 +x) sin2x,dx2 +x, cos?x,dx2 (5) 
Ag ay SIN NG COSKG, hg SX, COS Ke CUE Ne 
X,=x, sinx, sinx,, X,=x, cosx, sinx, 
H=p2+p2/x2+ (ps—by)?2/x2 sin? x) + (py—b,)?/x,2 cos? x, 
b= (ax2+/x,) sin?xy, 
b= + (ax2+8/x,2) cos?x, 
b,=a log cosx,, b,=/ log sinx, 
(D) ds°= (sinh’x,+sin?x,) (dx?+dx,?) +dx,2+dx,2 (6) 
X,=coshx, cosx,, X,=x, 
A,=sinhx,,sinX,, — 2%4= ay 
H= (p;+ p.’) / (sinh?x, +sin?x,) + (p;—b,)?+ (p,—b,)? 
6,= {(8,+9x,) sinh 2x,+ (8+ x) sin 2x,} / (sinh? x, +sin? x,) 
b=+bh,/ 21 
b= (9, sinh 2x, + 8, sin 2x,) / (sinh? x, +sin?x,) 
b,= (7, sinh 2x, +74 sin 2x,) / (sinh? x, + sin? x,) 
BY +P=BE +72, B+ T=0 
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de= (x2-+x,2) (dx,?+dx,2) +dx2+dx2 


(7) 
2G =x) 2; Xy=X,XqQ, Xz=%s, X= % 


H= (p+ pe) / rts) =f (pi —=6;) (pi- a)?” 


b= {8 (x,'— x) Cee ISAO) 
b=+h/ —1 


b= (81% + BX) / (x:°+%2") 
b= (71% +72%2) / (xP +32") 
B2+72P=Be +12, PiPotire=0 
(E) 


ds?= (sinh?x,-+sin®x,) (dx,+dx,") +-sinh*x, sin? x,dx,?+dx, (8) 


X,=sinhx, sinx, cosx,, X,=coshx, cos, 


X,=sinhx, sinx, sinx,, X4=%, 
b, = (a, coshx, sin® x, + @, Cos x, sinh?x,) / (sinh? x, +sin? x2) 
b= (8, cosh, +s cosx,) / (sinh’x, +sin’x,) 
a? +aeZ=B? +8’, a,a,+8,8,=0 
ds? (x2+x2) (dx? +x") +2) xo'dxg + dx, (9) 
Xe, a= (x,2—x,”) /2 
XK, HH Xo Sits GX, 
bax ix + aay (x +%") 
b= (x —%2) 4 Bay (xP x25) 
a=, aZ=Pe 
(F) ds*= (sinh’x, + -sin?x,) (dx2+dx,°) +sinhx, sin’x, dx," (10) 
+ cosh?x, cos’ %)d%4° 
X,=sinhx, sin xX, cos%;, X,=coshx, cos X, cos%, 
X,=sinhx, sinx, sin%;, X,=coshx, cos%y sinX, 
b,=« sinh’ x, sin’ x, 
N= ta cosh’ x, cos’ X, 
(G) dstadxeto,dr2+o,odx, HO, F2F4%y (11) 
span o,=sin’x%, 7, =sin' %; 


X=, Sin X% sin X, COS%, 


X,=x, sin x, sin X; Sin X, 
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XG == Xp Si, COS, 
X= x1 COS%, 
b,=a@ cOsX, 
(H) ds=dx,?-+o,(o,+0,) (dx?+dx,’) +dx,? (12) 
o,=x", of +40,+lo,2+mo,+n=0 
of +40,%—lo,+mo,—n=0 
b= x 
(1) ds*=(o,+0,) (dx?+dx,?) +dx,?+o,dx,? 
o/= sinh? %,, »Og= si? x55 03 == 4," (13) 
A= COSh X, COSXysn 2X 7y-COS x, 


X,=sinhix, sinx,, = esiix, 


CO, =X Saxe ff OSs (14) 


X= (x? —%,) 2s X; =X, COS X4 


— 2 
b= Px; 
9 9 
(J) d’=(0,+0) (dx? +dx,") +0, 0,dx2+0,0,0,dx,° 
o,==sinh’ x, Os==Sin 4.9 Os st0-o7 (15) 
X,=sinhx, sin x, sin x, cos X4 
X,=sinhx, sin x, sin x, sin x, 
X,=sinh x, sinx, cosX, 
X4=codsh x, cos xX, 
Dg 8 cos, 
Se oo a ee 3 
OX (One pe Og SIN X., (16) 
X, =X, Xp SiN X, COSX,, Xz=X,X_ COS Xz 
X,=%,% sinx; sinx,, X4= (xP2—x,?) /2. 
bi== |G coseas 
4 3 


In other cases there are no fields possible. 
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Perfect imaging dynamical systems are classified from the view-point of particle optics and their 


properties are studied. Examples realizing inversion, translation and rotation are given. 


§ 1. Introduction 


Perfect imaging systems in optics have recently attracted increasing attention and have 


been enriched with new examples.” A dynamical system has one more degree of freedom 


than an optical system, that is, time and energy. Further the path of a charged particle 
in a magnetic field is not realizable in optical systems. Hence perfect imaging systems 
in particle optics display a variety of remarkable properties that have never been realized 
in optics. In optics the most interesting imaging is a conformal mapping realizable with 
Maxwell’s fish eye for example. The translation and rotation are out of the scope of 


optical systems. In particle optics these two transformations are realizable by virtue of 


magnetic fields. 
In particle optics it is possible to converge all particles from a source point to an 


image point irrespective of their initial velocity as well as to make an image of a source 


describe an energy spectrum. 

In § 2 perfect imaging systems are classified according as how the position of an 
image and the time of travel vary with the particle energy. In § 3 a property of imaging 
when the Lagrangian involves the time is studied. A possible imaging is a similar 
mapping. In § 4 is shown that the advances of ignorable coordinates are independent 
of the position of source in perfect imaging. In §5 is presented a fundamental formula 
in perfect imaging that the action over a whole cycle is linear in momenta conjugate to 
ignorable coordinates. In §6 is given a general dynamical system that is axially sym- 
metric and perfect imaging in plane. There are included Maxwell’s fish eye,” Stettler’s 
generalized fish eyes,” Luneberg lens, etc. A remark is added that the period of planetary 
motion depends solely on the energy of particle. In § 7 are given examples of systems 
performing translation and rotation. .;The, two transformations are realizable in a plane 
with purely magnetic fields, In § 8 are added examples of periodic dynamical systems, 
among which are dynamical systems of constant period irrespective of their energy. A 


potential such as giving energy levels of hydrogen atom is.also given in one dimension. 
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§ 2. Classification of perfect imaging systems 


An imaging system is called perfect when all the rays or particles starting from a 
source A converge to an image A’, the correspondence A->A’ being one-to-one. The 
imaging thus achieved is called perfect. 

Since the time and the energy of particle are indispensable factors in dynamical 
systems, perfect imaging systems may be classified as follows : 

(1) a dynamical system which has the Lagrangian involving the time explicitly and 
make all particles starting from a point A(x,, x, x,) at the time ¢ converge to a point 
Al (x,', %', X;/) at the time ¢’, the correspondence (x,, x), %3, t) > (%', %', %', t) being 
one-to-one. The imaging here is a similar mapping. 

(2) a dynamical system which has the Lagrangian not involving the time explicitly 
and performs perfect imaging for particles of a definite energy. 

(3) one which has the Lagrangian not involving the time explicitly and performs 
perfect imaging for particles of any energy (at least in a finite range of energy). 

This type is subdivided into three types : 

(@) a type in which not only the position of an image but the time of travel of 
a particle from a source to its image do not depend on the energy of the particle, 

(8) a type in which not the position of the image but the time of travel depends on 
the energy, 

(7) a type in which the position of the image varies with the energy. If there 


exist the above dynamical systems, that of the type (@) will afford an effective apparatus 
for the determination of mass-to-charge ratio, that of the type (j%) will be applied to 
the measurement of the energy of a particle by the time of travel, and that of the type 
(7) will suggest the construction of an energy spectrograph, 


§ 3. Properties of perfect imaging systems 


We put the Lagrangian of a particle in the euclidian space of 3 dimensions as 
PAP EBD) B® 


where (B,, B,, B,) may be interpreted as vector potentials, B as the scalar potential of 
an electromagnetic field, the mass-to-charge ratio of the particle being taken for unity. 
Referring to S§ 69, 70 of Caratheodory’s Geomestrische Optik,” especially to the equations 
(69.5), (69.9) we have, for a perfect imaging system of the type (1), a relation 


L(t’, x’, .da'/dé)dt'=Li(t, x,.dx/dtjdtgS,; (3-1) 
dS being a perfect differential. So we have a relation 
1X, Xp! tr 2B,(x!) x,’ — 2B (x!) } dt! = {x x, +2B.(x)x,—2B(x) }.dt+2dS. (3-2) 
Since the imaging is perfect, the correspondence (x, t)—>(x’, t’), or 
Xi eex (Ket). ab mate (xy at) (3-3) 


is to be consistent with (3-2). If we regard dx,, dt as independent variables and write 
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them as,é,, €,, we get from (3-3) a linear transformation 


ae ze F doo So GB : 4) 
where a,,=0x,’/Ox,, etc. and from (3-2) 
ASS ino, (ae, Sy = 2B) EO. /e = te SB (x) é £.— 2B (x) E3} [Ep +25.€, +25 
where §.==00/0K,,. s== 05/08, 
This relation will be 
15 §,/ + 2B, (x') &,! 55! — 2B(x!) €4°} Soe (EE, +.2.(B: (x) +5) €,.€,—2(B (x) = seer e72 
(35) 
The equations (3-4), (3-5) are to be consistent. Both members of the eq. (3-5) are 
homogeneous expressions of 3 degrees. Therefore, if the eq. (3-5) is valid for a finite 


range of €, it is valid identically in ¢. The left member is divisible by ¢), so the right 
member must be divisible by ¢,. Hence we get 


Boles tgp Fos tye Oy Ox 0t' / Ax-0, 
In other words, ¢’ depends not on x, but ¢, that is, t/=¢'(t). 


Comparing both members of (3-5) after dividing by ¢,, we get 


cS 


gone e., (3-6) 


B, (x')é,/= (B, (x) +5,)é, 
dy) B(x’) = B(x) 5 


(3-7) 


The relation (3-6) implies 


OX dt at dant Xd Xn, 
Because of the relation above obtained a,=dt'/dt, this will be 
dx, dk, (dt =d%dx,/dt (3-8) 


that is, the magnification ratio is a function of ¢ only. The eq. (3-7) represent a 
coordinate transformation combined with a gauge transformation of vector and scalar 
potentials. The above reasoning reveals a possibility of pure magnification, 

The properties of perfect imaging systems of which the Lagrangian does not involve 
the time explicitly were studied hitherto.” The relations obtained there are 


(h—B(x’)) dx,'dx,'!= (h— B(x) ) dx,.dx, (3-9) 
B, (x') dx,’ =B,. (x) dx, + dq. (3-10) 
The relation (3-9) admits only conformal transformations. For perfect imaging 


systems of the types (@) and (3), the position of the image point does not depend on 
the energy of particles. So the relation (3-9) must be valid for any value of A. 


Therefore we have 
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Gx dx,’ = a4%,0%, enon 
B(x) =B() (312) 


The relation (3-11) admits only congruent transformations, that is, rotations and trans- 


lations. 


§ 4. Ignorable coordinates 


When the Hamiltonian of a dynamical system referred to an orthogonal curvilinear 


coordinate system (9), 9s,°"°» n) 
H=1/2->}(p.—B,(q))?/h. + B(q) (4-4) 


does not contain k coordinates g,, --:, g, explicitly, there exist k integrals p;—=const, i=1, 
q1 Chie 24e yi g 

+, k, p; being the momentum conjugate to an ignorable coordinate q;. If the imaging 

by the dynamical system is perfect for particles of energy 4, there is a property that the 

y y y P P gy PrOperry 

_ tespective advances Q,, ---, Q, of the coordinates g,, ---, q, are independent of the 

position of source. We take (q,, p,) for canonical variables of a source, (q,’, p,’) for 


ones of the corresponding image. Since the imaging is perfect, there are the relations 
Ge =r (Gis > In)» T= 1, 2, ry 0 (4-2) 

and, from the constancy of momenta conjugate to ignorable coordinates, 
Pi =Pis > Pe’ =Pe- (4-3) 


If we represent the canonical transformation (q,, p,.) >(q,, p,) with a characteristic 
function U(q, p’) taking q,, p,’ for independent variables, as 


p.—0U7/ 07,, dp =OU pope (4-4) 
the above relations (4-2) permit us to put 
U=p,' 4, (q) +f). (4:5) 


To ensure the relations (4-3), we have to put 
Gs = Fe Qe ln vii 22? Qn) xt Hdy bats 4k 
GGG, Oe SE, See (4-6) 
FQ) =f@usrs “+s Fn) 


Hence we have 


U=p, (q4-Q,) + py! (Gut Qu) + Per deer to pe Gn aie (4-7) 
Accordingly we have 


& n 
Pru = 0U/9g 441 ee 0Q:/ 9441 ae Bales 0q5' /Oqn+1 Sli Of/Oqns1 » etc. (4-8) 


Since the characteristic function must satisfy two equations, 
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H@,, p,) —h=0, A(q,’, p,’) —h=0, (4-9) 
where p,, q, are to be given by (4-4) and (4-7), the relations (4-4), (4-5), (4-7), 
(4-9) must be compatible. 

Therefore if we eliminate p, from the first equation of (4-9), the two equations 
must be proportional to each other, for they are both of the second degree in p,’. Since 
Fi tar: p’) lacks such terms PUBiwhe eres Pi’ Pr's o's px p»’, that is, cross terms of pi 
Px with priis pr’, H(q, p) also, p, being expressed by p,’, must lack such terms. So 
the coefficients of p,’piii, ---, p,’p,’ in H(q, p) are to vanish, 


S 1 AQ, Ogn+1 =i 
s=k+1 h.(q) Og, 99, 
| F (4 * 10) 
See ic aes 


ose h,(g) 9g, 94, 
This is n—k linear equations in 9Q,/0qz41, °°, 9Q,/9q,. Since the imaging is 


perfect, ) CAE ero) qo /o (q; Sule as Gn) 0) iss Ow bay ixs qn) /0 (qp+t ee es Yn) #0. 
So the determinant formed with the coefficients of the equations (4-10) does not 


vanish. Therefore we have 
0Q,/ 94%+1 SS OME ER 0, 


that is, Q, is independent of qz41, ***) Yn- The same conclusion prevails also with other 


Q,’s. The Q,’s are functions of fh at most. 


§ 5. Separable dynamical systems 


When the Hamilton-Jacobi equation 0W/dt+H(q, 0W/0q)=0 of a dynamical 


system is integrable by separation of variables, the integration method of Jacobi gives a\ 
path by 
OW 700, =p, 12,9, °° > (S=1) 
and the position of particle along the path by 
ew /da,=—8, (572) 
where W is a complete integral involving n arbitrary constants bids, sean rand 


is written as 
W=—a,t+ 33 ped (5-3) 
p.=function of 4, alane, 271, 12,.7-%9.08 


We consider the case where each q, of variables is contained in an interval and 


oscillates cyclically. We define the action J over a whole cycle by 


J=Dhpdae, (5-4) 
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) denoting the integration over a whole cycle. The integration constants @,,, ,. introduced 
above serve to determining the initial values q,’, p,’ so that we can consider the constants 
8,’s to be functions of the constants @,’s and initial values q,"s. If the 8,’s assume the 
same values as before after each of all variables g, completes its respective cycle, the 
motion of the particle is periodic since the dynamical system has the same @,, 8, after 
a cycle, 
The condition for the above periodic motion is 
Bp) /PapeO8 = 2, 3- Awe (5-5) 

while the period T is given as 


T =0]/da,=]/db (5-6) 


by the condition that 8, assumes the same value after a cycle. 


When the coordinates g,, -:-, 9, are ignorable, the momenta p,, ---, Pp, ate constants 
Pi= iri i=1, Le ae k 


and a complete integral is written 


ep 


Wa — Bt 5G, Og Qe D>: | p.dq,. 
Spero 


When the motion is cyclic with respect to a set of other variable q,.1, ---, Gn., the 


action defined as before 


J= D4 pty, (5-7) 
gives the relations 
0J/da,=T, 0]/9a;,.,=0]/Op,.= eed | i=1, +, k ) 


(5-8) 
0J/Aa,..=0, s=k+1, 235 14 


where Q; is the advance of the coordinate g; over a whole cycle. The relation takes a 
form 


dJ=Tdh—Qydp,—--—Qadp, (5-9) 
in its differential form. 


If the motion is cyclic with respect to the set of 9;.1, °*-, q, after the variable q, 


completes v, cycles, s=k+1, ---, n, the action is to be taken as 
T= 4 pods. 
§ 


We combine the result obtained here with that of $4. If the perfect imaging is 
such as 


qe =G:+Q., i=1, 2, e's k 
OMe s=k+1, BOE 
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where the advance Q; of the variable g; is a function of h alone, we have a fundamental 
formula 


J=fO) —Q,@) pi + — QF) pr. (5-10) 


In short, for a perfect imaging and separable dynamical system, the action over a 
whole cycle is a linear function of the momenta conjugate to ignorable coordinates, its 
coeficients depending on the energy alone. The classification of § 2 may be written in 
terms of J as 


(2) =a linear function of p,, ---, p, for a certain energy h, 
(3) (a) J=bh—a,p,—---—a,p,, 6, a,, +++, a, being any constants 
(2) J=f)=ap—~—ap, f (6) #0 
OQ) Jaf) -aO) p=: — Qa yin: 
one Of Q,/(h) at least not vanishing, 


a prime denoting the differentiation with respect to h. 


§ 6. Imaging by the reversible system 


When the Lagrangian L lacks the term linear in g,, the L is invariant under a 
transformation t>—t, 7.—>—gq,- So the equation of motion is also invariant under the 
transformation. Hence a path reversed in its direction is also another path. Therefore, 
if A’ is an image of A, A is an image of A’, So the imaging repeated twice is an 
identical mapping. Accordingly the advance repeated twice 2Q, of the coordinate q, must 
be congruent to 0. Hence Q, must be 0 unless the coordinate q, is a many-valued 
function of the position of a source. Rotations by an angle other than kz and transla- 
tions are not realizable by a reversible system. 

When the coordinate # is ignorable with respect to the polar coordinate in plane, 


the advance 9 of @ must satisfy the condition, 
20=2hr. thee 1, 2, 3: 


or O=kz. 
For the simplest Hamiltonian H 


H=1/2- (p.2+py?/r?) + B(r) =h (6-1) 
we have an integral p,—p and the action J 


1c } p.dr= §/2h—2B() —p/rdr. (6-2) 


The imaging is realizable when the action J is a linear function in p as was seen 


above. 
Putting r=aexpx, 2(h—B(r)) r= f(x), we transform J into 


J= bv fe)—pidx. 
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We choose the constant a to be the value of r where f(x) is maximum at x=0, assuming 


that f(x) has a maximum. We put then 
fx) =2=24 
Pak (0). p= = 
and 
apo se 


and get 


1 p/e—# NCE dt == ee jdt 


= WN IAN Ree 
= 27 S\Cm-1(—1)” i Je 
1 


n= 


where the bracket expression is the coefiicient of x” in the expansion of ify 
On the other hand, J must be linear in p and satisfy the relation 0J/dp=—9 
= —krr, (k= 1, 2; ~-), so-that J may be put 


J=b—mkp=b—amk//P—-& 


-) us Ln te ae he 2n 
Sh oe ee 


n=1 2n—1 4 peas 
Comparing the two expressions of J with each other, we get 
b—zkl=0 


— me: © tae i 
7), Go taal ih a ie 


Dene ay, ekyy POE 


Con—1 


Co, : arbitrary. 
Therefore we get 
x=k/2-arctanh(c/l) t+ac?+ce,77+-: 


J=nk— p), O=kr. heat) 


So there appear numerous examples of perfect imaging systems among which are included 
various known systems, such as Maxwell’s fish eye, Luneberg lens, generalized fish eye 
obtained by R. Stetller and so forth. 

The inversions r’=a°/r, 6’/=@+kz, (k=1, 2, ---) are realizable only when q=c 
=---=0. They are, however, perfect only for a certain energy. 

There are only two cases where the perfect imaging is possible for any energy h. 
They are that of B(r) =w*r’/2 and that of B(r) =—c/r. 

For B(r) =w*r?/2 we have 


J=}V20-0H/2) =F] Pdr=a(b/w—p), p>o 
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O=—9dJ/dp=k, T=7/e, 
For B(r) =—c/r we have 


i= yy 2 (b+ e/1) — p/P dr= 20 (c/y/ (—2h) —p) 
P > 0, h —< 0, 
@=2n, T=27¢ (—h) al: 


The imaging is an identical mapping. The time of travel depends, however, on the 
energy. This is the only case of type (/) ever known. In space the potential B(r) 


=-—c/r is realizable electrically. 


§7. Imaging by irreversible systems 


1) Translations, When the coordinate y is ignorable with respect to a cartesian 


coordinate in a plane, the Lagrangian and Hamiltonian may be put as 
P ? grang y Pp 


L=1/2-(+y") +6(x) y—B(x) 


C9) 
H=1/2-p'+1/2- (p,—6(x) )* + BG) 
Since y=p,=p is an integral, the action is 
J= hv 2h—28@) — 6@) —5)2dx. (7-2) 


If we put B(x) =—ax, b(x) =x, we have 
J= 27 (ap/P + 02/2 +h/8) 
so that the translation is realizable with the result 
) Y=—0]/dp= —27a/? 
T =90)/db=227/8. 


Y is the advance of the coordinate y. The advance as well as the time do not depend 
on the energy. This dynamical system is of the type (a), and gives nothing but the 
field invented by Bleakney—Hipple” for a mass-spectrometer. 

The translation is realizable with b(x) only. Dropping off B(x), we have 


jz \/25— (b (x) —p)?dx. (7-3) 


Changing the variable from x to z by b(x) =z, x=(z), further from Zz to u by z—p 


=u, we have 
jie: bv/ 2h p)?¢g! (@)dz 
= r/ 26H ¢' (pw) du 


= 27 {hy' (p) +H!" (p)/44+--}. 
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The prime here denotes differentiation. To ensure that J be a linear function in p, 9 (Pp) 
must be quadratic in p. So we can put 
t= 9 (Sa (SFP)? /24-7. 


Since an additive constant to b(x) is indifferent to the field, the constant may be 
dropped. The constant 7 also may be dropped by the change of the coordinate x. 
Hence we get 
b(x) =V/ (2x/a) (7-4) 
and 
J=2zahp 
Y=—2nah, T=2nap, 

The advance Y is proportional to the energy. Therefore an energy-spectrum of a charged 
particle in this magnetic field is a straight line parallel to the y axis. This is an example 
of the type (7) in § 2. 

An example of translation in space is given by a dynamical system with its Hamil- 


tonian 
2h =p, py + pH) ey 2a, 
There are two integrals : 
pPz-=Pp 
prtey=q : 


J is calculated to be 


Ja Vv (ah Pg +2 Upta)a— Bath dxt b/ G— Fy) dy 
= (2ap+ 24h) /2 4 2a?/2, 
Hence 4J/dq=0, and J is linear in p. 
Z=—0]/dp= —22a/7/*, T Sanya, 


This dynamical system is however not realizable with the electromagnetic field in vacuo, 
2) Rotations. A general Lagrangian not involving @ with respect to the polar 
coordinate in a plane may be put 


L= (#426) /24+6(r)6—Blr). (7-5) 
Hence the Hamiltonian and the action become 

H= p,"/2+ (po—b(r) )?/2r? + B(r) 

I= v/ (2-280) — 6) =p) Phar. 
For the field B(r) =ar’, b(r) =Pr2, we have 
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=a | (Pp+h)/(2a+f%)?—p], p>o 
Oa Seep a nd hee rey) 
T=0]/db=7 (20 +P)”. 


O as well as T do not depend on the energy. 
Next we determine 6(r) dropping off B(r). To expand J in powers of 4, we 


introduce new variables z, ¢ defined by 


bfx) =z... 2=0{z) 


and 
CU) = par 
or z=ptlG(z). 
From the Lagrange’s theorem” concerning the expansion of inverse function we have 
r= 9(z) =9 (p)a(e) C/2'4 (PUES the CA es: 


so that we get 


J=hV = 6O—P/A dr 


= yv/ 2b— Cds 
} (2n—1) 


=2n5 Y 


a=1_—s on! n! 


(J 28 ((9)8/2+ GH 16+}. 


In order to ensure that J be linear in p for any energy, gy’ must be quadratic in p. 


So we put 
g=a(pt+)?/2+7. 
As in (7-4) we may put §=0 and get 
areca 
O=22(1—1// 1—ah) i nae 
T =27ap(1—ah)*” 
b(r) =V {2°—7) /a} 
When 7=0, the field B(r) =—c/r may be added without spoiling the perfect imaging. 
Two dynamical systems B(x) =0, 6(x) =y/ (2x/a) in translations and B(r) = —c/T, 
b(r) =ry/ (2/a) in rotations seem to be the first examples of perfect imaging energy 


spectrograph. 
Examples in a foregoing paper” perform the rotation in space. 


A dynamical system defined by 
L= (PEP PLZ) /2+PP0—B (22?) /3 
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also performs the rotation around the z axis, whereby J=7 (G/3—-1)pthy/3), G=701 
—7/3), T=2)/3/8. 
A dynamical system 
2H=p,?+p./r+ (pe—Br sin? G)?/r° sin’ #— 2? sin? d 


with respect to the polar coordinate in space gives an example where the advance of ¢ 


varies with the energy, though it is not realizable with electromagnetic field in vacuo. 


§ 8. Periodic dynamical systems 


A dynamical system may be called periodic if all paths of a particle of a certain 
energy are periodic. So periodic dynamical systems also perform perfect imaging though 
they are of rather less interest in view of particle optics, since the imaging is an identical 
mapping. 

We show here, however, few examples of periodic dynamical systems as an applica- 
tion of the fundamental formula (5-5). 

A dynamical system of 1 degree of freedom H=1/2-p7+f(x) has an energy 
integral p,?+2f(x) =2h and the action 


J= v2 2f() dx. 
The motion is periodic within a valley of potential, Assuming f(a) to be minimum at 
x=0 and f(0)=0, we change the variable from x to + by 2f(x) =? or 
x=O(T) =PT+ 3,7 +RO+- 
and get 
i= §y/2b—= 9" (2) dz 


1: 
oe 


3 aco 23-3 
4 Fac 


B,(2b)acheabet- (8-1) 


= 20 |" 9.2b+ 
2 4-6 i 


T =0)/0bh=27 {8+1-3B,h+1-3-5/(1-2) -B,h+---} 


If the period T or the action J is given as a function of h, a potential is determined 


except for the constants 7,, ;, ---. For example, a potential for which the period does 
not depend on the energy is given when 
r= 9 (2) =Pe+ Ret Bt (8-2) 


If we put x=/r+3,7*, we have f(x) =x/28,—B (V B+ 48, x—8) /48,. This is not 
symmetric with respect to x, though the period 27% is constant, Next we determine a 
potential such that 


ru 


This is suggested by a classical relation between the energy and the action in hydrogen 
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atom. Assuming h<0, f to be minimum at x=0, and 2f(0) =—/<0, we put 2 f(x) 
=—l-+7?, x=¢(c), 14+2h=€ and we get an equation in & 


Expanding both members in € and equating coefhicients of &”", we have 
x= 9(t) =at/(l—7*) +8,7°4+8,t°+::-, (8-3) 


8,, 83, --: being arbitrary. This arbitrariness suggests us the difficulty in determining 
a potential from its energy levels in quantum mechanics. 
A separable dynamical system referred to the cartesian coordinate in a plane is 


written 
2H=p,’+ py +2 f(x) +29(y), 


whereby p,?+29(y) =p is an integral and the action becomes 


J=4v (= p—2F CD) d+ bv (p29 NT. 


The condition of pericdicity is, from (5-5), 0J/Op=0. Hence we must determine f(x), 
g(y) to satisfy the condition. 
Assuming f(x), g(y) to be minimum at x=0, y=0, and f(0) =7(0) =0, we 


change variables from x, y to o, 7 by 
f(x) =0%, 29) =2 
or x=9(0), y=). 
Then we have 
J=4v 2b=p— a9" (a) do-+ Y/p— yh (de 
=270(2h—p) +27 (p), 
~,@ being determined as in (8:1). The condition 0]/Ap=0 gives a relation between 


@ and &. If we require the dynamical system to be periodic for any energy, there 


must be an identity 
W! (2b—p) =F'(p) 


for any p and for any h, consequently, both and ’ must be constant, Therefore 
f(x) must be one of the potentials obtained above (8-2), g(y) the same or another. 

The above process may be applied to other coordinate systems with increasing dif- 
ficulties. 

A thorough list of periodic systems 1s far from completion. 

The writer is much obliged to Prof. Miyamoto and the members of his laboratory 


for suggestions and discussions. 
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In the present paper the elastic scattering of deuterons by heavy nuclei is investigated through 
the analysis of the available data at 11 MeV and 15.2 MeV. Because Ze°/hv>1 and the reduced 
wave-length of the deuteron is much shorter than the nuclear dimensions, the center-of-mass motion 
of the deuteron can be described by the classical approach. The wave mechanical, description is 
applied only to the internal motion of the deuteron. It is shown that for the deuteron scattering at 
11 MeV the departure from the Rutherford scattering can be completely attributed to the electric 
breakup of the deuteron. The result of the analysis of the deuteron scattering at 15.2 MeV shows 
that although at larger scattering angles the effect of the nuclear absorption due to the diffractional 
scattering of deuterons cannot be neglected, the main contribution to the departure from the Ruther- 
ford scattering comes from the effect of the electric breakup of the deuteron. The calculation of the 
cross section of the electric breakup by the semi-classical method of the virtual quanta modified for 
the non-relativistic case is performed to compare with the result obtained from the analysis. The 
limitation of this method is also discussed. 

In conclusion, it is emphasized that the mechanism of the elastic scattering of deuterons by heavy 
nuclei is quite different from those of the elastic scattering of alpha-particles by nuclei and of deuterons 
by light nuclei. 


$1. Introduction 


Within the past few years various experimental investigations were performed con- 
cerning the elastic scattering of alpha-particles’’ and deuterons” by nuclei. One of the 
most striking features of these data is the fact that the scattered intensity shows the 
departure from the Rutherford value beyond a certain angle at a fixed energy. Such a 
character in the elastic scattering of alpha-particles could be successfully explained for 
overall nuclei as a result of their interactions with the nuclear optical potential.” 
However, the satisfactory interpretation of the deuteron scatterirg is so far unknown. It 
may be supposed that the cause of the departure in the deuteron scattering will not 
necessarily be similar to that of alpha-particles because of the marked difference of 
structures between them. However, some evidences”) of the elastic scattering of deuterons 
by light nuclei suggest that the departure from the Rutherford scattering is due to their 
nuclear interactions (e.g. the existence of the diffraction pattern in the angular distribu- 
tion). Then a question arises about whether the departure in the deuteron scattering 


may be explained for overall nuclei by only nuclear interactions of deuterons. In order 


* The preliminary part of this work was published in Prog. Theor. Phys. 17 (1957), 506. 
k On leave of absence from Department of Physics, Saga University 
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to answer this question it is particularly necessary to study the elastic scattering of 
deuterons by “heavy nuclei” as a limiting case. 

The main purpose of the present paper is to investigate in detail the characters of 
the elastic scattering of deuterons by heavy nuclei through the analysis of the available 
data,” and especially to clarify whether there exists any essential difference between the 
mechanisms of the anomalous Coulomb scattering of deuterons and alpha-particles. 

Some years ago few theoretical approaches were attempted concerning the elastic 
scattering of deuterons by heavy nuclei. French and Goldberger’ calculated the magnitude 
of the departure from the Rutherford scattering expected because of the deuteron being 
a structure with non-coincident centers of mass and charge. They found that this effect 
was negligible for Ze*/bv>1. 

Malenka, Kruse and Ramsey” calculated the effect of the electric polarizability of 
the deuteron upon its elastic scattering for Ze*/bvu>1, and showed that the magnitude 
of the departure was negligible even at the backward scattering. 

Therefore these effects will be useless to account for the considerable departure shown 
in the available data in which Ze?/bv> 1 is satisfied. 

With a classical procedure Porter” attempted to explain the deuteron data” 
at 15.2 MeV by assuming that the departure from the Rutherford scattering is 
mainly due to the absorption of deuterons by nuclei. However, the best fit to the above 
data led to an unsatisfactory result that the mean free path of the deuteron near the 
center of the nucleus is much longer than that of the alpha-particle obtained in the 
similar manner. The situation will become worse if the effect of the electric breakup of 
the deuteron is considered. Now, the reason of his failure, I believe, comes from the 
fact that he treated the nuclear absorption of deuterons and alpha-particles with the similar 
method, It is especially important to discuss the nuclear absorption of deuterons taking 
account of their loosely bound characters. In addition, the effect of the electric breakup 
of the deuteron which was not so far considered should be discussed in detail, There- 
fore the considerations of these problems constitute the essential part of the present paper. 

In section 2 it is discussed which role the diffractional scattering’”~'? of deuterons 
by nuclei plays in the present analysis, and the difference from the scattering of alpha- 
particles is emphasized. It is also shown that the effect of the nuclear absorption through 
the diffractional scattering is too small to explain the available data. In section 3 the 
formal description of the deuteron scattering with the electric breakup is presented. It 
is shown that such a scattering is equivalent to the scattering by the Coulomb potential 
Ze’/r plus the electric optical potential (function of r only), where r is the distance be- 
tween centers of deuteron and nucleus. In section 4 a simple classical model for the 
deuteron scattering with the electric breakup is proposed, and the best fit to the experi- 
mental data is attempted in such a way that the effect of the electric breakup covers 
the part which could not be explained by the difftactional scattering. The result obtained 
in such a way shows that this absorptive field is weak enough to be called soft medium 
for the incident deuteron, In section 5 the differential cross section of the electric 
breakup along the Coulomb orbit is estimated only for the case of the dipole transition 
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by the semi-classical method of the virtual quanta modified for the application to the 
energy region concerned. It is shown that the effect of the higher multipole transitions 
and the effect of the electric breakup of higher order will be necessary to obtain the 
cross section of the electric breakup obtained in section 4. Finally, in section 6 the 


conclusions obtained in the present work are summarized. 


§ 2. Diffractional scattering of deuterons by nuclei 


In this section we discuss the nuclear interaction of the deuteron with the target 
nucleus. The available data are concerned with the elastic scattering of 15.2 MeV 
deuteron” by Pb:3* and Biz’, and of 11 MeV deuteron” by Taz’, Aw’, But, and Ue. 
Therefore Ze?/by>1, and the reduced wave-length of the deuteron is much shorter than 
the nuclear dimensions. Then the center-of-mass motion of the deuteron may be described 
approximately by the classical Coulomb orbit. In all nuclei under investigation, the 
apsidal distance corresponding to the largest angle of the observation exceeds the nuclear 
radius R=r,- A’ (where r, is assumed to be 1.33X10~“cm). So we may think that 
the nuclear interaction of the deuteron takes place when it grazes the nucleus. Now, 


in order to see what takes place in this encounter we discuss both experiments individually. 


(a) Deuteron scattering at 15.2 MeV 

Here the incident deuteron energy is slightly over the barrier height Ze Rey ine 
this case the period of the internal motion of the deuteron is fairly longer than the 
time which the deuteron requires to graze the nucleus. So it has an approximate meaning 
to speak of the instantaneous positions of the nucleons in the deuteron during the colli- 
sion with the nucleus. Now we assume the target nucleus as a black sphere for the 
incident nucleon, Then the decrease of the deuteron intensity by the nuclear absorption 
might be understood as a result of either neutron or proton in the deuteron being 
absorbed when the deuteron grazes the nucleus. Here we notice that under such a 


10)--18) -by the. nucleus. 


situation the incident deuteron suffers the diffractional scattering 

Glauber’s procedure’ for the diffractional scattering can be straightforwardly applied 
to obtain the probability with which the deuteron survives after it has grazed the nucleus. 
Assumiug the zero-range force between the neutron and the proton in the deuteron, the 
probability in question T,(0) for the scattering with the apsidal distance q((/) is given 


by the following expression : 


To) =A — exp [—4a(q—R) |—4a(q—R) Ei [—4a(q—R)] (@>R) (1) 
where ; 
Ze” ; 
Oi ———_(_ 1 -cosec (@: scattering angle) 
a) 2Mv 2 ) 
a= (MB,/b’) li (B,: binding energy of the deuteron) 


Ei(—x) = — [Part dt (x > 0) 


The effect of non-zero range of the force between the neutron and the proton in the 
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deuteron upon the diffractional scattering 1s negligible.” The relation between 7, (@) 
and the scattering angle # is schematically shown in Fig. 1. Clearly, the effect of the 
diffractional scattering is too small especially at smaller angles to explain the magnitude 
of the departure from the Ruther- 
ford scattering shown in the ex- 
periment (see Fig.4).* Moreover, 
it will be evident that at smaller 
angles T, is insensitive to the 
magnitude of the nuclear radius 
T= 1.33 X107%cm R. 

Finally, it might be pointed 
out that the behavior of the 
nuclear interaction of the alpha- 


particle will be different from that 


of the deuteron at the intermediate 
0 30 60 90 120 150 180 


energies, The period of the inter- 
Scattering angle (deg.) 


nal motion of the alpha-particle 


Fig. 1. The schematic representations of T,(#) for the is fairly short compared with the 
diffractional scattering of (a) 15.2 MeV deuteron 


time which the alpha-particle re- 
by Pb, and of (b) 11 MeV deuteron by Ta. 


quires to pass through the distance 
equal to the nuclear diameter. So there is a good reason to discuss the nuclear absorp- 
tion of the alpha-particle, as the Porter theory does, using the average quantity like the 
radius or the interaction radius. Because of the remarkable contrast of the situation, it 
will be clear in the nuclear interaction of the deuteron that the introduction of the 


average quantity like the radius or the interaction radius is meaningless. 


(b)  Deuteron scattering at 11 MeV 


Here the incident deuteron energy is below the barrier height Ze*/R. So we may 
think that in this case the nuclear absorption of the deuteron takes place as a result of 
the only neutron in the deuteron being absorbed by the nucleus when the deuteron grazes 
the nucleus. Then the probability with which the deuteron survives after it has grazed 
the nucleus will be instead of (1) given by 


LCG yet —texp[—4a (q—R) |—2a(q—R) Ei| —4a@ (q—R) | (2) 
The magnitude of T,(#) given by (2) is also schematically shown in Fig. 15» Glearly, 


the result tells us that the effect of the nuclear interaction of the deuteron is quite 
negligible in the elastic scattering of deuteron at 11 MeV. 
As a result of the individual discussion, it is concluded that the departure from 


the Rutherford scattering shown in both experiments can never be explained by the 


* If the effect of the nuclear transparency were considered, the magnitude of the departure by the 
diffractional scattering would become smaller. 
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nuclear interaction of the deuteron only. Under such a situation, it will become essential 
to discuss the effect of the electric breakup of the deuteron which has not so far been 
considered. 


§ 3. Formal description of deuteron scattering with electric breakup 


In this section the effect of the electric breakup'*” of the deuteron upon its elastic 
scattering is formally discussed. For the present, the nuclear interaction of the deuteron 
will be put aside. Such an approach will be justified for 11 MeV deuteron, but it will 
mean for 15.2 MeV deuteron that the interference between the effects of the electric 
breakup and the nuclear interaction is neglected. 

The Schrodinger equation for the system 1s 


[ td) +74 28, + Ba Ji=20 (3) 


Ap 
Here V is the n-p potential, E, the incident deuteron energy, and B, is the binding 
energy of the deuteron. 
If the coordinates r and p, where r=4(r,+r,) and p=r,—r,, are introduced, 


the equation for ¢',, is rewritten as 


| x Ack: Lesa es 4,+V(e) -E,+B,| u(r, p) =0 (4) 
4M lr—io| M 


Now, #2(r, #) can be expanded in terms of the orthogonal two-particle eigenfunction 
Xn(P) - 
Pulh, 0) =D) %n(P) Lal). (5) 


where 


|- Es, +V(o) -w,| L,(0)=0 (W,=—B,) (6) 


From (4) (5) (6), the equations for 2,, (r) are written as 


(H—E,) 2)(r) =>30|U|n)2, (r) (7) 
(H—E,,) Qn (7) =S\m|U|n)2,(r) (m0) (8) 


In the above equations the following abbreviations were adopted. 


Hae E4428 (9) 
4M r 
E,=E,-—Wy,+W, . (10) 


(m|Ulny=Ze'| fn (P) C= rea An(@) da (11) 
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Then, 2,,(r) satisfying the boundary condition is from (8) written as 


Qu (e) == pp | (mi 10»— SmI UID ae UU I0) +» | 246) 
| (12) 


Introducing (12) into (7), the equation for 2,(r) is 
1 


a a —— BE ale 2 a 
(H-E,) 24(r) =| (0|U)o) RO ren 0) 


Wen: 
+3) C00), (mI Ui —~ | 5¢r) (3) 


m3=0 (350 H 


| ines 


As mentioned previously, the effect of only the term (0|U|0)2,(r) on the right side 
of (13) upon the elastic scattering of the deuteron was estimated by French and Gold- 
berger. It turns out to be negligible for the present analysis and it may be dropped 
out in the following discussion, The other terms on the right side of (13) manifest 
the effect of the electric breakup of the deuteron owing to the existence of (m|U|0) 
(m0). 


(13) is rewritten as follows : 


(ig V jp aE) 2,(r) =0 (14) 
Here 
V y= == +33{0|Uim) 1m U0) 
E,, +i€—H 


a > (0|U|m)- a Aes ay nl Dg eye AY U|O>+-- (55) 
Note that Vy, is not Hermitian as would be expected. Therefore one may be led to 
the result that the deuteron scattering with the electric breakup is equivalent to the 
scettering by the Coulomb potential plus the electric optical potential. Clearly, this 
optical potential depends on the incident deuteron energy as well as the charge of the 
target nucleus. In addition, it will be a decreasing function of r. 

However, it is particularly important to mention about the physical significance of 
this potential. To be sure, it might be that part of the potential which the deuteron 
feels in the complex processes connected with its electric breakup because of the existence 
of the term (m|U|0) (m#0). The incident deuteron will suffer a virtual electric 
breakup and then will be recombined to go away as the outgoing deuteron. This cor- 
responds to the process which includes an intermediate state in which the deuteron is 
virtually broken up. Moreover, there will be higher order processes which include two 
or more intermediate states in which the deuteron is virtually broken up. The imaginary 
part of the electric optical potential will show the order of magnitude of the deuteron 
falling off on the way of these processes. First of all, it will include the effect of the 


incident deuteron suffering a real electric breakup before being recombined. Moreover, 
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it will also include the effect of the incident deuteron suffering a real electric breakup 
through one virtual electric breakup or more. So the real part of this optical potential 
may be considered as derived from the higher order effect than the imaginary one. 
Therefore, it will be reasonable, in contrast to the nuclear optical potential of Feshbach, 
Porter and Weisskopf,’” to think that the magnitude of the real part of this electric 
optical potential will be at most of a comparable order with that of its imaginary part. 
Moreover, the effect of the real part of the electric optical potential will become fairly 


obscure in V,,, because of the existence of the strong Coulomb potential.* 


§ 4. Classical model for deuteron scattering with electric breakup 


It was already shown that the deuteron scattering with the electric breakup might 
be treated in principle by solving the equation (14). In a more approximate treatment 
of the scattering problem, however, the difficulty of solving (14) can be avoided by 
noting that Ze*/bvu>1 is satished and so the classical approach is possible. Moreover, 
referring to the discussion in the last paragraph of section 3 we can assume that the 
departure of the deuteron scattering from the Rutherford formula by the electric breakup 
is interpretable as a result of the absorption of the deuteron by the electric medium along 
the Coulomb orbit, The distortion of the Coulomb orbit by the electric medium should) 
os considered, but might be neglected if this medium were soft. Fortunately, this neglect 
will prove to be valid later. 

At first, we shall begin from the determination of the extension of the electric 
medium using the classical approach. The determination of the minimum radius a of 
this region is straightforward. It is given by the radius corresponding to the classical 
turning point for 11 MeV deuterons, and for 15.2 MeV deuterons it may be a nuclear 
radius. For the latter case, the effect of the electric optical potential within the nucleus 
will become obscure owing to the strong nuclear potential. The determination of the 
maximum radius 6 can be done as follows. When the deuteron (mass 2M) passes by 
the nucleus of charge Ze with the apsidal distance q and the velocity v, it gains the 
energy of Z’e*/Mv'q* by the Coulomb field of the nucleus,’” 
fered to the relative motion of the neutron and the proton in the deuteron. Therefore 
it is necessary for this energy to exceed the binding energy of the deuteron in ae 
that its electric breakup may be possible. This gives the maximum radius b= Ze?/M'!vB)’. 
Then the critical angles at which the departure from the Rutherford scattering begins, 
independently of the nuclear charge, will be 27.4° for 15.2 MeV deuterons and 33.8° for 
11 MeV deuterons.** These are consistent with the experimental data. The values of 


This energy will be trans- 


* As is well known, the meaning of an optical potential will be obscure when the magnitude of its 


5 se fat i resent case, however, the separation of the 
imaginary part is fairly larger than that of its real one. In the p ' ; p 


Coulomb potential and the remaining terms in V,sy was made only for a ronveuiaee of eee Exactly 

speaking, V ry itself is the optical potential and most of its real part will be the Coulom Sinn ? 
** The evaluation of the critical angle was performed. under the assumption pt the straight line path. 

However, it will be a good approximation because the critical angle thus obtained is fairly small. 
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aand b for the nuclei concerned are shown in Table I. For comparison the values of 


the observed critical apsidal distance for elastic scattering of alpha-particles are also shown 


in Table I. 
Table I. The calculated values of a and 6 for the deuteron 


scattering at 11 MeV and 15.2 MeV and the correspond- 
ing values of the observed critical apsidal distance 6 for 


Clearly, each value of the critical 
apsidal distance for the deuteron 
scattering is fairly larger than the 


the alpha-particl tteri t 22 MeV. ; 
ites eam pakeate abl Cys er fo corresponding one for the scatter- 


ing of alpha-particles. Moreover, 


observed values for 
a-particle scattering 


| calculated values for | 


target nuclei re ee it is fairly larger than the magni- 


4 a | bid tude of the interaction radius of 
ae. oy. See? “ae T an the deuteron. Thes i 
Tara! 9.56 Zioz) | 12.2 te pie 
Auzgls? Hew over 33 establish the difference between 
208 x ; the mechanisms of the anomalous 
Pha 7.88 20.31 
Bigg209 10.87 24.13 13.1 Coulomb scattering of the deu- 
U2 12.05 26.75 14.5 teron and the alpha-particle. 


Next, we shall proceed to 
coefh- 


cient’ for the deuteron within 


Each value is written with a unit of 107!%cm. The letters 


with the asterisk represent the values for 15.2 MeV deuterons. obtain the “ absorption 


i) The data for the alpha-particle scattering were taken from 


the experiment by Rees and Sampson. ] : : : 
Pp y Pp the electric medium in question. 


Introducing the ‘“‘ mean free path” [(x) along the Coulomb orbit (where x is a path 
coordinate), the magnitude of the departure from the Rutherford scattering by the electric 


breakup is written as 


dx 
TOF =exp| nn | t (16) 
To calculate T,(@), we use the oversimplified model in which the Coulomb orbit is re- 
placed by the straight line path with the same apsidal distance. Without this approxi- 
mation, the subsequent calculations would be obliged to be performed by the numerical 
integrations. 

Then, in the similar way to Porter’s procedure” applied to the nuclear absorption 


of deuterons, we obtain the following expression : 


* dx \ alee il . r 1 
sea \indae a bafraecg hel alMipmers Nad 
v [ (x) q dr L(r) . TV Reg [(r) ‘ (17) 


Here q(/) is the apsidal distance corresponding to the scattering angle @, 


In order to 


find the detailed form of I[(r), we should compare the total magnitude T(4) of the 


departure from the Rutherford scattering by the nuclear absorption and the electric 
-breakup, i.e. 


T (@) =T, (4) -T,(4) (18) 
(See (1) (2) (16)) with the experimental magnitude. 


‘The fits to the experimental curves were performed for the several probable forms of [(r). 
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As the result, when the absorption coefficient was chosen as 
I(r) “t=c(b—r)? air <b (19) 


(where c is an adjustable parameter), the fairly good fits could be obtained. The details 
are shown in Figs. 2—6.* Moreover, the relations between the absorption coefficients 
and the distance from the nucleus were shown in Fig. 7 for the nuclei concerned. 


Fig. 7 shows surely that in the region far from the nucleus the absorption coefhicients 


(0) 30 60 90 120 150 180 
Scattering angle (deg.) 


Fig. 2. Angular distribution of the elastic scattering of 11 MeV deuteron by Ta. 
theoretical curve. c=0.51X10%cm™4. 


eeeeece experimental points; 


0 30 60 90 120 150 180 
Scattering angle (deg.) 
Fig. 3. Angular distribution of the elastic scattering of 11 MeV deuteron by Au. 


eeceee experimental points; ————~ theoretical curve. c=0.25 X10!*cem™. 


io 
* Tt will be difficult to determine to what extent the effect of the nuclear transparency is necessary for 
the diffractional scattering of 15.2 MeV deuterons by Pb, because the present approximation will be less ac- 


curate at larger angles. 
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Fig. 4. Angular distribution of the elastic scattering of 15.2 MeV deuteron by Pb. 
eeeeee experimental points; ———— theoretical curve. c=0.77X10!cm™. 


o/c, 
1.0 
0.8 
0.6 
0.4 


0.2 


0 30 60 90 120 150 180 
Scattering angle (deg.) 


Fig. 5. Angular distribution of the elastic scattering of 11 MeV deuteron by Bi. 


eeeecee experimental points; ———— theoretical curve. c=0.18X10!%cm71. 
o/c, 
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Fig. 6. Angular distribution of the elastic scattering of 11 MeV deuteron by U. 
©eeeee experimental points; ———— theoretical curve. c=0.08X 1048cm=4. 
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Fig. 7. The schematic representations of the absorption coefficients as functions 

of r for the deuteron scattering at 11 MeV and 15.2 MeV. 

*) represents the curve at 15.2 MeV. 
increase with the increase of the nuclear charge and the decrease of the incident deuteron 
energy. In the region near the nucleus, however, the present calculation is not so accurate 
to find such a definite conclusion as in the region far from the nucleus, because the 
approximation of the straight line path will be less accurate there. Therefore only a 
representative curve was shown in that region in Fig. 7. However, it will be clear that 
the mean free path is much longer than the nuclear dimensions even near the nucleus 
and the electric medium may be quite enough to be called soft. 

Here it is very interesting to compare the magnitudes of both effects which bring 
the departure from the Rutherford scattering. Since the departure at smaller scattering 
angles proved to be mainly due to the electric breakup of the deuteron, it will be clear 
that for the energy region concerned the cross section of the electric breakup is much 
larger than that of the nuclear absorption. This fact would confirm the prediction by Mullin 
and Guth™ that in the collisions of 15 MeV deuterons with “heavy” nuclei the cross 
section of the electric breakup may be larger than that of the stripping reaction. 

Finally, the validity of the approximation of the straight line path must be discussed. 
To be sure, this approximation can be criticized at larger scattering angles. However, 


we may realize that the absorption coeficient (19) obtained with this approximation. 1s 


and also lim dx/dr=0o 1s satished for the straight 
rq 
line path as well as for the Coulomb orbit. So, the main contribution to the integral 


(17) may be considered as coming from the neighborhood, of the apsidal distance. 


a rapidly decreasing function of 7, 
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The approximation of the straight line path will not, therefore, be so rough even at 


larger scattering angles. 


§5. Calculation of the electric breakup cross sections 
by the semi-classical method of the virtual 
quanta and its limitation 


In section 4 we regarded the majority of the departure from the Rutherford scattering 
as due to the electric breakup of the deuteron, In this section we shall proceed to study 
how far the theoretical approach can explain the above result for the electric breakup. 
For a while, therefore, we shall put aside the effect of the diffractional scattering. 

Some of the deuterons which pass by the nucleus along the classical Coulomb orbit 
will break up due to the Coulomb force of the nucleus. Consequently, the cross section 
of the elastic scattering will be smaller by the cross section of the electric breakup than 
that of the Rutherford scattering. With q(#), the departure from the Rutherford 


ee 


scattering due to the electric breakup will be “‘ classically’ given by 


T,(q)' 31-4, (q) /o-(q) (20) 


Here o.(q) dq is the differential cross section within (9, q+dq) of the Rutherford scatter- 


ing and, as is well known, is given by 
&,(q) dq = 27 (q—Ze?/2Mi*) dq. (21) 


Therefore it is necessary to calculate the differential cross section o,(q)dq of the electric 
breakup. 

As in section 4 we use the oversimplified model* in which the Coulomb orbit is 
replaced by the straight line path with the same apsidal distance. When the deuteron 
passes by the nucleus with the impact parameter g, the emission probability p(w)dw of 
the Brehmsstrahlung with the frequency 


(w, o+da) is given by 1.0 
ee mZ*e® 
plo)do= | eM igh? F (wq/v) dw/w 0.8 
(22) 0.6 
Here 

. 0.4 

F(x) =2[ f(x)2-+9(x)%], \ eakee=ae 
; (23) 0.2 
fix)= —xH(ix), g(x)=ixH)(ix). (24) 0 

10) 0.5 1.0 135 x 


These functions 
are schematically shown Fig. 8. The schematic representations of F(x), f(x), 


Mm obigeeS 3 


g(x) as functions of x. 


* In practice, this approximation does not seem to be so rough even at larger scattering angles, because 
the main contribution to the following calculation comes from the neighborhood of the apsidal distance. 
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The frequency distribution of the Brehmsstrahlung p(w)dw can also be derived with 
the concept of the virtual quanta.” Since the velocity of the deuteron is fairly small 
compared with the light velocity, the change of the frequency due to the Doppler effect 
may be neglected at the transformation from the system referred to the nucleus to the 
system referred to the deuteron. Moving nucleus acts for the deuteron as the electro- 
magnetic pulse. The virtual photons correspond to this pulse. The production of the 
Brehmsstrahlung can be understood as a result of the virtual photons having changed to 
the real photons due to the Thomson scattering by the deuteron. With N (a; q)do, 
the number of virtual photons per unit area with the frequency (, w+dw) at the 
impact parameter g, the probability of the virtual photons suffering the Thomson scattering 
by the deuteron is given by 


o,-N(w; q)dw (25) 
Here o, is the total cross section of the Thomson scattering for the deuteron and is 
given by 
Ope bro. (ey 2Me)*. (26) 
Therefore we obtain the 'following relation : 


Le 


870/3- (e2/2M2)?-N(w ; 9) dw=—__— 
ed's ) (059) 126° M*q?v" 


F (wq/v) dw/o. (27) 


With o(w), the cross section of the photodisintegration of the deuteron by the photons 
of energy bw, the cross section of the electric breakup within (q,q+4q) is given by 


o,(q)d4q= anqdq\ ac {e) N(w ; q) dw ~_ *@s8) 
Bgl 


With correspondence to the derivation of (22), we consider only the dipole transition 


for the photodisintegration of the deuteron. With zero range approximation, the cross 


: eee 3A: : : i” 
sections for the electric and the magnetic dipole transitions are respectively given by” 


ihe (atl 2) (29) 
Par Pe 
ma 27 ds ne 7 y \? ky (1—7a,)* ae (30) 
% 3 be Cr) Cee hag (+7?) (1+Ra? 


By the numerical integration (28) was calculated for the scattering of 15.2 MeV deuterons 
by Pb. Main contribution to the integral comes from the part of w near the threshold 
of the photodisintegration. The numerical values used in the calculation were taken 
from the text of Blatt and Weisskopf.'” The magnitude T,(#/) thus obtained is compared 
with the corresponding one obtained in. section 4 in Fig. 9, It will be observed that 
there is a considerable difference between them. The consideration of the effective range 
in (29) (30). leads only to the result that T,(¥) is lowered by several percent than 
zero range value, It will be improbable that most part of this difference will come 
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from the approximation of the straight line path, because this approximation is used in 
both calculations of section 4 and section 5, and in addition may be valid at smaller 
scattering angles. 

Most part of this difference, T, aor iy oe Dares . 
we suppose, may be due to the 0 


effect of the higher multipole 


calculation in section 5 


f 


aN 


transitions and the effect of 0.8 
the electric breakup of higher 


order. In order to investigate 0.6 


the effect of the higher multi- 


pole transitions, it is necessary Me analysis in section 4 
to calculate the corresponding oe id 

number of the virtual quanta. 

However, it seems to be difficult 0 ‘ 


5 4 r (0) 20 40 60 80 100 120 140 160 180 
to calculate it using the semi- 


’ yurd Scattering angle (deg. 
classical method similar to the g anplen( des.) 


case of the dipole transition, Fig. 9. Comparison of T2(6) between the analysis in section 4 
and the calculation in section 5 for the scatttering of 
15.2 MeV deuteron by Pb. 


The latter effect must be 
considerd in connection with 
the discussion of section 3. To be sure, the present calculation has been performed only 
for the direct electric breakup. The effect of the process which includes one virtual 
electric breakup or more has not been considered. With respect to this point, therefore, 
the present calculation will only give the first approximation to the effect of the electric 


breakup. 
$6. Concluding remarks 


We have pursued the mechanism of the elastic scattering of deuterons by heavy 
nuclei using the available data at 11 MeV and 15.2 MeV. It was shown that for the 
deuteron scattering at 11 MeV the departure from the Rutherford scattering can be 
completely attributed to the electric breakup of the deuteron. Moreover, it was shown 
that for the deuteron scattering at 15.2 MeV. the main contribution to the departure 
from the Rutherford scattering comes from the effect of the electric breakup of the 
deuteron, although at larger scattering angles the effect of the nuclear absorption in the 
diffractional scattering of the deuteron must be considered. 

Especially, it might be noticed that the critical angle at which the departure from 
the Rutherford scattering begins, can be straightforwardly derived from a simple classical 
consideration associated with the electric breakup. This critical angle depends only on 
the incident deuteron energy, and does not on the nuclear charge. 

New electric medium which causes the electric breakup of the deuteron was introduced 
and the “mean free path” of the deuteron in the region was determined. We were 
led to the definite conclusion that in the region far from the nucleus, the “ absorption 


coefhicient ” increases with the increase of the nuclear charge and the decrease of the 


—— ees * eS 
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incident deuteron energy. 


Calculation of the magnitude of the electric breakup by the semi-classical method of 
the virtual quanta modified for the application to the present case was performed to 
compare with the result obtained from the analysis. The result shows that the effects 
of the higher multipole transitions and the electric breakup of higher order should be 
considered. 

In conclusion, it was found that the mechanism of the elastic scattering of deuterons by 
heavy nuclei is quite different from those of the elastic scattering of alpha-particles by nuclei 
and of deuterons by light nuclet. 
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Low Levels of Some Nuclei in the d,.—f-). Shell 


Sudhir P, PANDYA 
Physical Research Laboratory, Ahmedabad 9, India 
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Excitation energies of some low states of the nuclei Cl**, A*’, Cl? and K*! are calculated in the 
jj coupling scheme, independently of the details of the two-body nuclear interaction. Some pertinent 
experiments are suggested to check the calculations. 


$1. Tatroduction 


The properties of the low lying states of some nuclei in the region A~40 have 
recently been analysed in terms of the jj coupling shell model.””) These investigations, 
based only on the assumption of the angular momentum coupling scheme and free of 
the uncertainties inherent in the knowledge of the two-body nuclear forces,* show that 
the low states of these nuclei have fairly pure jj coupling wave functions. In view of 
these results, it is desirable to analyse the low levels of other nuclei in this region also 
by the use of similar techniques. 


It has been shown” that with suitable assumptions* the excitation energies of the 


levels of a configuration (7j,)" (Yj,)™, where 7 and v denote the proton and the neutron 
configurations respectively, can be expressed in terms of the energies of the levels of the 
simple two-particle configurations (j,)°, (j.)”, and (7j,) (¥j.). Where the latter level 
energies are experimentally known, we may use them directly to evaluate the level scheme 
of (7j,)" (¥j.)™ instead of using the unknown two body nuclear interaction. Such a 
calculation then depends only on the assumption of the jj coupling scheme. This approach 
has been used to evaluate the binding energies of various nuclei? and also to study the 
level scheme of (f:)**, (f;j2)** configurations.” We present here further results for some 


nuclei in the d;j.—f-j). shells in the hope that they may stimulate some experiments to 
study these level schemes. 


§2. Results 


In the framework of the simple jj coupling scheme the low levels of the nuclei 
cl”, A®, Cl”, and K" may be represented in terms of the configurations (d3)9) (ds,0) *, 


A ; , . : 

Such analysis, however, does make the reasonable assumption, as we shall also do in this paper, that 
the parameters of the single particle potential well, as well as those of the two body nuclear interaction, are 
the same for all nuclei in this region. Also, many-body forces are not considered. 
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(dy)? (dsp) —', (ds) (fe)*, and (or (f:)?, where the proton and the neutron 
configurations are indicated in separate brackets. It also follows that such levels of Cl® 
and A* should have identical excitation energies. In our approach” (where neutrons and 
protons are considered separately, i.e. isotopic spin formalism is not used), the energies 


of the levels of spin J of the configurations (j,)*' (j.)? may be obtained as eigenvalues 
of the matrix 


AG as (jo)? J leer given by, 
ELG) 2 ij) 2 te Eb GRAS a 
+2[ (2x+1) Gop eles (2y+1)W (jojodj,: xy) W Cod j.: xy) EL Go *' Go) sy] 


(1) 
where W7 (abcd: ef) denotes a Racah ccefficient, and E|x], E| y| denote the excitation 
energies of the levels of spin x and y respectively, of the indicated configurations. 

For the purpose of our calculations, we take the energies E[ (ds) (ds) :y] and 
E| (dsj2)*" (fry) zy] to be given by the lowest four levels of Cl*‘, Cl and K* respectively. * 
For E[ (f-2)*: x] we consider only x=0,2 and take these energies as 0 and 1.5 Mev 
from the known levels of Ca*. The effect of neglecting x=4, 6 is discussed in the 


next section. 
The results thus obtained for Cl®, A*, Cl* and K* are summarised in Table I. 


Table I. Levels of the configurations (dz/2) (ds/2)*, (ds/2)*! (fy/2)* as obtaired from equation (1) 


crs, AM “ os ci ee ee Kt) 


J E [(dsj2) (d3/2)] | E [(dajx) (fri2)7] E [(ds!/o)™ (fr/2)7] 
| Mev. Mev. Mev. 

3/2 0 0) 0 

1/2 | 3.4 2.3 ) 1.0 

3/2 ie 3.6 Za 21 

5/2 2.6 1.4 22 

7/2 2.0 aD 1.8 


§ 3. Diseussion 


Cl®, A®*: Very little is known about the spins and parities of the excited states of 
these nuclei. In Cl® the first excited state occurs at 1.2 Mev., and about eight more 
states are reported between 1.75 and 4.2 Mev.” Below excitation energy of ~4 Mev, 
one may expect in Cl® besides the states of (dy) (d;,.)” configuration, additional states 


due to excitation of a nucleon from the sj shell to the dj. shell, as well as odd parity 


* For details see S. P. Pardya; reference 2). Though the spin assignments J=1 in Gla =O 
in Cl%6 and J=3, 4 in Cl'5 have not been experimentally confirmed, it appears safe to assume them as correct. 
In this connection, it would be very valuable to obtain the spins and energies of the lowest four levels of 


K°8, which on the basis of jj coupling should be identical with those of Cl*. 
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states due to excitation of a dj, nucleon into the f-). or the ps). shell. For excitation 
energy = 2 Mev, configuration interaction would be expected to cause some displacements 
of the levels from their calculated positions. Further experiments Cl* (pp'7) or S*(p7) 
and determination of spins and parities of these levels would help very much in deciding 
the degree of validity of jj coupling here. 

The energy levels of A® are also as yet not precisely known,” The present evidence 
appears insufficient to make a suitable comparison between the levels of A®” and Cl”. 
Experiments such as A*(dp) or A*(n7) would be very desirable. 

Cl*’: No information is available regarding the level scheme of this nucleus. 

K"': In calculating the low levels of Cl* and K*' we neglected the J=4,6 states of 
(f;2)° configuration, Since these states lie at energies = 2.5 Mev, they would not affect 
very much the calculated energies; in any case, their effect would be only to depress 
slightly the levels considered here. 

We should also note that since the energy levels of the configurations (f-/.)* and 
(f-2)* should be identical in jj coupling,* the low-lying energy levels of K* should be 
identical to those of K”, While levels in K* have been observed at 0.65 and 1.20 
Mev,” levels in K*' at 0.6 and 1.4 Mev have also been reported. The results of the 
K"(njy) experiment indicate 7 rays from the capture state to the 0.6 and 1.6 Mev states. 
Our calculation would then suggest the spins of these states to be 7/2° and 5/2* re- 
spectively. Further careful experiments A” (dn) and K*(n7) would be very useful. 

Recently the collective model has been applied successfully to the nuclei A=25, 28, 
29 and collective effects have been suggested to occur in the nuclei A=31,33.” In view 
of this it would be desirable to check carefully the validity of jj coupling for nuclei 
A=34—40. An experimental check of the results of this paper may provide one way 
to obtain some information on this problem. 

Part of this work was done during the author’s stay at the University of Rochester. 
I am indebted to Dr. French for several helpful discussions. 
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A refinement of the approximations made in I is carried out and it is shown that the contradic- 
tions concerning the behaviours of the form factor S(k) near at k=0 involved in the previous treatment 
can be removed. An integral equation for S(k) is solved numerically for the hard-sphere potential 
and for the modified Lennard-Jones potential. These solutions are compared with the experimental 
data. Under our approximations, the cohesive energy is shown to be expressed as a function of the 
sound velocity and S(k), and is calculated using the theoretical and the experimental value of S(k), 
respectively. The method is applied to a dilute hard-sphere system and the results are compared with 
those corresponding to exact one. 


§ 1. Introduction 


In the previous paper, I,’ a theory of the form factor of liquid He* at absolute 
zero was developed, There we have encountered with the difficulties associated with the 
normalization for the radial distribution function or with the behaviour of the form 
factor near at the origin, on account of the inappropriateness of the approximations em- 


ployed. In this paper we shall undertake a refinement of the method in order to remove 


‘the contradictions mentioned above. 


In § 2 we introduce the chain approximation,” familiar in the theoretical treatment 
of the classical liquids, in connecting the wave function with the radial distribution func- 
tion (this approximation together with the pair and superposition approximation will be 
denoted briefly as PSCA). Under PSCA an integro-differential equation for the radial 
distribution function which generalizes the one given in I is obtained, It is shown that 
the form factor S(k) should be a linear function of k near at k=O, corresponding to the 
phonon excitation in liquid He’, In §3 the integral equation for S(k) is obtained and 
in §4 it is solved numerically for the hard-sphere potential. In §5 the method is 
generalized to the more realistic potential which includes the attractive forces besides the 
hard-core repulsion and S(k) is calculated in the same manner as in § 4. It can be 
shown that the inclusion of the attractive forces favours to reduce the discrepancy between 
the theoretical value of S(k) and the experimental one. In § 6 an expression for the 
ground state energy is given under PSCA, which provides a simple functional relation of 
the energy with the sound velocity and S(k). We calculate this for the calculated and 
experimental S(k), respectively. In § 7 PSCA is applied to a dilute hard-sphere system 
and results are compared with those corresponding to exact one. 

Throughout this paper we shall measure the distance in units of a (a: some standard 
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measure of the distance, in particular the hard-sphere diameter for the hard-sphere poten- 
tial) and the wave number in 1/a, unless the particular notice is given. Notations are 


the same as were used in I. 


§ 2. Euler’s equation in PSCA 


In I we have derived Euler’s equation for the radial distribution function under the 
following three assumptions: (1) pair approximation, (2) superposition approximation, 
(3) a simple functional relation connecting g(x) with u(x). There, however, we have 
encountered with some difficulties on account of the assumption (3). In this section we 
wish to refine this assumption by using the chain approximation” and show that the 
difficulties involved in I can be removed, 

As we have remarked in I, the expectation value of the kinetic energy can be written 
in a form of the density expansion under the assumptions (1) and (2) mentioned above. 


From eq. (2:3b) of I, the coefficient of /" is proportional to 


ie n+1 


[19,2 Pig, n+2)} 941, 942) IA, DGG, D}dejdeydey.s. 


This integral is a kind of the cluster integrals (see Fig. 1). Since it is expected that 
Y approaches 1 when two particles are far apart from each other say by several times a, 
and that there may be few chances that all particles come nearer to the particle 1 at once, 


g connecting 1 with the other particles may be approximated by 1 without serious errors. 


n+2 


_ 


n+1 n+1 


In other words, the cluster shown in Fig. 1 is replaced by a chain cluster shown in 
Fig, 2, This approximation is the chain approximation which we. shall employ in the 
following. Then the power series in terms of the density, eq. (2-3b) of I, can be 
summed up in a closed form and the expectation value of the Hamiltonian becomes 
under PSCA 


foe} co co 


CH) = | o*/g-xtda+ (amai/) \V) 9 @)stda— srpa AFH /S@ dk. (2-1) 


0 
¥ 0 0 
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The derivation of this equation is given in the appendix. 
If we take the variation of y(x), we have (see appendix) 


o 


2° a 2ma" —% - 
208 AV (x) + anya | AL oie ast emkadhte. aD) 


as k 
pa OV GO 
Vg dx i S(b) 


which is Euler’s equation for g(x) in PSCA, 
Now we consider the hard-sphere system and split @(x) into two parts as we have 


done in eq. (3-5) of I. Further we approximate for |x| >1 

2 d° 

V9(x) dx 

This approximation together with PSCA will be denoted as PSCA’, 
In PSCA’ we have from eq. (2-2) 


(x9) =¢)" (2). (2-3) 


g(x) =0,  |x|<1 (2+ 4a) 


t. fk 
—©, (x) +27? pa’ fe {1+25(k)}sinkxdk=Az-+ Bx, |x| >1  (2-4b) 
where the integral over k is extended to the negative side [ f(—k) =—f), S(—k) = 
S(k)] and A, B are the integral constants. It can be seen easily that B=O if one con- 
siders the limit x->co. However A is not always zero. 

In order to clarify the physical meaning of A, we consider the limiting case x—>0o, 


By using the equation 


lim sinkx/k=70 (k) , 


we find 
A= (1/8 7? pa*) {| 1—S(k) PL 1+ 28 (k) 1/5? (k) } =o. 


From this equation it follows that A=0 if S(0) =const., A=finite if S(k)~k, 
A=co if S(k)~k. On the other hand, according to Feynman,” S(k) is given by 


S(k) = bk/2mca (225) 


at small &, where c is the sound velocity. From eq. (2-5) it follows 


A= (3/2Am) (2mca/b)” (2-6) 


where A was defined by eq. (3-14) of I. 
From the above considerations it can be seen that 5(0) =0 and S(k) ~k at small 


k in PSCA, which removes the contradiction we have encountered in I, The constant 
A or the sound velocity is determined by the condition that g(1) =0. If the g(x) in 


the denominator of the first term in eq. (2-2) is approximated by 1, we have after the 


integration of eq. (2-2) by x twice, 
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= (46? apa/m) + (62/20? a) [a S(k) —1}241 +28 (b)} /2P -sinkdk (2-7) 


for the hard-sphere potential, 


§ 3. Integral equation for S(k) 


Eqs. (2:4a) and (2-4b) can be united into a single integral equation, as we have 


done in I. By using 


| cosh ene dk=+7, |x|>1 (-t is according to x20) (3: 1a) 
=), |x| < 1 

rink eos tee gellar (3 - 1b) 
=), |x| Sli 


we have an equation for f;(k) : 


=f, +20% pe LO 


(i425) = 2 (ew ea 
S° (k) 7 


KS? (k’) 


sin (k—k’) 
k—k’ 


x dk + ASE (3-2) 
If we set the S(k) in the denominators to be 1, and assume 1+25(k) =3, A=0, eg. 
(3-2) is reduced to eq. (3:12) of I. The essential difference between them lies in the 
fact that there appears S(&) in the denominators in eq. (3:2), which makes the analytic 
treatment of the equation difficult. 

Substituting eqs. (3-8), (3-9) and (3-10) of I in eq. (3-2) we have 


gla ee AIS) FP + 25h} sin(k—k’)_,,, Dae 
5? (k) 7k | S* (k’) k—k’ sie ee 
+ (2mca/b)* cosk/k, (3-3) 


which is the integral equation for S(k) in PSCA’. Here 4 and G(k) are given by 
A=12 7a 


G (k) = (k cosk—sink) Jk. 


§4. Numerical solution of the integral equation 


In § 3 we have derived an equation for S(k). In this section the numerical solution 
of an equation will be discussed. 
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If we transform the integration in eq. (3-3) from 0 to © and define K(k, k’) 
and y(k’) in the following manner, 


K(k, k’) =sin (k—k’) / (R—k’) —sin(R+k’) /(k+8’), (4-1) 
y (h’) = {1 —S(R’) 3? {1 +28 (k') } /SH(R), (4-2) 
eq. (3-3) is reduced to 
1/S? (k) = (1/zk) \ K(k, k’)y(k’) dk’ +1 — (24/3) G (hk) + (2mca/b)? cosk/k’. (4-3) 
0 

In solving this equation we assume that y(k’) for k’ >6A™' is zero. The reason 
for this assumption lies first in the fact that the experimental form factor is not observed 
for k! >6A-' which denies the comparison with the calculated one, and secondly in the 
fact that the preliminary calculations of y(k) by the use of S(k) obtained in I show 
that y(k) for k>6A™’ is negligibly small and hardly gives contributions to the integral 
in eq. (4-3). The oscillating behaviour of the kernel K(k, k’) is favourable for justify- 
ing this neglect. 

As we have mentioned in § 2, the sound velocity should be determined by the 
requirement that the g(x) is zero at x=1. The calculations taking account of this 
requirement are extremely tedious, hence we shall carry out the computation substituting 
the observed value for the sound velocity in eq. (4-3). 

With these remarks in mind, we express the integral in eq. (4-3) by means of 
Simpson’s formula deviding the region 0<k< 6A" into 24 parts at the interval 0.25 Ao}, 
Then eq. (4-3) is reduced to 


24 
1/SP= (1/7h) Kuyt for Gs 24), (4-4) 


which is a set of 24-dimensional non-linear simultaneous equations. Here K,; and fj are 
the known numbers. Further the integrand in eq. (4-3) corresponding to j=0 is the 


known number, as can be seen from the following equation 
[K(k k’) vk’) Jere = 2 (2mca/b)? (sink—k cosk)./k’. 


Instead of solving the integral equation (4-3), we solve eq. (4-4) by an iteration 
procedure. In order to make the iteration procedure easier, we solve first the subset of 
eq. (4-4) corresponding to the region 0.25 A? <k<1.50A~', assuming y,’s outside 
this region to be zero. Secondly the values of y(k) for 0.25 A R15 Oi oaeate 
substituted in the equations raed fayi5 4-8 PR 75 Aatand the 5-dimensional simultaneous 
equations are solved. Finally the values of y (k) Kstnined for 0:25 a ak 2 
are substituted in the equations for 3.00A-'<.k<6.00A™~' and they are solved. In 
general, the values of S(k’) (k’<k) have serious effects on the determination of S(k), 
on the other hand those of S(k’) (k’ >k) hardly affect the value of S(k). It may be 


recognized easily that the manner of calculations we have performed is based on the above 


general properties of the integral equation. 
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The form factor thus calculated is presented S(k) 
in Fig. 3, together with the experimental data 
obtained at T=2.06°K.” The essential dif- 
ference between the S(k) obtained here and the 
one given in I lies in the linear dependence of 
S(k) on k near at k=O. However, as in I, 
the theoretical curve deviates towards the right- 
ward direction and the maximum height of the 
theoretical one is smaller than that of the ex- 


perimental data. 


§ 5. Equations for modified Lennard- 
Jones potential 


In § 4 we have considered the hard-sphere k(A) 


system. In this section the method will be Fig. 3. Curve A: Calculated form factor 
for the hard-sphere potential. Curve B: 


generalized to the more realistic potential which 
From Goldstein and Reekie?) at T=2.06°K. 


includes the attractive forces besides the hard-core 
repulsions. If one wishes to calculate S(k) for the Lennard-Jones potential in PSCA, 
one should solve the integro-differential equation (2-2), which seems to be difficult to 
carry out. Hence we modify the Lennard-Jones potential in the following manner: the 


potential is a sum of the hard-sphere one and V(r) which is defined by 


V(r) =€[ (/r)*—2(m/7)*], >a Get) 
=0, Meas 


Expressing V(r) in the reduced form, we write it €/(x), i.e., 


V (x) =& (x). (5-2) 


Repeating the procedure leading us to eq. (3-3), we obtain the equation 


> © 


1/S?(k) = (1/k) | K(k, k’)y (R) dk! + 1 (24/3) G (k) + (2mca/b)? cosk/k 


— (44/3 A?) J(k), (5-3) 


-where 
A=b/ay m6, (5-4) 


which corresponds to de Boer’s quantum mechanical parameter.” 
Further J(k) is given by 


Jk)= | U(x) (sin kx/k) dx (5-5) 


0 
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where 
OF ey = 9 | xa 
W(x Os eh = I. U(co) =0, 
From eq. (5-1) it follows 
U(x) = (a@/6) (a@/15x*—1/%x*), |x|>1 
U(x) =0, ae ae 
where 
a= (r,/a)°, 
From eqs. (5-5), (5-7a) and (5-7b) we have 
J (k) = (a@/6) {(@/15) A(R) — (1 + @&h’/302400) BCR) }, 
where 
A(k) =sink/8&k+cosk/56—k sink/336 


—k’ cosk/ 1680+’ sink/6720 +k cosk/20160, 


B(k) =sink/2k+cosk/2— (k/2) \ sint/t-dt, 


k 
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(5 - 6a) 
(5 - 6b) 


(S74) 
(5-7b) 


(5-8) 


(5-9) 


The graphical representation of the function (—44/3 /’)](k) is given in Fig. 4. 


Now the calculation of the S(k) for the modified Lennard-Jones potential can be 


carried out in the same manner as we have done in § 4. The form factor thus obtained 


is. presented in Fig. 5. From this figure we see that the positions at which the S(k) 


becomes maximum coincide fairly with the experimental ones, though the maximum values 


are smaller than the observed ones as in § 4. Therefore it follows that the deviation of 


S(k) towards the rightward direction for the 
hard-sphere potential is due to the neglect of #3 
attractive forces. The leftward deviation of (—42/3.°) J (k) 
S(k) associated with the inclusion of attractive 
forces can be seen qualitatively in the following 
way: from Fig. 4 we see that (— 44/3 A*) J (k) 
is negative for 1.0 A <k<2.0A™ and hence 
the right-hand side of eq. (5-3) is smaller 
than that for the simple hard-sphere potential, 
provided that the change of the first term on 
the right can be neglected; this yields the 
increase of S(E) forxl.0 A'S k = 2.0 A~ which 
leads to the leftward deviation of S(k). At 


the same time, the maximum value of S(k) 


k(A) 
becomes larger than that for the simple hard- Fig. 4, Graphical representation of 
sphere potential. (—41/3A2) Jk). 
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We conclude this section by tabulating the 


numerical values we have used (in c.g.s. 


units) : 
m= 6.64 X 107%, (22375610; 
y= 1.05 <0 5 a=2 44 10", 
A= 12.0, 1= 2.95. SLO, 
S= 8.27 310" | (fie J 
A=0.583, (2mca/b)? =53.0, 


(42/32) =47.1. 


$6. The cohesive energy 


In the previous sections, we have dealt 


k(A) 


with the form factor function. In this section Figisluicieeet< Calodicad (ona 


for the modified Lennard-Jones potential. 
the ground state energy of liquid He’, Curve B: Experimental. 


we wish to consider the cohesive energy, i.e., 


If one solves the integro-differential equation 
(2-2) and substitutes the solution in eq. (2-1), ome can calculate the ground state 
energy E, in PSCA. It is shown that such a procedure yields a simple functional rela- 
tion of E, with the form factor and the sound velocity. 


By using the equation 


> Np in wad 5 as 
2 Ny eG ae 
9 g 0 dx 


and eliminating (d?/dx*) (xg) with the aid of eq. (2:2), we get 


REV Pa 2 ear: kf? (k) z 
E6f( 1) =n (a \77@ Fb {1+ 28 (k) } sinkxdkdx 


0 


oo 


Sat BPE 
— 87° fa fee (6-1) 


If we substitute y(x)=1+@(x)/x in the first term on the right and use the 
equations 


jee) sinkxdx=7f(k), |. sinkxdx = —z0’ (k), 
0 0 


F(R) = (k/42° va") {S(k) —1}, 


and eq. (2-5), we have 
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E, = mc rs 36° 


N 2 “Amre 


fA1+S®} (S®—1U> ae 
| } 


S? (k) 


The first term on the right-hand side in the above expression has a simple physical 
meaning ; it is the kinetic energy of the particle moving with the sound velocity and is, 
of course, positive. On the other hand, the second term can be negative for an appro- 
ptiate potential function, on account of the negative values of integrand in the region 
S(k) <1. It should be noted that eq. (6-2) is valid for an arbitrary potential function 
in PSCA. It depends, however, on the potential function indirectly through eq. (2-2) 
whether E, is negative or not. 


Substituting the experimental value of ¢ and the calculated value of S(k) obtained 
in §5, we have 


E,/N=—1,9X107-* erg/atom. 


On the other hand, the corresponding experimental value is —9.7 X 107° erg/atom. 
Hence the calculated value is about 1/5 of the observed one. One of the origin of 
this rather large discrepancy seems to lie in the approximation we have employed in eq. 
(2-3) ; clearly this approximation is bad near the point x=1, where 9, (x) differs from 
0 considerably. Another origin seems to be the rather arbitrary determination of the 
sound velocity ; the values of S(k) which give the most contributions to the second term 
on the right-hand side in eq. (6-2) are those corresponding to k=1A™, ‘which’ ate 
considerably sensitive to the value of sound velocity. 

However, eq. (6-2) itself, which represents the functional relation of E,, ¢ and 
S(k), which are all the experimentally observable quantities, can fairly account for the 
observed value of cohesive energy. Substituting the experimental value of S (k) and using 


the theoretical formula (2-5) near at k=0, we have 
E,/N=—8.0X10~" erg/atom, 


which is about 80% of the experimental one. A fairly good coincidence of E, seems 
to indicate the validity of PSCA in a certain sense, since eq. (6:2) is the necessary con- 


sequence of our approximations. 


$7. Application to the dilute hard-sphere system 


Returning now to the hard-sphere system, in this section we wish to apply PSCA to 
the dilute hard-sphere system and compare the results with those corresponding to exact 
one. Such a comparison will serve to clarify the meaning of our approximations, 

First of all, we wish to tabulate the formulas which are exact up to the specified 


orders :?:® 
S(k) =h/V/E+2k,, ky = 87ap, ah 
E, __ 2h? mpa {1+ 128 sia (7-2) 
PRP ROOM hi yr Os 
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5 ' 
ee Af? Ta 


ay 172. 
Pa bad ils ea 2 p. (7-3) 


ia \ V @ 


In eq. (7-1), & is measured in the ordinary units and not in 1/a. In the follow- 
ing calculations, it is convenient to measure k in the ordinary units. This means simply 
to replace k in the previous sections by ka. After this replacement, we expand the terms 
including ka in powers of a and calculate E, and c, retaining the lowest and the next 


order terms. 
From eq. (2-7), the lowest order term of c becomes 


C= 4h ra) m (7-4) 
which is identical with the corresponding term of the exact one. Substituting this in 
eq. (3-3), we have 

S(b) = b/y/ Fae (7-5) 
as the lowest order term. This is identical with eq. (7-1). 


Next, substituting eq. (7-5) in eq. (2-7), we have 


co 


on rte 5 | sib FEIR) (1+ a 
me zm | AR 2b? 
#2 { 7 3 yz") 
= AONE ty pL) oh (7-6) 
m- 3YV cae 


up to the term of the order (ya*)'”. The coefficient of (va*)'” is different from that 
of eq. Cr °5)" bya factor 2/3, 
Further, from eqs. (7-5), (7-6) and (6-2), it follows 


Dae 2b? Ta {1+ 160 pact (va) : (7-7) 
N m 3V a 


The first term of the above expression is identical with the corresponding exact one. 
However the coefficient of (a*)'” is different from the exact value. This coefficient is 
4.81 in eq. (7-2), while 1.69 in eq. (7-7): This rather large discrepancy of the 
coeflicients seems to be due to the approximations employed in deriving eq. (2-7), that 
is, we have made the approximation g(x) ~1, which is not valid in calculating the second 
term of eq. (7-6) or (7-7). It is mot easy to calculate correctly the term of the order 
of (va’)'” in PSCA, and hence we use tentatively the exact value of c and calculate 
the coefhicient of (fa*)'” in E,/N. The calculation yields the value 


176—487z 
Dermiadi se Borgel 


3a 
which is very close to the exact value 4.81, 
Apart from the ambiguities of the coefficients, it should be noted that c and E./N 


are expanded in powers of ((a*)'” in our approximations, This property of the dilute 
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hard-sphere system is just the characteristic feature of the Bose system, as Lee, Huang 
and Yang” have pointed out, and is cwing to the contributions arising from the particle 
excitations with small momentum transfers, as was pointed out by Brueckner and Sawada.” 
If these contributions are not carefully taken into account, for instance, if one uses the 
perturbation procedure, the resulting energy eigenvalue diverges. In order to obtain the 
cerrect results, one should employ another procedure ; this is performed by the transfor- 
maticn of the particle Hamiltonian to the phonon Hamiltonian in Brueckner and Sawada’s 
theory. In other words, the phonon excitations are more essential than the particle ex- 
citations for the Bose system, The appearance of the powers of (a) is associated 
with the importance of the phonon excitations in the Bose system. 

From the above considerations, it may follow that our approximations take into 


account correctly the most remarkable properties of the Bose system. 


§ 8. Discussion 


In this and the previous papers, we have developed the methods appropriate to the 
determination of the form factor and the cohesive energy of liquid He* at absolute zero, 
In this section, we wish to discuss the nature and the validity of the approximations we 
have employed. 

First, we discuss the pair approximation. In order to clarify the meaning of this 
approximation, it is appropriate to consider the system of particles with the potential 
function which has the definite Fourier component. In this case, the /,-representation 
for the Bose system developed by Bogolyubov and Zubarev'” can be applied, and the 
ground state wave function turns out to be the product of the atomic pairs if the phonon- 
phonon interactions are neglected. Thus, the pair approximation is exact to the extent 
that the interactions between the elementary excitations are neglected. Of course, for the 
potential function of which Fourier component diverges, the /;-representation is no longer 
valid. However, the structure of the ground state wave function may be seen from the 
work of Lee, Huang and Yang” ; they have shown that the wave function has the form 
consistent with the pair approximation, For the hard-sphere system, it should be noted 
that the wave function of atomic pairs is the simplest one which can satisfy the boundary 
conditions imposed on the wave function, Further, in principle, the effects of the phonon- 
phonon interactions can be taken into account in the pair approximation, since the wave 
function is determined by the requirement that the expectation value of the total Hamil- 
tonian should be minimum. 

Secondly, the superposition approximation should be discussed. Even in the classical 
theory of liquids, the use of this approximation is not yet fully justified ; at present it may 
finally be judged only in the light of its consequences. The same is also true with the 
quantum liquids. However, the validity of this approximation can be seen from Feynman 
and Cohen’s' work; they have calculated the energy gap for the roton states in liquid 
He’* using the superposition approximation and obtained the reasonable value for this gap. 


They have discussed the validity of the superposition approximation and concluded that 
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this is a fairly good approximation to the actual wave function of liquid He’, Further, 
Mazo and Kirkwood! have calculated the radial distribution function at finite temperature 
under the same approximation, and obtained the results consistent with the experimental 
data. All these facts seem to confirm the use of the superposition approximation in liquid 
He’. 

Finally, we should discuss the chain approximation. In principle, this is not needed 
for the determination of the radial distribution function under the pair and superposition 
approximations. However, without this approximation, the equations become extremely 
cumbersome, since they contain two unknown quantities, u(x) and g(x), which couple 
with each other through the non-linear integro-differential equations, To remove such 
complexities, it is desirable to eliminate the function u(x) from the equations. This is 
performed by the chain approximation in our theory. It should be noted that the chain 
approximation corresponds to an approximate solution of eq. (A-4) which can be solved 
by the perturbation procedure considering (A-5) as the unperturbed solution. We shall 
not enter into this problem here. We expect that the correction terms are small. 

We conclude this section by noting that we have further employed the approxima- 
tion (2-3) in order to simplify the actual calculations. Without this, we must deal 
with the non-linear integro-differential equation (2-2). We hope that the solution of 
this equation will provide a clear answer for the validity of PSCA. 
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Appendix. Derivation of eqs. (2-1) and (2-2) 
From eq. (2-3a) of I, the expectation value of the kinetic energy in the pair 
approximation is given by 


(K, E.) = (ah p?Va/2m) \y Ovaries (A-1) 


in the reduced form, where (x) is related to u(x) under the superposition approxima- 


tion : 


V.g(1, 2)/9(, 2) =V,u(1, 2) +@p\9Q, 3) 9(2, 3)Vyu(d, 3)du,.  (A-2) 
If we define the function P(1, 2) : 


Viu(1, 2) =7,9(1, 2)/9(1, 2) +7,P(1, 2), (A -3) 
we have 


PP (x) = —a'p | {g (xx!) —1} 7/9 (2!) do! —atp | {g(e—2') —1} 9 (x!) P'P (x") de’. 
: (A-4) 
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As can be easily shown, the chain approximation is equivalent to approximate g(x’) in 
the last term in eq. (A-4) by 1. Under such an approximation the integral equation 
(A-4) is easily solved with the aid of the theory of Fourier transforms to give 


P(x) = —8nt pa F(R SH) sin kx flea dh (A-5) 
0 
where f(k) was defined by eq. (3-7) of I and S(k) is the form factor. 
From eqs. (A-1), (A-3), (A:5) and (2-7) of I, the expectation value of the 
Hamiltonian becomes under PSCA 


d= - x° dx + —- [V@ag@)xds 


0 0 


th? Vera 
2m 


(H’)==(H)/( 


+87? pa | \ g! (x) f2(k) (sin kx —kx coskx) /RS (Rk) -dkdx. (A-6) 


0 


Substituting 
of (x) == 2 \fe) (k’x cosk’x —sin k’x) /x?- dk’ 


in the last term and using 

\ (k'x cosk’x—sin k’x) (sin kx—kx coskx) /x°+dx= — (2/2) kk’ [O(k—k’) +0 (k+#’) J, 
we obtain eq. (2-1). Further, if we take the variation of g(x), we have eq. (2-2) 
with the aid of eqs. (3-7) and (3-10) of I. 

In deriving eq. (2:2) we must take account of the normalization condition for 
g(x) : 

(* Va" \ anxeg (x) dx=N(N—1). 
ix 

Let the Lagrange multiplier for this condition be 4. Then the right-hand side of eq. 
(2-2) is not zero but turns out to be 4pma’x/b?. If we multiply the resulting equation 
by xg(x) and integrate by x in the reduced volume V*, we see that the left side is of 
order 1 and the right side is of order WN. Hence / is of order 1/N and can be, 
neglected in the limit N->co. This may be seen also from the following consideration : 
if there appears the term px(t0) on the right side of eq. (2:2), xy g(x) becomes 
to oscillate or diverges to 0o exponentially in the limit x->0o, since the second and the 
third term on the left vanish in this limit. Hence g(x) cannot satisfy the condition 


g(x) 1 (x0). Hence / should be zero. 
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On the basis of the j-j coupling shell model, the nuclear energies in the 25,/2 and 1ds/s shells are 
given by linear combinations of the parameters expressing the nuclear and Coulomb interaction energies 
in two-nucleon states, the single nucleon energies in 2s,/ and 1d3/. shells and the Coulomb interaction 
energies of a single proton in 2s,/. and 1ds/o shells with the closed shells. The best values of these 
parameters are determined by a least squares fit to the experimental binding energy data. The mean 
deviations are very small, and this shows the adequacy of the shell model in the ground states of 
these nuclei. By using these values of parameters the excitation energies are calculated, and it is 
shown that in some excited states configuration interactions seem to be important. The two-body 
force required to give the best fit with the interaction energies in two-nucleon states is discussed. 


$1. Introduction 


Recently I. Talmi et al. showed that the potential well of the nucleus is approxi- 


1.D-2)-5).4).5) These investigations are 


mately constant for nuclei belonging to the same shel 
based upon following assumptions : 

i) the nucleons in the same unfilled shell move in the some central field, 

ii) the spin j of each nucleon is a good quantum number (j-j coupling), 

iii) the effect of the configuration interaction on the nuclear binding energies is 
negligible, and 

iv) the interaction between nucleons is a charge independent two-body force plus the 
Coulomb force. 

They used the group theoretical method and expressed the nuclear binding energy 
as a linear combination of several parameters which characterize the nuclear interaction 
and are determined by a least squares fit’ to the experimental data. A good agreement 
was found between the calculated and the experimental energies, especially in 25,)., 1d3).” 
and 25, /-1d;/.” nuclei. 

In this paper, the energies of the same 25,), Ids. and 251j2-1dh,9 nuclei are calcu- 
lated by the less elegant method of fractional parentage coefficients,” which BN 
makes it possible to express the expectation value of the sum of the interaction energies 
in a shell model state of a many-nucleon system as a linear combination of the interaction 
energies of two-nucleon states. The contributions, from 25,. and 1d;,. nucleons outside 
of ,,Sij] to the total energies of these nuclei are expressed in terms of several parameters ; 


the single-nucleon energies in 25;/2 and 1d3,. shells, the Coulomb interaction energies of 
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a single proton in 25;/ and 1d; shells, and the interaction energies in two-nucleon states. 
The values of these energy parameters are determined from the experimental binding 
energies by the method of least squares (§ 2). 

The method used by I. Talmi and R. Thieberger” gives the same results as ours, 
so far as the binding energies of the nuclei considered in this paper are concerned. 
However, in specific cases, their method gives identical expectation values for different 
states, (for example d;, (T=0 J=1) and d,, (T=0 J=3) have the same energies in 
ref. (3)). Therefore their method gives rather average energies of some states, while 
the method in this paper can give different expectation values for different states. 

Our results are given in Table VI. The agreement is remarkably good. The root 
mean square deviation is sufficiently small to suggest that the assumptions i) ~iv) are 
adequare for calculation of the binding energies of these nuclei, 

Since some of the interaction energies of two-nucleon states always appear in the 
same combinations in the expressions of the binding energies, it is impossible to determine 
the values of such parameters from the binding energies alone. The values of these 
undetermined parameters are found by considering the energies of the excited levels. 

In § 3, instead of using the excited states, these undetermined parameters are 
calculated from the two-body force required to give the best fit with the parameters 
already determined, making use of the harmonic oscillator potential and its eigenfunctions, 
This two-body interaction consists of central, tensor and spin-orbit forces, and it is interest- 
ing that the depths of the central and tensor forces in the even-state are nearly equal to 
those of the phenomenological potential fitted in the deuteron and the nucleon-nucleon 
scattering data. However, this potential is not in accordance with the Serber condition. 

In § 4, the energies for some excited states of several nuclei are calculated by using 
these parameters. It is found that the calculated values agree with the experimental 
ones for the excited states which are expected to arise from pure configuration, However, 
the configuration interactions seems to have not negligible effect in some excited 


states, 


§2. Determination of parameters 


Let us consider a nucleus which has n, nucleons in the 25;). shell and n, nucleons 
in the 1d;,. shell, According to the assumptions made in the introduction, the energy of 
the closed shells is the same for all the nuclei considered and is equal to the binding 
energy of the preceding closed-shells nucleus ,,Sij}. The binding energy of ,,Si; is sub- 
tracted from the binding energies of all the nuclei treated inthis paper to obtain the 


contribution of the extra nucleons. 


An antisymmetric state of 2s, can be expressed simply as 


(25h LJ. 3 Ld )s (1) 


where T’, and J, are the resultant isotopic spin and ordinary spin respectively. The 
possible states of the pure configurations 1d{?, have been classified by Flowers by means 
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of group theory.” Edmond and Flowers also have given the fractional parentage 
coefficients.» An antisymmetric state of 1d%7, is written as 


O (1d; tT 2Jo3 T2-Jex) » (2) 


where ft, and s, are respectively the reduced isotopic spin and the seniority number. T) 
and J, are the resultant isotopic and ordinary spins. 

Then a complete set of states of 2s5() 1d%7, can be constructed by vector coupling 
gy and ¢ to give the resultant T, J and then antisymmetrizing. The vector coupled 
product is denoted by P(2sii(T, J,) 1d%%(to5TsJo) TJ; T.J.) which is given by the 


equation 


0m Tnpdegdygd- ge dye) (Jed Seed cobb) PND Stoll Hol Ae FE) 
eS: xo (1d3% ty oT oJo 3 Teles) (3) 


where (aba?\c7) is a Clebsch-Gordan coefficient. Using this @, antisymmetric states of 
2st 1d%% are denoted by 


P (2st (T Jy) 1d (te52T 2Je) TJ; T-J-) 


= | me +S CFP Oe dei ent) Tlie 4) 


where on the right-hand side the group 2s/j, consists of the nucleons! 1, 2, :::2, ---mz, 
the group 1d37, consists of the nucleons n,+1, m,+2, <j, °*:m-+m, and Pj; is the 
permutation operator which exchanges 7 with j. 
The expectation values of the two-body nuclear interaction 
| 
Viz 2 V (5) 


are divided into three parts as follows : 
(28 (T1J;) 1d si, (t255T > Jo) T]| V | 25th (Ty Jd) ldsj. » (ty SoTL oJ ye 


= (2st Tia] 3M eel 25h bT Jay + (1dsi to T2Jo| > > V j\ 1d Sty 5oT oJo) . 


Sy | + n2 


+ (2st) (TJ) 147: jz (to 52 Ty Jx)TJ\ > P25 Vj) 25th (T,J,)1 32 (ty oT 2 Jo) a; 
(6) 


where i, & stand for the nucleons belonging to 2sij, and j, / for those belonging to 1d3j,. 


In order to express the expectation values of S} V,,; in the j” ’ configuration in terms 
rr 
of those in j*, it is convenient to use the relation 


Ey aly) 
=(j"aTJ|V| j"«TJ) 
Behe trary aT IT) GO aT iT Pet) 


n—2 wo271/1 


AG sat ca V | jr a.T Jy) (7) 
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Table I Table of E¥ (25 /o T))=(294/9 T]| V\29"4/2 Haye 


n ‘yp i . B¥(2%4)0T) 
ha ieee Oa ae Ocha an 
(0) 1 EN (2s?,/201) 
a a 1/2 hes) 1/2 ay 3/2 EN(28%4)0 10)-+3/2 EX(2s%/201) 
4 0 0 3 EM(252 jo10)+ 3 EN(2s74/210) 


Table II Table of EX (1d%sj.aT J)=(1d" 4). aT] V\1d"3/.aT J) 


a 2e70)) EN (1d?3/201) 
3 (2, 0) EN (1d?3/2 03) 

0 (0, 0) EN (1d?s/2 10) 

DQ) EN (1d?3/912) 


= FEF CO OO 


By We GL, YP) 9/20 E¥(1d2ajy01) +21/20 E¥(1d2q 1303) +5) ENE 3/9 nee 1/4 EX (1d?9)9 12) 


1/2) 1) 2Gy 1/2) 3/2 EN (1d?4/ 01) + 3/2 EN (1d?s/212) 
1/2 5/2 (3, 1/2) 7/10 EX(1d?4/.01)+ 4/5 EX (1d?3/203) 4+ 3/2 EN (1d?3/.12) 
2 Vip; U2) 3/2 EN (1d?5/9 03) + 3/2 EN (1d*3/912) 
BD SYR Cs wy) 1/2 EX (1d?3/210) + 5/2 EN (1d?/. 12) 
4 0 0 (0, 0) 9/10 EX (1d?s/2 01) + 21/10 EX (1d?3/.03) +5/2 EN (1d73/.10) + 1/2 EN (1d?5/.12) 
(0) 2a (215) 9/10 EX (1d?3/.01) +21/10 EX (1d?3/003) +3/2 EX (1d?/010) + 3/2 EX (1d?3/o12) 
0) BE Wy 9/5 EN (1d*s/.01)+ 6/5 EX (1d?s/203) +  3EN(1d?5/.12) 
) Am(4 ol) 2/5 EX (1d?3/201) + 13/5 EX (1d?3/.03) + 3EN(1d?s/.12) 
1 D(@, iy) 3/5 EN(1d°s/201)+ 7/5 EN (1d?3/003)+  EN(1d?3j0.10)+ 3EN(1d?5/.12) 
1 i (@, O) 13/10 EX (1d?3/901) + 7/10 EN (1d?5/2 03) +1/2 EX (1d?3/210) + 7/2 EX (1d?3/9 12) 
1 325.0) 3/10 EX (1d?3/.01) +17/10 EX (1d?s/.03) +1/2 EX (1d2s/010) + 7/2 EN (1d?s/912) 
2 0 (0, 0) was i ais 5 EN (1d?3/212) 


| 
| 
| 
| 


1/2) 6/5 BN (1d%9j901) + 14/5 EX (1d? Sones “2EvGd 3/210) +  4EN(1d*3/.12) 
1/2) 9/4 EN (1d"3/201) + 7/4 EN (1d"s)2 03) +3/4 EN (1d"9/.10) +21/4 EN (1d?/o12) 
1/5 5/2 (3, 1/2) 29/20 EN (145/201) +51/20 EN (1d"5/2 03) +3/4 EN (1d?) 10) +21/4 EX (1d2/912) 
We ed (Bp, Wy) 3/4 EN (1d?3/001) + 13/4 EN (1d*s/203) +3/4 EX (1d7s/o10) +21/4 EX (1d24/ 12) - 
Bi 2a eS) 2a lin S2)) 3/4 EN (1d*j001)+ 7/4 EX(1d25/103) +5/4 EN (1d? a Dist BAERS yee) 


Nn 
Be oR 
Sa lay 
NN 
me Wh 
a a on 
NON 
A 
Ww i 


een) i (@, (0) 5/2 EN (1d?3/o 01) + 7/2 EX (1d24/903) 43/2 EM (1d? wjo10) +15/2 EX(1d°q/9 12) 
0 B20) 3/2 EN (1d?3/.01) + 9/2 EN (1d?5/203) +3/2 EN (1d?s/910) +15/2 EX (1d?4/912) 
1 0 (0, 0) 3/2 EN(1d%3/001) + 7/2 EN (1d?) 03) +5/2 EN (1d°5/5 10) +15/2 EX (1d?3/912) 
1 De (BN) 3/2 EN (1d?5/901) + 7/2 EN (1d?3/2 03) + 3/2 EN (1d%3/. 10) +17/2 EX (1d?3/912) 


7 Ai 32 yp?) 9/4 EX (1d2s/.01) + 21/4 E* dFoje03) +914 E952 10) +45/4 EN(A.d°a/0 12) 


8 0 0 (0, 0) ‘ 3 EN(1d°qj901) + 7 EN (1d?3/.03) + 3 EN (1d?s/.10) + 15 EX (1d?3/912) 
ee eee 


+tust [=e 


CLL! 1) *laupt (Wf LL) use KX KX ALCS) eup tL) oust SL Sf AL) oupt LL) Fst) wT JO AGEL TI FIGEL 


Su+tu Tu 


he (ZL 2/*pt sz) TE | + (Zo */*py a 'SZ) wy 0 

id (1 pt ssz) wa c/e + (rept sc) ea zie + (coe*pt st) wa e/t + (10 */ept est) wa Z/T € 0 

= (cr pt e/'sz) wa g/e + (11 2/*pt el sz) wa e/1z + (co tpt e/"sz7) a 8/E + (108 EP eI "SZ) we 8/2 ic 0 € 0 

) (21 /*pte'st) wa y/6 = + (11 pr Sz) wa y/e + (co**pr*l'sc) wa e/e + (10%/*pte"sz) Ft b/T Zz 0 

Ee (zr 2p s/'st) wa Z/e + (11 tpt est) ea z/e + (Coe*prs sz) waz/t + (10*/*tpt e's) ea z/T I 0 

es (cr 2/*pt "sz) wa 8/6 + (1 2/*p t's) wa e/6t + (Zo */*pt a'sz) wa g/€ + (10 2/tpT el 'szZ) wa g/¢ ) 0 T ) I 0) (Eon we 
(cr pts 'st) wa /Z + (it e*pre'st) eg y/e + (co%*pr st) wg z/t C 7 

a (zr tpt sz) wa o/o + (11 8/*pt 57) wa b/¢ + (10 */*pt / 57) va Z/T I I 

Q (21 pt IST) aH C/E (Zo**pr sz) wale + (10 pt sz) wF v/€ 2 0 

42 (11 /ept est) wa c/e + (20/*pts'st)wa els +(10%*pt sz) aq v/T I CZs At ae! an) hes 
2 (zr 5/*prel"st) wa p/Z + (11 pr 'sZ) eZ o/1 z/s = aj 

¥ (zr pt e'st)aqz/t + (11 7/*pt a 'sz) nA Z/€ z/e z/€ 

= (zt pt e'sz) wa OT/Z + (1 2/*p tel 'st) va 9t/E + (20 4/*pt e/'sZ) F 9t/t7+ (10 */*pt 2/57) vq OT/€ CG eT 

ms) (zi tpt est) wg 9/t + (10 e/tpr el 'sz)wag/e + (Z0/*pre'sz) na g/e + (10%/*pt 2/57) v7 8/6 z/€é aT Zz I = 
& (zr pte 'sz) wale + (1 /*pt 57) vq v/€ zit /€ 

= (z1 tpt sz) wa 9t/¢ + (11 tpt el 'sZ7) vq Ot/€ + (Z05/*pr e/'57) vq 91/61 + (105/*pt 4/'5Z) v7 91/6 CHS, ACh nO I 

a (zt tpt sz) wa zie + (Z0 */¢pt 8/57) way e/T Clie - Gk 

‘= (z1 2/ept 8 'sz) wa ote + (11 2/*pr e"sZ) vq 91/Te+ (ZO */*P rt! '57) wT OT/T + (10 4/*pt o/'s7) wa 91/2 aS Glite mae 0 

m (z1 tpt esz)wae/6 + (11 2/*pr est) was/e + (Zo/*pte'sc)wae/e + (10"pt F/'sz) wy 8/T tle t/t 

s (zt pt sz) vq 1/6 + (11 pr B82) eH OT/St + (ZO opt sz) eg ot/e + (10%/*pt e's) wy OT/¢ CH GR > 2a cee 
= (zr pt 'sc)wap/s + (11 8/*pte/'sZ) J v/€ zie z/€ 

v (z1 F/ept 2/57) wa ot/s + (11 2/*pr sz) wa ot/e +(70*!*pt o/'sZ) wy OT/GT + (10 */*PT 8/57) v7 91/6 Ue Gi Ste =i © T 

RY (zr pts 'sz) wa zie + (Zo */*pt 2's) vq 2/1 ele che 

e (zr pt Fl'sz) wa OT/6 + (11 tpt al sz) eZ 9T/ST + (ZO */*p tT o/'sZ) wa oT /€ + (10*/*pt 57) vq 91/6 z/e aT 
yy (11 pte 'st) wa zie + + (10 °/*pT 2/'s7) way Z/T Zit Ca Bale Wai fe yi 3 ee 
= (21 pt 857) we Fgh ok 
3 (11 "pt 57) oF Pere 
Ve (20 */*pt o's) eq beg 
3s (10 4/*pt 8/"SZ) vq I (je wats celime Sede ide We ik 
. CLL SL )Seupt (TfL) Must) ad eee or a ee eee 
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(Zi F/*pt SZ) wa o/6 + (1p Tt "SZ) a ¥/€ 

(zr Mpr sz) vq ols + (11 FPL SZ) wd o/Z 

(zi pr e'szy aq ple + (11 pr'sz)wq elt + (opr 'sz)wg zie + (t0**P Le 's2) wd 2/T 
(zr pr 457) eq etls + (11 pr sz) eA T/L + (ZO*Prl sz) xq o/s + (10%*PT 52) wT 9/4 
(zip sz)wq ole + (11 /*pr ast) wa y/t + (Z0**Pr s/s) 2/1 

(zt pr 8/'5Z) vq 9z/6t + CLP t F'8Z) vA 8Z/TS + (ZO pr a/'sz) wa U/L + (10 5*pr*'s2) wd L/€ 
(z1/*prelsz)wa ze + (zo*l*pr/'sz) wa ols + (10%*ptS!'sZ) wd H/T 
(zr lpr e/'sz) wa pte + Tp 'sz) eH £16 + (ZOLA sz) wy 9z/St+ (10 5*PT 182) wd 87/LE 
(z1 8p 8/15) aq Soles + (11 PE SZ) vA 04/69 + (ZO*Pr '57) wy O@/€ + (OPT 8%) x O%/L 
(zr spy 8/857) vq OF/L1+ (LL "pr '8z) vA O@/€€ + (ZO*PT SZ) aq Oc/€ + (LO "PT 82) wl O2/L 
(zr pr slisz) vq Zi6 + (tre prel'st)wa pile + (zo */*pt 8/'5z) wg pt/Z + (105/*P t */'57) we L/Z 
(zr F/prF'sz) eH OT/6 + CAT Pr A5Z) eH OZ/1Z + (ZO**t 4 '5Z) wA O/T + (10% *'5h) wH 02/61 
(zr pr el'sz) cael, HCPL Se) wale + (Copr'sz)way/t + (10 %*pr 82) wd ¥IT 
(zuprssz)ey = + Crt pre sz)waz/e + (co*pr sz) eA 2/1 

(zr ety sl'sz) ea ele + (11 pr sz) egrle + (zorpre'sz)wgvls + (10%*prl'9z) x v/1 
(zr pt *'sz)wAZ/€ + (10 **pt 57) wl Z/€ 
(zt py Fl'sz) vq OF/TL+ (1 2/*pt 8/57) wy Ov/6z + (ZO *!*Pt F/'5Z) w] Ov/6T + (10 sep yz aI'SZ) wZ Ov/T 
(2 I¢pq I'5Z) vA o7/6T + (ITT GZ) wT ve/ TE + (OPT A '5Z) eA vet + CO PL 52) wl ve/T1 
(zr py 5!'sZ) eq Ov/LS + (11 8/*pt SZ) wT Ov/e + (COTA 'sz) x Ov/ee + (10 Pt 57) wT Or/LZ 
(zi epte'sz) eZ 9/T + (Tp sz) eg 9/tt + (Zo*prs sz) wA 8/6 + (10%*PL eS?) wT 8/€ 


(Zz 2/*py SZ) we t/S 
(21 /8pt F'S7) wt $/¢ 
(z1*/*pt F/'S7) 7 8/¢ 
(ZT /*pt &"S7) nF t/S 
(20 pq A 'sSZ) vA p/S 
(Z1 */*pt 4!'SZ) wf 8/6 
(ct Sept &/'57) wl 8/¢ 
(cept e"57) vw 8/61 
(ZI ssp /'ST) wT 8/Z 
(zt Sept /"57) wv Z/€ 
(z1 pt "'57) wy b/€ 


(Z1 Sept 2/57) wF 8/S1 


+ (11 2/ept /"S7Z) wg Z/€ 
+ (11 pt F/'SZ) wd o/€ 
+ (TL e*pt al 'SZ) wn 8/€ 
+ (11 pt I'S) vA T/€ 
+ (11 /*pt 4/'SZ) wd b/€ 
+ (11 2/8pt SZ) wy 8/€ 
+ (11 2/*pt 2/97) wt 8/€ 
+ (11 /*pt eS) vq 8/6 
+ (1 /ept Fl"S7) vw 8/T 
+ (11 4/8pq 2/57) wa T/€ 
+ (1 pt e/'S7) wt 4/6 
+ (1 2/*pt 4/57) wT 8/6 


+ (11 2/¢p T2/"5Z) Ww ¥/S 
+ (Zo */*pt !"97Z) wZ 8/1 


+ (zo pt FI'S7) vw /¢ 
+ (20 pt &I"SZ) wi 8/ST 
+ (0 */*pt &/'SZ) wg 8/¢ 
+ (Zo */*pt &"SZ) wZ 8/¢ 
+ (Zo */*pt o/'SZ) wa 8/L 
+ (co s/*pt FI'SZ) w C/T 
+ (20 4/*pt e"S7) vw o/1 
+ (20 */*pt @/'S7) w 8/6 


+ (10 /pt 4/'sZ) vq v/€ 
+ (104/*pt 2/"57) x7 8/6 


+ (1022p t 2/"S7) wa b/€ 
+ (10 */*pt SZ) wd 8/6 
+ (10 4/¢pt SZ) wq 8/€ 
+ (10 */*pt SZ) vq 8/€ 
+ (10 pt SZ) wZ 8/1 
+ (10 2/*pz 8I'SZ) a e/T 
+ (10 "pt é"SZ) wa b/€ 


+ (102/pt 2/'5Z) v7 8/€ 


rea NA A wy Oo SS Ww A NaN aN So et Cort Sm So a ie Sen SP oS me 


aw tft ao eo en eo wA AS Ont A CO GH A oO 6G A tH oC CoS tt Ss BN N 


2/Z 


Z/¢ 


Z/T 


Z/€ 


z/€ 


c/T 


Z/T 


eT 


e/T 
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where a’s represent additional quantum numbers necessary for the Mennition of states, and 
(j"aTJ{\j""(@,T,J,)jTJ) is the fractional parentage coefficient, given in the tables of 
reference (7) for j=3/2, 5/2 and 7/2. Thus the matrix elements of V for n particles 
can be constructed from those for two-particles. The results are shown in Tables I and 
Ti 

The last term in (6), which stands for the mutual interaction of m, 25). nucleons 


and n, 1d.) nucleons, is easily calculated as follows, 


C251 Cay 1d§%, (ty 5) 2 Je) rei a at Val 2 stp» Coe 1d 3). (t) 51> Jo) Ty 


i=1 jem + 

=nny >) (28%T J, {25h | (Tid) 25eT)) (1d "9 ty 52 To Jo{|1d3% | (top 52 Tox Jo2) 14s2T J) 
XC (Tair) 25:0] (Tis) [ (Too Je2) 14s )2] (T'2Jo) TI Vig msnall Tarn) 25 p| (TJ) 

 [ (TxeJo2) 14512] (T2Je) TJ? 

5 (28 (Top Jog) 26457 Sil} 28% E 1 Fs) 8 (tap 5n0T Jon) Lye TJ} 18s to TJ) 


(8) 
and 
Cf (LaJus) 2512] TJs) [ Te Joe) 14512] (T2J2) PV ee Ol an) 2501 J 
X [ (ToxJoe) 1452] (T2Jo) TJ ) 
= SMT 3 (T) Tx} (12) T | TT (Tw) 2 2 (T) TY? (Jn Si) Jon 3 Je) J\ Ju Jex Se) 
13 (J/)Jy? (25a 1dseT'J"|V 250 1ds0T’ J’), (9) 


2 2 

where the transformation function is expressible by the U-coefficient (or Wigner’s 9j-symbol) 7 
and the wave function |25,.1d;.T’J') represents the vector-coupled and antisymmetric 
state of two particles 251) and 1d;.. The results are given in Table III for the case 
n,n, <4. 


Although the calculation of the Coulomb interaction, 


is complicated, because it is non-scalar in isotopic spin space, the Coulomb energies also 


can be written as linear combinations of the two-body matrix elements of the form 


Table IV. Table of Ee (2s%/o TJ; Tz Ja) =6202 T)s T2Jel V7 (2902 THs Te i 


n vk a Ee (2574/2 TJ]; T2zJz) 
. a= be: a \ Fs par ae = 
Z (0) 
1 0 6(T,, —lE* (2s?,/210; —10) 
3 1/2 1/2 6(T., —1/2)E¢ (257/210 ; —10) 


Ee (2s?,/210 ; —10) 


Pewee ee ee! ee 
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Table V. Table of E¢(1d%j.¢TJ; Tz J2)=(1d"3j2@TJ; Tz J2|V°\1d"32aT]; Tz Jz? 


fits Astaie to dninonsl: 97 tel Puteri" Tea Re ele ee eee 


= ap ij E¢ (1d%3. TJ; TzJz) R 
2 ) (2s 10)) 0 

0 3 (2, 0) 0 

1 0 (0, 0) 0(T 2, —1)E*¢ (1d?3/. 10; —10) 

i D@> io) 6(T3, —1) E¢ (1d73/212; —1Jz) 
2. Gp 3/2 Cl, 1/2) 1/12 (1—2T ,) {5E¢ (1d?3/210 ; —10) + E¢ (1d?3/.12; —1Jz)} 


>. 35) (3, 12) 
IP) PKG ia) 


Zell 2(B ul) 
1/2(1—2T -) E¢ (1d"5/212 ; —1J-) 


B25 3/2 W2) Wasa — 272) G27) {ee aay 105) 10) eh a: ae 
4 Tope oe 0) 1/6{5E* (1d*5/2 10; —10) + Ee (1d?sj212; —1Jz)$ 
ORIG.) 1/2{E* (1d?5/2 10 ;— 10) + Ee (1d?sj212; —1Jz)} 
° AGS i) EAd=a5 125) Ayo) 

0 4 (4, 1) 
1 2D, 1) 1/4(1—T,) {(2+ T,) E¢ (1d?3/.10; —10) + (2—3T ,) E¢ (1d?3/212; —1Jz)} 
oe a —1/4(1—T.) {7 -E* (1d2s/2 10; —110) + (A= TZ) E* bd ayn125 Vy) 5 

1 31(250) 
2 0 (0, 0) 1/12(2—T,) A—T,) {E¢ (1d?3/0 10 ;—10) + 5E¢ (1d73)512; —1J,)} 
et 23)/2\(ls ly 2) 1/3{(2+T,) E¢ (1d?4j010; —10) + (44—7T,) E¢ (1d*5/212,3 —1J 2) } 

1/2 1/2 (3, 1/2) 
D2 26s v2 1/4{(1—2T ,) E¢ (1d?30 10; —10) + (7—6T ,) E¢ (1d73/2 12 ; foe 
1/2 7/2 (3, 1/2)! 

3/2 3/2 (1, 3/2) 1/48(3—2T,) (5—2T,) {E¢ (1d?3j.10; —10) + 5E¢ (1d?3/212; —1J.)} 

6 0 1 0 
2 é 1/2E¢ (1d"3/o 10; —10)+ 5E¢ (1d? jo 12s Sif) 

) 3 (2, 0) 
1 0 (0, 0) 1/2{(1+T 2) E¢ (1d?3/210 ; —10) + (1—T,) 5E¢ (1d*5/2 12; —1J,)} 
1 AAAs 1) 1/2{(1—T,) E¢ (1d?/2 10; —10) + G—47T,4T*,) E* (ida 125 —1J-)} 
YL ie Sip Gl, aD 1/4(3—2T) {E¢ (1d?a/o 10 ; —10) + 5E¢ (1d?3/212; —1J,)} 
8 0 0 (0, 0) E¢ (1d?3/.10 ; —10) + SE¢ (1d?5/2 12; —1J,) 


ee 


Kft =1J;T,=—1j,| VV ijl =A]; T.=—1J.). The results for C25 yo fe def Se 


NA 


asd J> 1) sand <idettsd J. T,J.|SV°|1d3htsTJ ; T,J,) are written in Tables IV and 
‘V. However, the 


(25th (T Ji) 143% (t5)T2Jo) TJ ; T.Je|2 > V§l2sti (T,J:) 1d 3% (ty 59 To Jo) TJ ; T. J) 
i=1 j=m+ 


are omitted because they are complicated except in the case of n,=4,. 
» 


They vanish in 


Ll 
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the ground states of the 25,,. and the 25,j.— 1ds)-nuclei, and in the ground states of the 
1d;,.-nuclei they are very simple since n,=4, and they reduce to 


4 n2+4 


(2512(00) 1dsia (esTJ) TJ 5 T-Je| d) 21 Vil 2sii2 (00) 145, (es TJ) TJ; TJ.) 
4 
= % (2512 (00) id4l—i,J=3; = —4J.\ SVE 251). (00) 1ds5, 2 =4, J=3; ie — —i],> 


= ? z ) 
i= 


with z=—2T,, 


Table VI. Experimental and calculated energies in Mev 


i) 2s,/-nuclei 


RS RS RR 


Binding energies minus that of Si” 

Nucleus Spin of ground state ] 
Experimental | Calculated 
cies | 1/2 — 8.47 | — 8.48 
3491, 629 ) —19.09 | —19.09 
15P 4479 | 1/2 — 2.79 | — 2.80 
15Py6°2 1/2 — 26.38 | =26.37 
S15! 1/2 — 20.16 | —~20.15 
16916°- 0) — 35.24 — 35.25 


Binding energies minus that of S* 

Nucleus Spin of ground state 

Experimental Calculated 
F i 

16517" 3/2 — 8.65 = 6.64 
16918" 0 —20.05 | PAO 
16919°° 3/2 =77.07 | —27.09 
16520°° ) — 36.97 — 36.91 
17h, 58 3/2 Gy | 0 DES) 
re Fe 0 SB — 13.83 
17Cly3°° 3/2 —26.46 | —26.37 
17Cly9°* 2 =235,03 | — 35.14 
elie 3/2 — 45,39 —45.27 
1sAy7°? 3/2 —19.69 | —19.49 
1eAys” 0 — 34.96 — 34.83 
eAyg?” 3/2 — 43.79 | — 43.91 
eA0938 0 —55.54 —55.73 
soKis?” 3/2 — 36.88 — 37.04 
19Ki9" 0 — 48.88 — 48.92 
19Ko9%? 3/2 — 61.96 | —61.90 
99Cay Aw 3/2 = 54.32 — 54.40 
ogCaag?? 0 | —70.29 | —70.18 


SN —  —————————————eeer—"CO*C#ENE’COCst‘aNSSC’”SCOS 
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iii) ~25/9-1d3/-nuclei 


| Spin of Binding Equation (22) | 
Nucleus |} ground enerey = = ae The right hand side of (22) 
minus that : 
state -og, | Experimental| Calculated | 
Ris, of SI a ee atl a 
Shy?! 3/2 | 25.68 2.05 2.06 —3/8{ Ex (25; /2 1dgj201) + EX (25;/2 1d3/2 11) } 
| | —5/8{E¥ (2s, jo 1d3/2 02) + EX (2532 1d3/2 12) } 
Sine? 0 | 35.00 4.17 4.12 —3/4{ E¥ (2s, /9 1dsj901) + E% (25/2 1dg/o 11) } 
: | —5/4{E% (25, /2 1ds/2 02) + EY (25/2 1d3/2 12) } 
EPieal. 9/2 —44.42 2.02 2.06 —3/8{ EN (25, jo 1daj2 01) + EX (2s,/9 1d5/2 11)} 
| — 5/8{ EN (2s;/2 1d3/9 01) +EN (2s; /2 1d3/s 12)} 
ysP an? | geen 0.70 ~1/8{ EX (25, /2 1dsje 01) + EX (25) /2 1d3/2 11) } 
| | +5/8{ EN (251/29 1ds/5 02) + EN (2s;/2 1d3/9 12)} 


Table VII. Energy Parameters of the Present Model (in Mev) determined by the binding energies. 
i) 


AN (25;/2) — 8.478 
EN (28%, /2 10) | —2.134 
EN (2?5,/201) | —2.278 
Ae (25y/2) | +5.680 
E¢ (2s?, /2 10) +0.540 
il) 
AN (1d3/2) — 8.639 
EN (1d?3/. 10) | — 2.796 
EN (1d?3/9 12) +0.089 
7 (BEX (1d?3/5 01) +7EN (1d?3/9 03) | — 3.074 
A’° (1d3/9) + 6.246 
Ee (1d?3/5 10) | + 0.693 
Ee (1d?s/5 12) | + 0.365 
ili) 
1/8{3EN (255/29 1d3/o 01) ap 5EN (2s, /2 1ds/s 02) SP 3EN (2s; /2 ld3/9 11) + 5EN (2sy/2 1d3/o 12) — 2.062 


and 


4 
(251 (00) 1d;.T=4 J=3 ;TL.= nel 2 | 25i/2 (00) 13,9 T=} J=3 3 


on 
I 
| 
bol 
= 
a 


=1/4 -3) QJ+1) {2521 pT = 1 3 T2= —1J,|V"|25, 1dsp T =1J ; T== —1J,). 
(11) 


Consequently the contribution of the extra nucleons to the binding energy is ex- 
ptessed as . 
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(Binding Energy of nucleus) — (Binding Energy of Si®) 
=n, A™ (251) +2, A™ (Ady) + (25eTJ,|V 25th T Ji) 


Ny +2 


Prd eT. SVT) + (28K (TJ) Waa (he Fao TN SS) Val 


i=1 jeni+i 


X 251% (T,J,) 1d 3% (to 50 To Jo) TJ ) 
meee wa (2512) +2zA° (1d3)0) ae (2st EJ, 3 Tedyel V'\2stpT,J, 5 Eile. 
i (1d si, ty $9 To Je > Dun Jou V°| 1d 37s ty Sg T2Jo > Licedan.) 


rt 


= (25th (ia) 1d 3 ps (te 5 To Jo) Lys ae > eS Vagl2sih (Tas) 
t=1 jemt+ 
Boldeattes Fo lad fs Lede) (12) 


where A” (j) is the single-nucleon energy in the j-shell without Coulomb energy, (i.e. 
the kinetic energy of a nucleon in the j-shell and its nuclear interaction with the closed 
shells), A°(j) is the energy of the Coulomb interaction of a single proton in the j- 
shell with the closed shells, and z, and z are the numbers of protons in the 25, and 
1d; shells respectively. The other terms are written as linear combinations of the two- 
body matrix elements which are given in Tables I—V. For simplicity, in the following 


the two-body matrix elements are denoted as 
E* (jjeTJ) =e TI fe TI 2 (43) 
and 
E°(jijoT =U; == 12) =X 4 dob 17 5 T= —=17,} V | jf, joTH=lV; T= — 1). 
(14) 


These: A’ A°,. and, E°. canbe calculated, if the two-body interaction and the wave 
function are known. They, however, are not well known at present, and so in this 
section no specific assumptions are made on the two-body interaction and radial dependence 
of the wave function. These energy parameters are determined by a least squares fit to 
the observed binding energies. 

The nuclei considered in this paper are classified into three types; (i) the protons 
and neutrons occupy the 251) shell in the ground state (25 nucleus), (ii) they occupy 
the 1dy,.-shell (1dy,9-nucleus), and (iit) the protons occupy the 25, )-shell and the neutrons 
the 1d3)-shell (25 jo 1ds)2 nucleus). 

i)  25;).-nucleus 

The experimental’” and the calculated binding energies are shown in Table VI. The 
values of the parameters are eummarized. dngiPeble. Vilj oP, also belangs..to this group 
and usually is considered to correspond to the configuration 2si.(01). However, 
JE* (25 1dyj201)| seems to be quite large, so that in the ground state of P® two con- 
figurations 2s; (01) and 25, 1d;,.(01) may interact with each other. For this reason, 


this nucleus is not employed for determination of the parameters. The binding energy 
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of P® will be discussed in § 4.* 
ii) 1dy,.-nucleus 
For the nucleus belonging to this type, the equation (12) reduces to 
(Binding Energy of 1d;,-nucleus) — (Binding Energy of S”) 
=n, Al (ids) Cadi yl oJ.| Vide el le) 
+A! (1dyp) + (1d3% tT 2Jo 3 To Joz|V°|1dsia ts 52 T 2Jo 3 T2rJoe)s (15) 
where Ze 27, 
and 
A'® (1ds) =A™ (1dsp) + (2519 (00) 1dsyo 1/2 3/2 |V|2s{2(00) 1dy 1/2 3/2) (16) 
and 
A!* (1ds).) =A° (1d32) + (281 )2(00) 1dgyo 1/2 3/2 ; —1/2 J,| V°|2s12(00) 
Kal dippely 213 (Dy — yD ye (17) 
Here (10) and the following relations are used, 
(Binding Energy of S*) 
= (Binding Energy of Si®) +44” (25,2) + (251,.00| V|25}).00) 
+2A° (2512) + (251)200| V°|251,.00 ) (18) 
and 
(251). (00) 1d 375 (ty 52 T2 Jo) TJ] V| 251). (00) 1d 3% (ty 52T 2 Jo) TJ) 
= 95425 (00) 1d i /2 372 \V 12s 2000) ide 1/2. 372>- (19) 
Therefore in Table VI (ii) are given the binding energies of 1ds,.-nuclei minus that of 
S¥, sino(15) Ceti s Ty ],| Wires eT sj.) and Cidsans, Tee s ToeJol 4 1d, Reet: 
T», Jo.) are expressed as linear combinations of EY (1d?yTJ) and E%(1d3,.T =1J; T.=—1).), 


respectively, The parameters 


A', Al’, E* (1d3pTJ), and E°%(1d3»T=1J; T.=—1J,) 


are determined by a least squares fit. These values of parameters are shown in Table 
VU ii), and the calculated binding energies are given in Table VI (ii). The agreement 
is remarkably good, the mean deviation being 0.13 Mev. 


The expectation value of the two-body interaction in the ground state involves 


* There are the following relations between Talmi’s parameters and ours in 2s, js-nuclei, 
A= AN (25/2), 
a=1/4{3EN (25*,/0 10) +E (25%/,01)}, 
b=1/2{E% (2s",/2 10) —E¥ (25%, )201)} 
and c=0 
where A, a, 6 and c are Talmi’s parameters in ref. 3). 
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E* (1d%201) and E*(1d?,,.03) always in the same linear combination, i.e. 3E (ide, OD) 
+7E* (1d3,.03). Therefore their values cannot be obtained separately, ; 

The ground state of Cl* has spin 0 and isotopic spin 1, while the 0.142 Mev level 
probably has spin 3 and isotopic spin 0, so that these two states correspond to 1d%,.(10) 
and 1di).(03) respectively.'” If the effect of configuration interaction on the energies 
of these states can be neglected, it follows that 


E* (1d3,,03) =E” (1d2,10) +0,142=—2.654 Mev. (20) 
E* (1d3).01) is also obtained from (20) and 
1/7: {3E* (143.01) +7E* (1d2,.03) } = — 3.074 Mev, (21) 


which is determined by the binding energies.* 


Table VIII. Energy Parameters of the Present Model (in Mev) determined by the excited levels. 


A(1d3/2) —7.178 First excited state of Si2® which energy we assume 
1.300 Mev 


1/8{3E (2s, /2 1d3/2 01) +9E% (11) abi Widy AG 


+ 5EN(02) +15E%(12)} 
EX (1d25/2 03) Tees a ae (Ons 
EN (1d?4/001) or irst excited state of Cl*4 which energy is 0.14 Mev 


iii) — 25; )9-1d3)o-nucleus 

As discussed in the next section, the expectation values of the Coulomb interaction 
show that the potential well is almost the same for 25,,.-nuclei and 1ds),-nuclei, Thus 
the parameters determined in (i) and (ii) can be used for the expressions of the binding 
energies of the 25;).-1d.). nuclei. Using equations (16) and (17), A” (1dy).) andd “(1d;,2) 


can be eliminated from those expressions. Accordingly they reduce to 
(Binding Energy of 2s, j-1d3,. nucleus) — (Binding Energy of USig) 
—n,A® (25,9) —ny A’ (dsj) —(25T J; | V|280T J.) — (1d 3h ty T2Jo| V | 1d 3p b 5 T 2Jo) 
— z, AP (25,9) =A! (Ady) — C28 TsJi5 TieJie|V | 25tRT 1Ji 3 TiS) 
— (1d ty 5.ToJo 3 Tox Joe| V°| 1d 3p2 to 50 To Js 5 Ley 


= (25th (T Ji) 1d (tT 2Jz) TJ| > SH Ves| 2st (T,J;) 143} (ty 5 T 2 Jo) EY) 
t= g=m+ 


4 
— ny (2542 (00) Ids 1/2 3/2| = Vs|2sij2(00) ds,» 1/2 3/2) 


* There are the following relations between Talmi’s parameters and ours in 1d3/o-nuclei. 
A= AN (1d32), 
a 1/40 = {3EN (1d?s/2 01) Sir 7EN (1d*0/o 03)} — 1/8- EN (1d?3/0 10) +7/8 C EN(1d?s/o 12) > 
b=— 1/20- {3EN (1d?s/2 01) = TEN (1d?s/9 03)} = 1/4 - EN (1d?3/9 10) +3/4-EN (1d?5/2 WADE 
and c= —1/8-E%(1d?5/210) + 1/8- EX (1d?3/2 12), 
where A, a, 6 and c are Talmi’s parameters in ref. 3). 
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+ 2st} (TJs) 145} (tS ToJo) TS, T.Je| 2) ds Veg 2sihe TJ) 1d 57) (5. T2Jo) TJ ; he 
i=1 j=m-+ 
4 


— % (25112 (00) 1dyo 1/2 3/2; — 1/2 J.| V6 251)2 (00) dsj. 1/2 3/2; — 1/2 J.). 


(22) 

The left-hand side of (22) is evaluated by using the observed binding energy and 
results obtained in (i) and (ii). The right-hand side is given as a linear combination 
of E* (2s1d,07 J) and E°(2s1d;21J; —1J.). The nuclei in Table VI (iii) have 
%=0 in the ground state, so that the Coulomb terms in the right-hand side of (22) 
vanish. Therefore they cannot be determined. These Coulomb energy-parameters become 
necessary when the energies of the excited states are calculated. However, they may be 
small and will be neglected. 

For the nuclei in Table VI (iii) except ,,P/:, each linear combination is always a 


multiple of 
1/8+ {3E* (25,1 1ds901) + 5E* (251) 145902) + 3E” (25,2 143,011) +5E* (25,9 13012) } 
=—2.062 Mev, (23) 


so that this value —2,062 Mev seems quite certain. 

The first and third excited levels of Si” are classified as (3/2 +), and the capture 
probabilities for neutrons in the Si* (d, p) Si” reaction indicate the single-particle property 
for the first excited state and the complex structure for the third one. In order to obtain 
the numerical value of the parameter A* (1d), it is assumed that the first excited state 
is a pure single particle state which has a 1djj. neutron. In this paper this excitation 


energy is taken as 1.30 Mev, compared with 1,28 Mev from experiment. Therefore, 
A™ (1d, =A" (25, 9) 11300 = — 7.1784 Mev, (24a) 
and using (16) and Table III, 
ee lds) — A* (1ds)) 
= (2512 (00) 1dsjo 1/2 3/2 | V|2s12(00) 1d5. 1/2 3/2) 
= 1/8" >) (27 +1) (2)--l) Be 25 1dg TJ) 
=—1.461 Mev. (24b) 
Equations (23) and (24b) are two conditions to determine the four parameters 
E* (25,1dsTJ). If two more independent conditions are found, all the BY (25, 910i 
TJ) can be determined, and all the parameters that are necessary to calculate the ex- 
pectation value of the two-body interaction in the configuration 25”, 1d%2, are known 
except E°(25,)91dyjo1J ; —1J.), which can be neglected. To obtain two more conditions, 


it is very desirable to have more experimental data about spins and parities of the excited 
states of the nuclei belonging to these types. 


In the following, two methods are introduced to determine E™ (2s, ldo, LJ): 
1) the two more conditions are derived from the binding energy of P*, and the 
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excitation energy of Si®, P® gives the condition 
— 1/8 {E* (254) 1ds)201) + E* (251) 17011) } +5/8 {E* (254) 145.02) 
-E* (25449 1dsj912)} = —0.70 Mev. (25) 


Si® has only two neutrons outside the closed shells, and has a simple low energy spectrum. 
The ground state corresponds to 25{,.(10), and the 251). 1dy.(12) and/or 25;,. 1d3).(11) 
states probably correspond to the first, second or third excited state. In Table IX, the 
parameters E%(25,,51d3).T J) are shown, for three identification.* 


Table IX. The Values of E% (25/2 1d3/o TJ) determined used P%? and Si? 


Identification 


| (a) (b) ©) 
EW (25,/9 1dgjo 01) | — 3.403 ~1.525 ~2.805 
EN (45; /2 1d3/o 02) — 1.737 | —2.864_ — 2.096 
EX (251/29 1d3j2 11) | 0.674 —1.204 0.076 
EY (2s,/91d3/2 12) 0.076 | 1.203 0.435 


a) the state 25,),.1ds.(T =1 J=2) is the second excited state at 3.51 Mev, 

b) the state 25;).1d3).(T=1 J=1) is the first excited state at 2.23 Mev, 

c) the state 25,.1d3.(T=1 J=1) is the second excited state at 3.51 Mev. 
The identifications b) and c) give the results 


E* (25,1dsy.11) ) E* (25442 145)0 12) (26a) 
and/or 
E* (25412 1d3.01) (E* (251) 143,202) . (26b) 
However, these values of the parameters do not seem to be admissible, probably 
because the short-range central force dominates in the two-body interaction, and this force 


cannot give the relations (26a) and (26b). Hence, only the set of values of the para- 


meters in the identification a), which is called set 1, is used to calculate the excitation 


energy in § 4. 
2) If the configuration interaction occurs in the ground state of P*, condition (25) 
is not valid. Accordingly, in the next section, the two-body force is taken into conside- 


ration to find another set of values of E%(2s;j21d;.TJ), called set 2. 


$3. Parameters and two-body force 


In this section besides the four assumptions given in the introduction, assumptions 


are made about the wave function and the form of the nuclear two body interaction. 


* 251/29 1d3/o(12) cannot be identified with the first excited state, because this identification gives 


|EX (25/9 1d3/201)| such a large value that condition (36) derived from the binding energy P*° is violated. 


436 A. Arima 


; Sets 5 A s 4 12),13 
For simplicity, the harmonic oscillator wave function is chosen,"”''” 


Ru (r) =Ny exp(—4?/2)r tu), (27) 
where N,, is a normalization constant and 7,,(r) is an associated Laguerre polynomial 
Uni (rt) = Li tij2 7"). (28) 


The shape of the Coulomb interaction is well known, and its expectation values are 
functions of ». By comparing them with the experimental values determined in § 2, the 
numerical values of » are found, and are shown in Table X. These values of » can be 


compared with those which are given by the nuclear radius in terms of » ; 


Table X. Determination of v 


yX 1076 cm? 


Coulomb energy parameter Mev 
A€ (25, /2) | 5.680 0.300 
A’< (1d3/2) 6.246 0.295 
E¢ (257/210; —10) 0.540 | 0.478 
Ec (1d2s/. 10 ; —10) 0.693 | 0.737 
| | 
E¢ (1d?5/92; —1M,) 0.365 0.299 
cae ||| ee eee 2k vx 10%cm™? i aye Relation between y and 
Vi=28 | A=40 nuclear radius 
a pay ET. 
1.210738 | 0.439 | 0.346 | 3/5 BY eek sea 
| | 2y 
1.4 10738 | 0.323 0.254 | 
3 ¢ l 
9 9 f ay D7 are 9 2 3 4 eae 
remo ates SOAS a aE 1st — (29) 
uJ vy 


where R=1.2 AX 107" cm. The value of » fitted to A°(2s,)) is very near that fitted 
to A“(id;»), and in this paper » is fixed to be 0.300. The values. obtained from 
E° (25210), E°(1dy.10) and E°(1d;,.12) show a considerable fluctuation, because of 
relatively large errors included in the values of E”. 


The interaction is (—in addition to Coulomb potential—) assumed as 


rip ONO ; (1+7,T, ay) We ay kere a 


Vi(12) =(« m 
2 2 2 Zz. 


ae (o' abla! By AN ener? 
2! 


+(0" +H eas) O,e772/rep" , (30a) 


where 
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n=. ROP Tw) AGE Tae): eT Ss) (30b) 


Y 9 


and 
O,=1/6((6,+9,) -[TiaX (Pi Ps)-4) (30c) 


which expresses the phenomenological spin-orbit interaction. 
: N(52 N(5>2 
Since E*(2sjj)210) and E*(2s;{.01) depend only on the central interaction, they give 
the numerical values w+m+6—h(=*VS"") and w+m—6b+h(='Ve""), which are the 
depths of central part of nuclear interaction in 'E and *E* states, respectively, in nucleus. 
According to Kalos, Biedenharn and Blatt,” the nuclear potential fitted to the data of 


two nucleon scattering in 'E state is given by 
ee 26 / 
—-46.1 e 7X10 /2.2613 Mev. (31) 


The expectation value of the interaction energy depends on the quantity tay OCR 
(a: c, t or sp.), which is the ratio of the measure of the linear extention of the wave 
function to the range of nuclear force. By assuming the range of the central potential 


in the nucleus is the same as that in (31), the following relations, 
even —y+m—b+h=—39.185 Mev, (32) 


are obtained from E™(2s{,.01), and 


seven — y+ m+b—h=—41.829 Mev (33) 


from E*(2s?210). ‘V%"™ is slightly shallower than —46.1 Mev in (31). 

The depth of the central potential in the °E state (Ve) is nearly equal to that 
in the 'E state. This suggests the existence of the tensor force, unless the interaction in 
3E state in nucleus is diminished. 

The two linear combinations of parameters 3E* (254) 1d5j211) +5E” (251). 1ds)2 12) 
and 5E* (1d3,.12) —E” (1d3)2.10) do not depend on tensor force. Using w—+m and b—h 
determined above, one can eliminate w and 6 from the expressions of these two combina- 
tions, and obtain the expressions involving only a parameter m—h for the central potential 
part. If there is no spin-orbit interaction (w''=h'’=0), each of the two expressions gives 
a different value for m—h beyond the range of the uncertainties of the parameters. 
Further, this contradiction cannot be eliminated even if the Yukawa-potential is employed 
instead of the Gaussian one. There must be some other kind of interaction than the 
central and tensor interaction. In the present work, the phenomenological spin-orbit 
interaction is adopted." 

According to Kalos et al.,"” if the central potential in *E is taken as same as that 


in 'E (31), the following numerical values are obtained for the tensor force, 


* The two nucleon system is devided into four states triplet even (°E), 


triplet odd (30), singlet even 
(E), and singlet odd ('O). 
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ay7even — y! —h!=25~23 Mev (34) 
and r,=2.00~2.12, which corresponds to the magnitude of se V/2 changing jae 
0.77 to 0.82. Accordingly 4, is taken as 0.80 and /,, is changed from 0.8 to y By 2s 

There are eight unknowns and eight linearly independent conditions ; 
E™ (257.910) =—2.134 Mev=0.05446 (w+m—h+6) 
E™ (283.01) = —2.278 Mev=0.05446 (w+m+h—b) 
3E* (251) 1ds901) +5E* (251)21d;).02) =— 18.894 Mev 
= 0.3276 (w—h) +0.2324 (m+b) + 3ES (251). 15,01) +5E J (25) 1s 02) 
3E* (25, )91d5y.11) +5E* (25))21d5212) =2.402 Mev 
= 0.2360 (w+h) —0.0493 (m—b) + 3EX (251). 1ds011) +5E 2 (25,2 1d,)212) 
E” (1d3,.10) = —2.796 Mev 
=0.06445 (w+h) +0.01711 (m—b) +0.11883 (w +h’) + EX (1d3).10) 
E™ (143.12) =0.089 Mev 
=0.02439 (w +h) —0.00232(m—b) +0.02388 (w’ +h’) +E 3 (1d3,.12) 
E* (1d3,.01) = —0.980 Mev 
= 0.04442 (w—h) +.0.01601 (m+5b) —0.03399 (w’ —h’) + EX (1di.01) 
E* (1d3..03) = —2.654 Mev 
= 0.04442 (w—h) +0.03896 (m+6) —0.01938 (w’ —h’) + EF (145,003) (35) 


where the EZ) are given in Table XI for several 2,,. These equations determine all 
eight parameters w, m and so on for each 4,,, which are shown in Table XII and Fig. 1. 
By using the eight parameters obtained above, E*(2s,,;1d3,.TJ) are calculated, and are 
. shown as functions of /,, in Table XIII. 

The ground state of P®” is characterized experimentally as T=0 J=1. And 
theoretically low lying states of T=0 J=1 are considered to correspond to the configu- 
tations 25;,9(01) or 25 1d,.(01), If |E* (251).1dy),.01)| should be larger than +3.9 


Table XI. Matrix elements of spin-orbit force 


rr 
| | 


Bap ees ge | LE eat! Bs Eu (2s. | EN(25j2 | EN(2s5j. | EX (25,2 
Asp | (1d?5/210) | (1d*3/212) | (1d?gj201) | (1d?5/203) | 1dg/.01) 1d3/2 02) Idsj211) | 1d3/212) 
(Ww! +h") | = (a +b”) | = (w"—b!) | (Ww! — bY) | = ( — bY) | = (wb) = (w +h) | = (wb) 


0.64 — 0.2376 | —0.1045 — 0.1342 —0.1085 — — 0.2818 =0.0564 | —0.1261, | —0/0252 
1.00 — 0.3978 —0.2811 | —03032' | —03120 | —0:5690 — 0.1138 | — 0.2983 — 0.0597 
1.20 — 0.4783 —0.4015 —0.4041 —0.4584 | —0.7278 — 0.1456 | —0.4172 | —0.0834 
1.354 —0.5364 —0.4998 | —0.4817 | —0.5814 | —0.8467 —0.1693 | —0.5158 — 0.1032 


| 
| 
5) — 0.5889 + 0.5961 | — 0.5547 — 0.7046 —0.9571 a =O016135" | —0:1227 
| | | 
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Table XII. Depths of the two-body forces obtained in § 3 
Se eee 
Asp? |w+m+b—biw+m—b+hw—m+b+h w—m—b—b) wlth! whl w +h | oH 
— we — = — \ — — 
0.64 | —41.829 | —39.185 | —10305 | —129.19 | —14.922 11.822 —37.874 | —1.026 
0.81 | —41.829 | —39.185 10.157 101.403 | —5.7806 7.2129 ~ 27.324 | 10.627 
1.00 | —41.829 | —39.185 16.973 76.453 | —3.0489 4:7526. \ =23,670 |) 18.787 
1.20 | —41.829 | —39.185 19.953 56.017 | —1.9254 3.3821 | ‘21.808 | —25,141 
/ 
1.354, —41.829 | —39.185 21.173 43.529 | —1.4732 2.7318 —20.951 | —28.867 
1.50 | —41.829 | —39.185 21.909 33.657 | —1.1957.| 2.2944 = 20,374 | = 310717 


| | | | 
The radial dependences of the central, tensor and spin-orbit forces are assumed as Gaussian type. 
Te= 1.501073 cm and 1r,=2.07 X 10733 cm. 


Table XII. Energy parameter EN (2s,/21d3/2 TJ) calculated by using the potential given in 
Table XII (in Mev) 
Asp? EN (2sy/2 1d3/2 11) EN (25, /2 1d3/2 12) | EN (25y/2 13/2 01) EN (25; /21d3/2 02) 
0.64 4.215 —2.049 | — 5.264 — 0.620 
0.81 | 3.254 —1.472 — 4.756 — 0.926 
1.00 2.937 —1.272 —4.346 SUP 
1.20 2.762 —1.177 — 3.947 —1.411 
1.354 2.689 —1.133 —3.729 il AZ. 
1.50 2.641 —1.104 — 3.559 | — 1.644 
co ILENE GS — 0.958 —2.341 —2.314 


Mey, the absolute value of the binding energy of P®” must be larger than the experimental 
Therefore the condition for E*(251).1ds.01) can be obtained as follows : 


E* (251) 143.01) > —3.9 Mey. 


value. 
(36) 
In Si® the configuration 25;).1d,.(12) is considered to correspond to the first or 
second excited state. Experimentally the first excited level has the excitation energy 2.25 
Mev, and if it is assumed that it is a 251) 1d;,.(12) state, the following condition is 
obtained : 
(37) 
From Table XIII it follows that these two conditions are approximately satisfied 
when 77,, is 1.354, i.e. the range of the spin-orbit interaction is twice as large as that 


EP (Qi 1d;,9 i) == — dle Ra) Mev.* 


In this case, 


sd Ha as — yy’ =—=ipt = 


of the central interaction. 
(38) 


is obtained, and this value is comparable with the value in (18), which is fitted to the 


— 28.72 Mev 


two-body data.** 


* If the condition (25) obtained from the binding energy of P** is used, (37) contradicts (36). 

** The spin-orbit interaction has little effect on the binding energy of the deuteron, because the Dsstate 
probability is very small and in the deuteron the non-diagonal matrix elements of the spin-orbit coupling 
between the states having different L vanishes. Therefore the results obtained by Kalos et al are available, 
although they did not take into account the spin-orbit interaction. 
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Fig. 1. The strengths of potentials fitted to the values of the energy parameters of two-nucleon states 
which are determined by the nuclear binding energies. °“V.°ve", for example, shows the strength of 
a-interaction (a3; central, tensor and spin-orbit) in the triplet even state. 


Consequently 4, is taken to be 1.354 which corresponds to the value r,,=3.00X 
10-"cm. The spin-orbit force thus determined is a weak but long range interaction. 
R. Hiiper has obtained qualitatively the same conclusion about the phenomenological spin- 
orbit force by the analysis of the energy levels of the light nuclei, and also quantitatively 
our numerical values w’’ and 4’ are nearly equal to his results.” 

The two-body potential obtained above does not satisfy the Serber condition. How- 
ever the meson theoretical potential also shows such behaviour." Probably the effects of 
the repulsive central potential in °O and 'O states cancel the attractive tensor potential 
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in °O state. Elliott and Flowers” and Redlich”” have found that, if they use the Serber 
force, the [ =1 group falls below T=0 in F", and this is clearly inadmissible unless it 
can be shown that F’* has T=1 in its ground state. 

It is interesting to note that the forces within the outer shell do not appear to be 
much weaker than they are between free particles. 

The values of the parameters E*(25,.1d;0TJ) (set 2) determined by this potential 
are different from the values determined in § 2 by using the binding energy of P®* and 
the excited state Si” (set 1). This discrepancy cannot be eliminated even if the Yukawa 
type radial dependence is assumed instead of the Gaussian one for the nuclear potential. 
In the next section, the excitation energies are calculated, and those results show that 
set 2 gives rather good agreement with experiment, but fails to explain the binding energy 
of P*®. Set 1 succeeds in giving the binding energy of P* but does not agree so well 
with experiment on the spectra of the other nuclei. This shows that neither set is 
correct. Consequently in order to obtain the values of E™ (25,).1ds,.T J), more experimental 


data are much desired. 


$4. Low-lying energy levels 


In this section are treated the low lying states, which are considered to arise from 
simple 2s{},1d3% configurations, The expectation values of the energies in these configu- 
rations can be calculated by using the energy parameters determined in § 2 and §3. For 
E™ (2s,1d;»TJ) the values of the set 1 in §2 and set 2 in $3 are used. In the 
figures Exp. shows the experimental levels and Cal I and Cal II show the calculated levels 
using set 1 and set 2 respectively. 


148i1<2° Our calculation shows that the configuration 1d3/2(10) lies quite low, and the excitation energy 
is about 2 Mev. A 2.23 Mev excited state is found experimentally, but gamma-transition from this level to 


5.52 ———————— 


5.28 

4.821 d75/.(1 
4.83 ———— 4.82 1d*5,2 (12) Satdhsjs(te) 

4.12 25, j.1dsy2(11) 
3.80 3.52 25,)1ds,2(12) 
3.52 

2.3025, jo1d3/2 (12) 

zee 1.94 1d% (10) ——————— 1.94 1d*4,(10) 
0.00 —————— 0 —pemet 0100 25%) (10) G00) 2he(19) 


Exp Cal II Cal I 


Fig. 2. Energy levels of j4Si;° in Mev. [jij2] (TJ) show the states. 


442 A, Arima 


the ground state is also observed. Thus it is important to know whether a level corresponding to 1d?s/.(10) 
has been missed in the experiments or not. 

1sPi5°° The calculation shows that E% (2s,/21ds/201) of the set 2 is so large that the state 25,/2 1d3/(01) 
competes with 22s;/.(01), and they interact with each other. Therefore the wave function of the ground state 


is expressed as follows : 


V=aV¥ (25,/0201) +6 ¥ (25; /2 1d3/2 01), (39) 
where a?+62=1. a, b and the energy E are determined by the secular equation 
2AN (25;/2) + EN (2574 /201) + A? (25, /2) —E {25/3 1d/o 01 | V| 257,/2 01> eG 1a(46) 
(25/2 1d3/2 01 | | 2s*,/2 01> AN (25/2) + A¥ (1d3/2) + A? (25/2) + EX (254/2 1d3/2 01) —E 


If ¢2s,/2 1d3/9 01 | V| 2s24/.01) =-+0.320 Mev, the smaller solution gives the experimental binding energy 

= — 13.97 Mey (relative to that of Si), and the larger one is —13.31 Mev. If the wave-function of § 3 

and the potential in Table XII with 2?,,,=1.354, are used, (25)/2 13/201 | V| 2s"\/201) becomes —0.215 Mev. 
Corresponding to these two values of E, the wave functions, 


Von = 0.624 ¥ (2s*1/2 01) —0.782 ¥ (25/2 1d3/2 01) (41) 
and 
Poe = 0.782 ¥ (25, 201) — 0.624 ¥ (2s, /9 1d3/0 01), (42) 


are obtained, where Y,, is the wave function of the ground state and ¥,, is that of the excited state. They 
show that in the ground state the admixture of Y(2s,/.1d3/.01) is greater than that of ¥(2s?,/.01). It is 
clear why the beta transition to the 14Siy,°” ground state (2s?,/.(10)) is somewhat hindered. 

In Fig. 3, the calculations I and II show that there are two low-lying excited states. The levels of P%° 
have been investigated by several workers, using the Si”? (d, n) P* and Si2? (p, 7) P%° reactions. A level at 


NG fees ——_——._ 2.86 [25)/21d3/2] (12) : 
i] Lae ee 2 6d, (03) eh 264 G09) 
ES re ee Pe ee ee DOLE car CLO) —————————, 2,50 did ee (h0) 
2.44 [251 21ds)2] (02) > 2.26 [25:21 dye] (02) 
1.95 
1.47 
old;/2|(O1 
(OU el FEO) 0:67 ate O56 2 EO) 0.60 [25/0 572] (01) 
Cae ee al = 0.42 22,,(01) S056 a0) 
i_——— _ SO 2 
S00 r 0.25 (251 1d5y.] (01) W.42 281. (01) 
0,00 ———___ T=0 J=1 : 
Exp J b) a) 
Cal II Cal I 


Fig. 3.. Energy levels of 1;P);°° in Mev. In Cal. IL, a) shows zeroth-order energy scheme, and b) 
shows the results taking into account the configuration interation. 


3.22 [25j21d%sn (12) (3/2 5/2 


PLEPR 
1.70 ———_____ 
1.62[ 25,j21d%/9(12) ](3/2 5/2) 
0.76 
0.64 [2519 140 (10) ](3/2. 1/2) TMG Vices: CONS: 
0.00 ————_—_ 3/4 ————_ 0.00/28, 
Exp / Cal II oy ee he 


0.00[ 25°, (10) 1dy.] (3/2 
ae / 7 /2 3/2) 


Fig. 4. Energy levels of ,4Si,,3! in Mev. 
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0 have been assigned on the basis of 


atic ay) 


excitation energy and gamma-ray angular distribution. Recently the S%° (d,a) P% reaction has been studied 


about 700 Key excitation has been observed, to which T 


by magnetic analyser, and it is known that, if isotopic spin selection rules may be considered valid, the 


0. According to our 


it is probably T 
Vex, which has theoretically 0.66 Mev excitation 


prominence of the 0.71 Mev level in this reaction indicates that 


calculation II this state corresponds to the configuration of 


f the alpha-particle 


intensity o 


energy. A level at 0.69 Mev was found in the same reaction, while the low 


1 level, which 


d low-lying T 


leading to this level can be explained by assuming that this level is the expecte 
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corresponds to the configuration 2s°,/2(10) having the theoretical excitation energy of 0.56 Mev. This ex 
periment also shows that the intensity leading to the 2.94 Mev level was about 30% of the average intensity 


of the other levels, so that this level probably has again T=1.7)) 


148i?! The calculated value agrees fairly well with the experiment. 


isP 36°! and 4S;5°! Theoretically the 
low-lying states of T=1/2 and J=3/2 are 
[s°x/2(10) ajo] (1/2 3/2), [s°4/2(01) d3/2] 
(1/2 3/2), [sy/ed?5/2(01)] (1/2 3/2) and 
[s1/243/2(12)] (1/2 3/2), and in zeroth 
order these configurations have the high 
‘excitation energies shown in Fig. 5 Cal la) 
and IJa). There may be configuration 
interactions between them. Generally, the 
Hamiltonian has large non-diagonal ele- 
ments between states having similar con- 
figurations such as [5s?/2(10) ds/2] (1/2 3/2) 
and [s?,/0(01)d3/o] (1/2 3/2), and small 
non-diagonal elements between states having 
different configurations, for example [s”)/2 
(10) dsj2] (1/2 3/2) and [s1)2d*3/2(01) ] 
(1/2 3/2). For simplicity, only the interac- 
tions in the first case are taken into con- 
sideration, and the non-diagonal elements 
in such cases are expressed as linear combi- 
nations of the four parameters EV (2s,/o 


Ids TJ), for example 
¢ 287, /2(10) 1d3/9 1/2 3/2 | V| 25°1/2(01) 
X 1d3/2 1/2 3/2) 
=3V 5 /16- [EX (25,2 1dzj 01) 
— EN (25/2 13/211) 
— EN (25/2 1d3/2 02) 
+ EN (25, /2 1d3/912) J. (45) 
Fig. 5. Cal Ia) and Ila) show the 


excitation energies in the zeroth order and 
Cal Ib) and IIb) show the results where 
such configuration interactions are consider- 
ed. In Cal IIb), the theoretical energy of 
the first excited state results in 1.10 Mev, 
and agrees with the experimental value 
fairly well. 

15P37°* Set 2 cannot give the ground 
state of J=1, and set 1 is fitted to the 
observed binding energy of this nucleus, 
but neither can succeed in explaining the 
level structure. It seems that the configu- 
ration interactions have a large effect in 
this nucleus. Actually if they have ap- 
propriate strength, set 2 can also give the 
binding energy. 

wie The configuration [2s3, /9 

. 
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Fig. 10. Energy levels of ,7Cl,,°° in Mev. 
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Fig. 11. Energy levels of ,Cl,,°° in Mev. 
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= 0.00 1d‘,.(00) 


Energy levels of ;sA;,95 in Mev. 


The value in the parenthesis was submitted to correction 
owing to the Coulomb interaction. 
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(1/2 1/2)1d3/2] (02) has 2.27 Mev excita- 


5 

tion in Cal II and may correspond to the = Gian af 
first excited state which has experimentally sy 5.37 1d%y2(1/2 1/2) 
2.25 Mev excitation. However, the other (5.10) 
[2s3,/9 (1/2 1/2) 1dsjo] (TJ) states have Por 
larger energies than those of the second : 4.03 1d%s0(1/2 3/2) 
and other low-lying levels, and then the (3.76) 
second and other low-lying states have 3.50 
more complex configurations. If it is ex- 
perimentally sure that there are no low- 2185 1d 2072) 
lying O+levels in P®* and S**, the theo- 28 238) 
retical low-lying O+levels in these nuclei 2.27 
show the inadequacy of the values of the ek 
parameters. 1.46 

169172 As in the first excited state 
of P31, the large effect of configuration 
mixing in the first excited state can be 
expected. Really in the zeroth order the 00 ae Seats . 0.00 1d%s,9(1/2 3/2) 


f : Ex Cal 
first excited state has too large an excita- : 


tion energy, but taking into account con- Fig. 13. Energy levels of ;gAj9°’ in Mev 
figuration interaction, in Cal II b) the The value in the parenthesis was submitted to correction 
result becomes 0.76 Mev, which is com- owing to the Coulomb interaction. 
parable with the experimental value 0.85. 
The spin of this state is 1/2+theoretically and experimentally. 

1Sig°! The excitation energy of the configuration 25+, /»(00) 1d?s/2(12) is higher than the experimental 
first excited state. However, Fig. 9 shows that there are other configurations of T=1 J=2 which compete 
with 1d3/22(12). Hence, configuration interaction probably can explain the level scheme of this nucleus. In 
Fig. 9 Cal II b) simply the interaction between [253,/0(1/2 1/2) 1d%g/o(1/2 3/2)] (12) and [2s%y/2(1/2 1/2) 
1d35/2(3/2 3/2)] (12) is considered. This result shows that the first excited state consists of the configuration 


5.0 —————_- 


3.91 [28%,0(1/2 1/2) 1d" (1/2 3/2) ) (2) 


3 She 
———_ 2.89 (254; 2 (00) 1d%5)0(12) ](12) 
(2.56) 
es 
i] re ee 
0.00 ot 0.00 [254 /2 (00) 1d®s/9 (10) | (10) 
: Exp Cal 


Fig. 14. Energy levels of 4gAo0°* in Mev probably two configuration which are 
of J=2 interact each other. If (15,/94100) 1d3/o6(12) 12 | V|1sy/2*(1/2 1/2) 1d3/9" 
(1/2 3/2)12)~+0.8 Mev, theoretically first excited state appears at 2.16 Mev. 
However, this value of 0.8 Mev is rather larger than the expected. 

The value in the parenthesis was submitted to correction owing to the Coulomb 


interaction. 
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2s, /o1d%g/o mainly, and the second ex- 2.87 

cited state is mainly 254,/9(00) 1d?3/2(12). OF Hare eh ae 244.(1/2 1/2) 1d%ya(00) 
The large value of log ft (6.1) 

from the first excited state of Cl*4 to 

the first excited state of S*4 at 2.10 Mev 

shows that the first excited state of S*4 

has the configuration 25°; /2 1d%3/9 rather 

than 2s!,/.1d"s/. if the first excited state bey 

of CIS! is 1d?5/.(03). Also the beta 00 Oe ate 0.00 —————— 25%,(00) 1d%j2(1/2 3/2) 


Exp Cal 
transition from the first excited state of 


Cl*4 to the second of S*4 at 3.24 Mev Fig. 15. Energy levels of jgK29*? in Mev 

shows that the state at 3.24 Mev is 

mainly the configuration 254,/2(00)1d?3/2(12), because the value of logft=4.8 would be expected in an 
allowed transition.?”) 

39 > A>=35 Figures 10 to 14 show the energies of states of the configurations 1d”3/. (TJ), and the 
level schemes of the nuclei 39 > A>>35. From these figures, it can be seen that energies of the states, which 
arise from the reorientation of the ground state nucleons, are large. Thus it seems that the configurations 
in which 2s,/2 or 1ds/ nucleons are excited appear in the low-lying states. 

192039 This nucleus has low excited states consisting again of very simple configurations, say 2s;/.7} 
(1/2 1/2)1d®gjo(00) and dsjo~1(1/2 5/2) 2s4,/2(00) 1d8s/2(00). The theoretical excitation energy of the 2s,/.71- 
configuration is 2.23 Mev compared with the experimental value of 2.48 Mev, the spin of which, however, is 
not observed. It is desired to determine spins of these low-lying states. 


§ 5. Discussion and conclusion 


The binding energies of 25,2, Ids. and 25,-1d;,. nuclei are given by several 
parameters which can be determined by a least squares fit. The agreement with the ex- 
perimental data indicates the adequacy of the shell model in describing the ground states 
of these nuclei. However, when the energies of the excited states are calculated, it seems 
frequently to be necessary to take into account the effect of configuration mixing. 

H. Horie and the present author showed that configuration mixing has considerable 


effect on the magnetic”? and quadrupole moments” 


26) 


in the ground states and on the 
transition probabilities.” The coefficients of admixture of the wave functions of the 
excited states to that of the shell model wave function were estimated and their values 
were found to be of the order 0.1. Usually the zeroth-order energy difference is about 
5 Mev or more, and the non-diagonal matrix elements of interaction are about 0.5 Mev. 


First order perturbation theory gives the coefficient of admixture, 
WF 0.5/5 == 0.1; 


and this configuration mixing gives rise to large deviations of the expetation values of 
the nuclear moments from their shell model values. However, energetically this configu- 


ration mixing does not cause considerable variation, because 
IW S (0.5)?/5=0.05 Mev. 


The states having the same parity and spin as the ground states usually have quite 
large excitation energies, so that in most ground states the effect of the configuration 


mixing on the binding energies can be neglected. In the excited states, and in the ground 
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states of some nuclei, there are states with the same parity and spin which compete and 
interact strongly with each other. 

According to Levinson and Ford”? the effective nuclear interaction potential in Ca® 
is represented by a Gaussian which is about one-half as deep and two-times longer-ranged. 
However, they only took into consideration the central force, the range of which is ex- 
traordinarily long. Taking into consideration the tensor force, there remains the pro- 
bability that the effective potential in Ca® does not differ from the potential needed to fit 
the low-energy scattering and deuteron data. Indeed Elliott and Flowers concluded in 
their analysis of the structure of the nuclei of mass 18 and 19 that the forces within 
the outer-shell do not appear to be much weaker than they are between free-particles.”” 
The potential calculated in § 3 is approximately equal to the phenomenological potential 
which describes the low-energy two-body problem in the even state, and this potential 
leads to the same conclusion as Elliott and Flowers. The analysis in § 3 shows the 
necessity of the spin-orbit interaction and it has the right sign and intensity to produce 
the one-body spin-orbit forces needed in the j-j coupling shell model. However, it 
has a rather longer range than the spin-orbit interaction of meson theory. Recently, it 
is recognised that the two-body spin orbit interaction is necessary to explain the polarization 
in high energy nucleon-nucleon scattering and, also, to interpret the spin-orbit coupling 
in the j-j coupling shell model.” 

Finally, it is very desirable to get more accurate experimental information in order 
to test the validity of the model developed in this work. 

The author wishes to express his sincere thanks to Professors T’. Yamanouchi and 
S. Nakamura for their kind interest and valuable advices. He is also indebted to 
Professors H. Horie and S. Yoshida for valuable discussion and criticism. Appreciation 


is due to Drs. K. Kikuchi and M. Sano for their kind encouragement. 
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Quantization of Spin Wave Field 


Isao Mannari 


Department of Physics, Kyoto University, 
Kyoto 


December 25, 1957 


A few supplemental notes are presented 
as to the quantization technique of spin 
wave field.” 


remarks on Frank’s treatment” of spin 


And this note includes some 
wave. A crystal of N atoms is considered 
and each atom is assumed to have a 
Hence the 


valence-electron in its s-orbit. 


Hamiltonian of the system is 


= BHO) + YC») (1) 


where 
1 il 
H(¢) = 4, — ? 
2 Th 
af 1 1 iL 
G (py, ¥) = + —— 
nm. Tuy Thy Tin 


(2) 


and the other notations used here have 


usual meanings. Assuming the ortho- 


normality of the atomic orbitals /, (4) 


the Hamiltonian is in the second quantized 


scheme written as” 


Fe & 
H a pale Fo Ino 


no 


eases 
ny" 14 Ny O71 N22, NZTRNT4 
FI 
* * 
X4ny 04 Any 2 Inyo, ?ngos (3) 
where 


E.= | iu DH) (Dede, 


fps oy Ng o4 \ Pi (1) fi, (QVGG, 2) 


Kee, be QXA a) 7,2 ye.) 
X Yo, (2) diidzs, (4) 


%o() being a spin function, and a,,, 
a* are the annihilation and creation ope- 
rators satisfying that 


[Gno> 42, |+=Onm ap» Otherwise fOr 


(5) 
Neglecting the ionic configurations we have 
that” 


ity Ino = 1, (6) 


and the Hamiltonian is 


He SINE Da Con 
n<m. 


as Seen >] diss Any, ding Anos (7) 
nom Gp 


where use has been made of eq. (5) and 
of the orthonormality of y,(/). C and 
J are the usual Coulomb and exchange 
integrals of Heitler-London type,” respec- 
tively. The first term is the energy of N 


isolated atoms and the second the usual 
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Coulomb interaction energy of N atoms. 
Although the orthonormality of the atomic 
orbitals has been assumed in the derivation 
of the Hamiltonian, it is rather reasonable 
to take account of the non-orthogonality 


And J is different 


in the evaluation of J.” 
from Frank’s one.” 
Now we introduce the vector operator 


S,, as follows : 


2% s sagt, A 
Sa ae iS, = Sie hn 1Sne =dn—An+ » 


a ote An > 


oe ae) . (8) 
Then S’s are easily verified to be the 


S, (= (an. an+ 


usual spin operator by the use of eqs. 
(5), (6) and (8), and the last term (say 
f,,) of equ (becomes 


nom 


Of course this result is easily anticipated 
from the first because the last term of 
(7) consists of the terms exchanging the 
spin states of the n- and m-th sites. We 
define the spin deviation operators c,, ¢,* 


with the substitutions” 


* * * 
An In—_ PQA, An— An» > &y, p) 


(10) 


Ay Ya— Cn Yr An Pee p) 


where »,, = Il (1—2n,) is the so-called sign- 
function, Be n, (=0 or 1) is the number 
of spin deviations on the p-th lattice site 
and is the eigenvalue of the operator 
Gp G (= a,* ap =ak dp_). » Equ (10), is 
slightly different from Frank’s substitutions 


and is much more straightforward. Finally 
we artive at 


Hee=2>) Jum (= 4+ Cn * oy — Ecos Cn 
a CG, n ie on () > 
ees Coed jp ORS > 


lex rs I ae On a0; (11) 


F= // Aas (1 25) = 


These are the same as Frank’s results 


except the form of J’s. 


1) I. Mannari, Prog. Theor. Phys. 19 (1958), 201. 

2) D. Frank, Zeits. f. Physik 146 (1956), 615. 

3) VV. Fock, Zeits. f. Physik 75 (1932), 622. 

4) A. Sommerfeld and H. A. Bethe, Handbuch 
der Physik Vol. 24, Part II, p. 599. 

5) J. H. Van Vleck and A. Sherman, Rev. Mod. 
Phys. 7 (1935), 167. 


Note on Energy Levels of 
Polyatomic Molecules 


S. Datta Majumdar 


University College of Science, Calcutta, India 


January 21, 1958 


The calculation of the energy levels o 
polyatomic molecules’) has heen simplified 
by introducing a set of one-variable opera- 
tors for the 


components of angular 


momentum 2, 25, £&.. 


These _ ope- 


rators, however, assume different forms 


for different types of functions, For func- 
: etJ—2)4 
tions of the type u*= =2 age OM 


(Py4iP,) * =e" (F 4 a dD), Pam, 
where F ==j(j+1), D=d/dg, and for func- 
tions of the type u7 = > )}dj_95-1 &G- YP, 

p 


CP, s¢P,) me Pete =D, 


By the use of these operators the wave 
equation of the asymmetrical top is reduced 
to the following two adjoint differential 
equations : 


(L+/)u* =[9(F+D*) +439/D+p]u* =0 
(1) 
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(L¥ +p) a> =|9(F+D*) +39'D 
—29+2+p)]u-=0 (2) 

where 

G=1—kcos2, k= (6—a) /(2e—a—b), 

p= (E—cF) /[c— (a+5) /2]. 


The operators and the differential equation 
(2) of the author’s previous work” on 
triatomic molecules are thus obtained. 

If the eigenfunctions of eq. (1) are 
denoted by wv and those of eq. (2) by », 
then it is seen that, v=g'w, and g7'” 
Lg'?=L*. By a change of the independent 
variable these equations are transformed 
into Lamé’s equation. The solution of 
these equations has also been obtained in 
a compact form which facilitates the calcu- 
lation of the matrix elements necessary for 
a perturbation calculation. 

To determine the corrections to energy 
arising from centrifugal stretching and the 
coupling of rotation and vibration by a 
perturbation procedure the basic rotational 
functions are taken to be the eigenfunctions 
v* and w7 of eqs. (1) and (2), which 
form a linearly independent but non- 
orthogonal set. 

An alternative reduction of the problem 
is possible in which the operators have the 


same form for both types of functions, 


namely, 
P,4:1Py=—e*"(j4iD), P,=iD. 


From the solution of the one-variable 
problem the expansion in terms of sym- 
metric rotor functions can be easily obtained. 


Complete calculations will be published 


afterwards. 


1) E. B. Wilson and J. B. Howard, J. Chem. 
Phys. 4 (1936), 260. 


2) S. D. Majumdar, Proc. Phys. Soc. London 
67A (1954), 351. 


Natures of Nuclear Force Indicated 
by the Photodisintegration of 
the Deuteron, HI 


S. H. Hsieh 


Physical Institute, Nagoya University, 
Nagoya 


February 11, 1958 


The detection of the sign of the phase 
shift of the °P, state is very important, 
because we can test the applicability of the 
Here we shall 


indicate that we can discriminate the sign 


pion potential by it.” 


of 02° from the measurement of the total 
cross section (a7) of d(y, p)n at E,~10 
Mev.” 

The reason is as follows. The triplet 
odd phase shifts which can fit the p—p 
scattering data and the angular distribution 
of d(7, p)n of the lower energies are 
characterized by””” 

a) 0,?>0, 0,'<0, and small 0,?, or 

b) 6,°<0, 0; >0, and small 0,°, 
which means |V,|>|V,| at such energies. 
(Here the phase shifts are denoted by 07.) 
Now if we make use of these phase shifts 
for the computation of d(7, p)n process 
by the method described in the previous 
papers,” we can easily see from the formulas 
of o,, that, 1) the contribution of *P, to 
oq is very small, 2) the contribution from 
8P is large and much dependent on the 
different sets of the phase shifts, and 3) 


°P, gives a contribution which is not so 
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different by the different sets of the phase 
shifts owing to the smallness of 0,7. Be- 
cause at lower energies o, is almost due 
to O,, arising from °S,+°D,—*P, we find 
that the magnitude of o, 1s determined 
by 0,' at lower energies. 

For example, if we use the following 
phase shifts given by B—C—V” which 
can account for 18.2 Mev p—p scattering 
and the angular distribution of d(7, p)n 
at he== 11.3 Mev, 

A) 0°=43.7°, 0°=19.4°, 

Op See 7 AAO DIB, 
B). 0, ==45 0," =" 21°, 
OS Opel ee 
and the wave function of the deuteron 
given by I-O—T—W?” to the computa- 
tion of oO» of d(7, p)n.at 11.3 Mev, (by 
the method previously used) we get 
A) Op=O pg + Ong =109.3 +3.3=112.6, 
B)  Op=O 9+ Ca = 119.2 +3.2=122.4 


29 


in unit of 107” cm’, 

Here the error in the computation of 
O.q 1S estimated to be within 2%, and the 
lower limit of ©,,,, is adopted, because ¢,,,. 
is near to its lower limit at such energy. 

We see the difference of o, between A) 
and B) is not small. From such calcula- 
tion, it seems that, if the D-state probability 
is between 4 and 9%,” oa» would be 
larger than 1.20 mb or would be smaller 
than 1.15 mb at E,~11,3 Mev. 

Furthermore it should be noted that, 
even if we adopt phase shifts whose values 
are much smaller than A) and B), (such 
sets fail to account for the photodisintegra- 
tion of the deuteron) the difference of o, 
between the sets a) and b) is still remained, 
but somewhat smaller. 

Thus we might conclude that, it would 


be possible to reveai the rough shape of 


the triplet odd potential by the accurate 
measurement of o, of d(7, p)n at lower 
energies. At E,~11 Mev it seems that, 
if op is smaller than 1.15 mb, the sign 
of 0,| is negative and V,>0, and if op is 
larger than 1.20 mb, that of 0,' is positive 
and V,<0. 


of accuracy is demanded in the measure- 


(To discern it about 90% 


ment of dy.) 


1) Pion potential gives 6)}<0. See S. Fujii, S. 
Otsuki, M. Taketani, S. Tani, and W. Watart, 
Prog. Theor. Phys. 11 (1954), 11; J. Iwadare, 
S. Otsuki, R. Tamagaki, and W. Watari, Prog. 
Theor. Phys. 16 (1956), 604; K. Brueckner, 
Phys. Rev. 96 (1954), 508. 

2) S. H. Hsieh, Prog. Theor. Phys. 16 (1956), 
68; S. H. Hsieh, Prog. Theor. Phys. 18 (1957), 
637. In these papers d(7y, p)n near 11 Mev 

Here the further analysis of 
d(y, p)n near 11 Mev is made to reveal the 
property of the triplet odd potential. 

3) L. Beretta, E. Clementel, and C. Villi, Nuov. 
Cim. 1 (1955), 739; E. Clementel, C. Villi, 
and L. Jess, Nuov. Cim. 5 (1957), 907. 

4) J. Iwadare, S. Otsuki, R. Tamagaki, and W. 
Watari, Prog. Theor. Phys. 16 (1956), 455. 

5) The D-state probability would be between 4 
and 9%. See S. Machida, Prog. Theor. Phys. 
9 (1953), 683. 


is investigated. 


An Attempt of a Nonlinear 
Field Theory 


Hideji Kita 
Yoshida College, Kyoto University, Kyoto 


March 3, 1958 


The purpose of this note is to propose 
a new unified field theory. 


It is assumed 
that there exists only a basic spinor field 
(x) which satisfies the following nonlinear 


equation, 
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7°00, Ty) g=0, (1) 


where matrix-functions 7“(x) and 1’, (x) 
are certain functions of “. It is further 
required that eq. (1) should be invariant 
under general coordinate-transformations. 
At a glance, eq. (1) bears a resemblance 
to the general Dirac equation in a given 


curved space-time.” 


The former is, however 
essentially different from the latter in that 
our metric tensor J,, is a certain function 
of ¢ itself. .Namely our Y,, is composed 
of ( fusion-theoretically. j* and I’, are defin- 
ed in terms of these g,, in an analogous way 


to the usual one.” 


The dependences of 
Ju» 7** and I’, on ¢& will be given in 
the later part of this letter (eqs. (4), (5), 
(6)). Thus the spinor field plays a 
fundamental role not only as the matter field 
but also as the metric field. 

Now we can define the energy-momentum 
tensor 7’, in the following way. First 
construct, by using our //,,, the symmetric 


tensor 
— (47 «)*(Ry—1/2-RGw), (2) 


corresponding to the left-hand side of the 
Einstein equation, and then reduce this ex- 
pression, by using the fundamental equation 
(1), to an expression which includes as 


We call 


the symmetric tensor thus obtained the 


low derivatives of ¢ as possible. 


energy-momentum tensor of matter and 
The form of T,, as a 


function of & is determined obviously by 


denote it as T,,. 


the fusion-theoretical specification of Jy. 
At the same time we get the Einstein 
equation 

Ryy—1/ 2+ RI yyv= —4TKT yy (3) 
Thus our formalism will be a unitary gene- 


ralization of the Einstein theory of gravita- 
tion. It should be remarked that the funda- 


mental equation (1) with the fusion-theore- 
tical specification of //,, suffices to determine 
the metric of space-time without use of eq. 
(3). The conservation law of  energy- 
momentum is also valid with the only dif- 
ference from the usual one that im our 
case the gravitational parts of the total energy- 
momentum P, are also composed of the basic 
spinor field ¢. 

The dependences of 9,,, 7” and /’, on 


go are given by the following relations 
Iwv=1/4-4%, tr) 
= (Pituat) Crna) 9”, (4) 
Oi) Oe! iad, igie twins Med 


i/4-t (8D",/8x,—91,/9x,) 


=! (itu), (6) 


where tev] — i/2 3 Fats = ieee) and yp => Vis rae 


Eqs. (4) determine the dependences of 
gy, and 7 on gb. Here Giinpi!) Yio) 
is, except a numerical factor, the ex- 
pansion coefficient of dbx —a direct 
product of a four-four matrix-function bg 
with itself—for a basis element 7(%?!x 77! 
when XxX dq is expanded by a set of 16° 
The ¢-depen- 
dence of 1’, is determined apart from its 
trace by eq. (5), where /"%, is the Chris- 
toffel symbol. That of tr /”, is determined 


independent basis elements. 


by eq. (6), where / isa universal constant 
with dimension of length which is obtained 
by combining the gravitational constant « 
and the light velocity ¢ with the elementary 
charge e; [=x'c~*e. Also Prt’) is, 
except a numerical factor, the expansion 
coefficient of y/ for a basis element tev 
when ¢¢) is expanded, 

The quantity e/(4i)-tr/’, plays a role 
of the electromagnetic potential. Therefore 


we can define the charge-current density as. 
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pad ays gy" 7° Pre 9) } bie ' 
J. 


The charge conservation law is obviously 
valid from eq. (7). Further it is of interest 
in connection with the so-called two-com- 
ponent neutrino theory” to investigate the 
properties of eq. (1) for the 7,-transformation. 

It is necessary to quantize the basic 
spinor field ¢ in order to obtain a unified 
field theory of the elementary particles” in 
this formalism. As Leser pointed out, the 


usual rule of quantization 


0 /Ox,=i[y, P,], 


which is an origin of the divergence difficul- 
ties in the conventional quantum theory of 
fields, has no longer proper. meaning in 
generally covariant theories. It 1s being 
intended to investigate the problem of 
quantization and further implications of 


the present formalism, 


1) EE. Schroedinger, Berl. Ber. (1932) 105 

2) T. D. Lee and C. N. Yang, Phys. Rev. 105 
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3) W. Heisenberg, Rev. Mod. Phys. 29 (1957), 
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ANNOUNCEMENT 


Dear Subscribers : 

SUPPLEMENTS to the Progress of Theoretical Physics have been published 
since 1955, immediate purpose being to summarize more important developments 
of theoretical physics in Japan hitherto. 

However, we, as the editors in charge, must deeply apologize for causing 
considerable confusion and inconvenience to our readers because the publication 
programme as was advertised in the beginning has been obliged to undergo much 
delay and changes, owing mainly to the circumstances on the part of the authors. 

In order to remedy this awkward situation, we have discussed the matter over 
with the editors of the Progress of Theoretical Physics, and reached the following 
conclusion : 

‘ Supplements to the Progress of Theoretical Physics in future will contain 
(besides articles summarizing the development of Japanese theoretical physics) : 

a. Review articles that are considered by the editors as appropriate for 
Supplement. 

b. . Such articles as originally contributed to the Progress of Theoretical 
Physics, which, from their character, length, etc., are judged by the editors 
more suitable for Supplement, 

and will be published as a regular cuarterly journal. The editorial staff now 
includes Professors S. Hayakawa, M. Kobayasi and T. Yamamoto as associate 
editors and is aided also by the associate editors of the Progress of Theoretical Physics 
proper. 

At present the following issues are scheduled for publication : 

No. 5. Anomalous Magnetic Moment of the Nucleon ..............E.Yamada 
Pion Theory of the Anomalous Magnetic Moment of the Nucleon 
TRAC ONIONS ee Cee END nected Ripa ta MOT a ey SE ‘H. Hasegawa 
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. S. Hayakawa, M. Kawaguchi and S. Minami 
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Lateral and peas ica Functions of Electron Showers 


, EDO ae “fh . K. Kamata and J. Nishimura 
We hell Ce most eee iy your ete. Re support that will help making 
Supplement more useful to you. Fe 


Yours sincerely, 
M. KOTANI 
S. TOMONAGA 
H. YUKAWA 
Board of Editors Supplement to the Prog. Theor Phys. 


The following issues have already been published. Baek numbers are available. 


Ne. 1. Collected Papers on Meson Theory I (Formalism and Models)........... $1.50 
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The Conservation Laws in the Lepton Process and 
Two Kinds of Neutrinos 


Ichiro KAWAKAMI 
Department of Physics, Rikkyo University, Tokyo 
(Received November 14, 1957) 


An attempt is made to forbid the unwanted processes involving leptons by assuming the conserva- 
tion law of lepton number and that of neutrino charge. To do this, suitable assignment of these 
quantum numbers to each lepton is necessary in addition to the assumption of the existence of two 
kinds of neutrinos (a right circularly polarized neutrino and a left polarized neutrino). The neutrino- 
less lepton processes are successfully forbidden, except for the lepton pair processes, and the theoretical 
predictions for the z—j—e-decay and the B-decay agree well with experiment. In the z——e-decay 
and the f-decay, the vector and axial vector couplings are preferable if the interaction Hamiltonians 
are written in the form of charge exchange theory. The other sort of unwanted processes than neutrino- 
less ones, z—>e+y and x>e+v+7, are relatively (or dynamically) forbidden from the view-point of 


the universal Fermi interaction. 


$1. Introduction 


It has long been known that the lepton processes caused by the weak interaction 
are always associated with the neutrinos. Therefore we must answer the question why 
the processes without involving the neutrino do not occur in nature. 

The problem was investigated along several lines. Especially Konopinski and Mahmoud” 


succeeded in forbidding such processes as 
pttn—>e*+n 
OE depres +p 
pt et +et+e- 
> et+y7 (1) 
by requiring the conservation law of Fermion number. In order to forbid these processes, 
it was necessary and sufficient to assume p* as well as e~ was particle, and pt as well 


as e* was antiparticle. As it is well known that the conservation law of baryon number 


holds in elementary processes, their assumption is regarded as that of the conservation 


law of lepton number. 
In the course of the development of experiments, another sort of unwanted processes 


has been recognized. One of them is 
Kt-ptt+et+z. (2) 
forbidden by the use of Konopinski and Mahmoud’s rule. 


This process cannot be 
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Recently, Lee and Yang” proposed an important question of possible violation of the 
conservation law of parity in weak interactions. Being motivated by their proposal, an 
experiment of /9-decay of oriented nuclei was made by Wu et al.” By their experiments 
the violation of the conservation law of parity and the non-invariance under charge conju- 
gation were confirmed. Under these circumstances, Lee and Yang,” Landau” and Salam” 
have proposed the two component theory of the neutrino, expecting that the violation 
of the laws comes from the exclusively unfamiliar nature of the neutrino whose mass is 
exactly zero. According to their theory, the neutrino is described with the two component 
spinor, and it has spin parallel (right circularly polarized) or antiparallel (left circularly 
polarized) to its momentum. Lee and Yang” assigned the particle to the right polarized 
neutrino and the antiparticle to the left polarized neutrino, Their theory predicted that 


) would be zero if two identical neutrinos were 


in the ~-decay the Michel parameter’ 
emitted, and 3/4 if one neutrino and one antineutrino were emitted. Thus, in order to 
reconcile the two component theory of the neutrino with the experimental value of Michel 
parameter () << 3/4, under the assumption of the conservation law of lepton number, they 
had to assign that - as well as e~ was particle and /2* as well as e* was antiparticle. 
Their assignment could forbid the process (2), but could not forbid the processes (1) 
which Konopinski and Mahmoud succeeded in forbidding.* 

In connection with the discovery of the nonconservation of parity in weak interactions, 
Umezawa and Visconti, Touschek” and Pauli” proposed the invariance of the weak 


interaction Hamiltonian under the gauge transformation of a sort, 


gh erry. (3) 
fo—> eo" hy, (4) 
b> et’? Dy (5) 


which leaves the free Hamiltonian of respective lepton invariant. Analogously to the 
conservation law of electric charge, the invariance property under the gauge transformation 
(3)—(5) gives us the conservation law of neutrino charge (after Umezawa and Visconti’s 
nomenclature). Konuma'” investigated the observed processes in general, assuming the 
conservation law of the lepton charge and that of the neutrino charge. 

We make an attempt to forbid the lepton processes which do not involve the neutrinos 
(except lepton pair processes) by assuming the conservation law of the lepton number 
and that of the neutrino charge. To do this, we must assign a lepton number and a 
neutrino charge to each lepton (§ 2). The ensuing selection rules are discussed, and it 
is shown that the neutrinoless lepton processes (except lepton pair processes) are forbidden 
($3). Some theoretical predictions and comparison with experiment are made for the 
m= — 4—e-decay and the f-decay (§ 4). Discussions are made on other possibilities of 


assignment (§ 5—1), and on the universal Fermi interaction (§ 5—2), and on branching 


* These arguments show that it is impossible to forbid both of the unwanted processes (1) and (2) 
by the conservation law. of lepton number only. 
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ratio of T>y+y to T>e+Y and to Te+4+7 (§5—3). Finally, it is shown that, 
by the conservation law of lepton number or by that of neutrino charge, the lepton pair 


‘processes cannot be forbidden (§ 5—4). 


§2. The conservation laws in the lepton process 


Throughout this paper, we assume that the two conservation laws hold in the lepton 
processes caused by weak interactions. 
(1) The conservation law of the lepton number 

The quantity 


L=n(p*) —n(p-) +n(e7) —n(e*) 
+n (vp) —n (ee) tn(¥z) —2(¥2") (6) 


is conserved in the lepton processes caused by weak interactions, where n(a) refers to a number 
of particle a, 

The eq. (6) means that #4“, e~, ¥, and v, are particles, and 7”, e*, ¥,° and »;," are anti- 
particles, respectively. This assignment is identical with that of Konopinski and Mahmoud” 
except for the introduction of two kinds of neutrinos (and their antiparticles). They 
are an R-neutrino vy, and an L-neutrino v, (and respective antiparticle, an anti-R-neutrino 
v,£ and an anti-L-neutrino »,"), whose wave functions are defined, from the four component 


Dirac neutrino field ¢/,, as 
Pur ss 3 el A 1s) Pv, 
yi=e1+i5)ovs (7) 


where Com RUCIEIE 


Under charge conjugation ¢,, and «,, are transformed into anti-R-neutrino field (%, and 


anti-L-neutrino field «/{,, respectively, defined by 
Kre= Cp ae A(14+75) W's 
fi, = Chi =A —7s) fe (8) 


where C+ C=—C71C’=+1, and #=Cy”. It is easy to see from eqs. (7) and (8) 
that the R-neutrino field and the anti-L-neutrino field are right circularly polarized, while 
the L-neutrino field and the anti-R-neutrino field are left circularly polarized. Therefore, 
after second quantization, has an annihilation operator of R-neutrino »p (right circularly 


polarized neutrino) and a creation operator of anti-R-neutrino »,/ (left circularly polarized 


antineutrino) etc. 
the conservation law of the lepton number imposes on the interac- 


Formally speaking, 


tion Hamiltonian invariance under the simultaneous gauge transformations 
prerirg (9a) 


for fields and 
ff > ee"? (9b) 
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for anti-fields. 
(Il) The conservation law of neutrino charge 


The quantity 
N=n(f*)=n(7 ) ne) tre) 
-, hp 11 
+n(Y¥p) —n (Ye) —n (47) +22") (10)"” 
is conserved in the lepton processes caused by weak interactions. 
This is consequence of the invariance requirement of the interaction Hamiltonian 
under the gauge transformation 


+00 


~ (11) 


for the muon field, the antielectron field, the R-neutrino field and the anti-L-neutrino 


field, and 


pe 


> e-® d (12) 


for the antimuon field, the electron field, the anti-R-neutrino field and the L-neutrino 
field. It is easily verified from the identity (1+y;)e""*=e=""(147,) that the transfor- 
mation (11) and (12) for the polarized neutrino fields are identical with the transfor- 


mation for the four component Dirac neutrino field 


hye FY, (13) 


§ 3. Ensuing selection rules 


In order to investigate the selection rules ensuing from the conservation law of the 
lepton number and that of the neutrino charge, we are enough to consider leptons only 
since other particles involved in the lepton processes have no connection with these laws. 

From the conservation law of lepton number, /4* cannot be transmuted into e*, and 


fe into e, and vice versa. Hence such processes as 
p= +n—>et+n 
f= +pret+p 
p= —>et+e+et 
pigatah (14) 


are absolutely forbidden. Further, #* and e~ cannot be created or annihilated together, 
and #@ and e* cannot be annihilated or created together. Hence such processes as 


K* > p* +e* +.2* (15) 
are absolutely forbidden. 
From the conservation law of neutrino charge, @* cannot be transmuted into e~, 
and vice versa, and #~ cannot be transmuted into e*, and vice versa. Further, #2* and 


ae 


e* cannot be created or annihilated together, and #- and e~ cannot be created or an- 


nihilated together. Hence such processes as 
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K+ pt+et+a2* (16) 
are absolutely forbidden. 


From any one of the laws, #* cannot be transmuted into #~, and vice versa, and 
e* cannot be transmuted into e~, and vice versa. 

Summarizing the results, we can conclude that the lepton processes without involving 
the neutrino are absolutely forbidden by the conservation law of lepton number and/or 


that of neutrino charge, except for the lepton pair processes such as 
Kt5pt+ypr>4n% 
—et+te +r* 
(Suptygd or ¥z+4o +7"). (17) 
The other sort of unwanted process, such as 
m* >e* +», 
lm >e +»,° 
K*>4e*+», 
K->e" +," (18) 
and 
m+ —et+ty,4+7 
sd Ns a Nis Wf 
K+—et4+v,4+7° 
K~—-e" +4247" (19) 


which are not absolutely forbidden, are relatively (or dynamically) forbidden (see § 5—3). 


The observed processes are all allowed, and may be written as 


mt —>pt+y,! (292) 
T >po+Y¥p (20b) 
pt et tupty, (21a) 
pose tuyetyy (21b) 
n—>p+e +," (22) 
pt +n ptre 

jo tpontyed ey 
Kt spt tye (+7) 

K- > y +¥2(+7"). (24) 


From the eqs. (20) — (24), we may say that the muon field is always coupled with 
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the R-neutrino field, while the electron field is always coupled with the L-neutrino field. 
This may be important consequence of our theory from the view-point of the universal 


Fermi interaction. 


$4. Some theoretical predictions and comparisons with experiment 


In this section some theoretical predictions and compatisons-with experiment are 
made for the observed processes, the 7—/s—e-decay and the (-decay. 

1. a—p—e-decay. Let us first take up the decay of the positive pion (20a). 
Since the neutrino is left circularly polarized, and since the pion has spin zero, the /” 
emitted must be left circularly polarized to conserve total angular momentum. Next 
consider the subsequent decay of the positive muon (21a). Since the positons are emitted 
predominantly in the backward direction with respect to the muon momentum, we consider 
only the high energy positon coming out in the backward direction. As the polariza- 
tions in the two neutrinos cancel each other, conservation of angular momentum tells us 
that the positon has the same spin component as the muon. Thus the e* emitted in 
p* decay is right circularly polarized. On the other hand, in the 7” —py~ —e--decay, 
the 4, and therefore the e~ has the polarizations opposite to those of the #* and the 
e* in the 7*—y*—e*-decay. This conclusion for the polarization is quite opposite to 
the prediction made by Lee and Yang’s two component theory.* 


The muon decay (21) may be derived from the interaction Hamiltonian 
fake =fyr CR Tu pe) (Sve C= Vu yr) 
Sighs (fy 1TuTsPe) (Yue€ = Tuts Py7,) +H. C. (25) 


if the four Fermions are written in the form of charge retention theory. The normalized 


electron distribution derived from this Hamiltonian is 
dN = 2x"| (3—2x) +€ cosy (1—2x) |dxd2, (47) ~' (26) 
where 
us 2Re (frfs*) 
fe P+ fal? 


and the upper sign refers to the e~ and the lower one refers to the e*. The other 
notations are the same as those of Lee and Yang.” 


(27) 


We wish to look for further implications. Let us write the Hamiltonian (25) in 
the form of charge exchange theory, then we have 


A =239 (p,0;P.r) CP O; fur) +H. C. (28) 


* They assumed the existence of yz (and yp) only and the conservation law of lepton number where. 
the “~ was particle. The same conclusion as ours for the polarization may be drawn from the assumption 
of the existence of vz, (and v,°) only plus the conservation law of lepton number. However, the unwanted 
processes (1) cannot be forbidden. Another possibility from which the same conclusion as ours can be drawn 
is to assume the existence of yz (and yvp°) only plus the conservation law of lepton number (6). In this. 
case, the theoretical value;of the Michel parameter is zero, in contradicion with experiment. See also 3 5—1- 
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and =2,9! Gi, 0.4er) Ge Ordue) +H. C. (29) 


Now we assume the argument concerning with the polarization of the electron in 7— 
/4—e-decay is correct. Then ¢, may be replaced by 1/2(1+7;)4,.. Thus we must take 
Is=9r=9r=Gr' =G4' =Gr' =0, and so we have 


2 fp =2fa= —29y = —294= 9s =—y'*, (30) 
Other coupling constants=0. 
This relation between coupling constants may be very important from the view-point of 


the universal Fermi interaction. 


Our theory predicts that three parameters characterizing the electron distribution’ ""” 
are 


o (Michel parameter) =0 (asymmetry Michel parameter) =3/4, (31) 
f=1. 


Experimental values seem to be somewhat smaller than the values (31), ~~0.7 and 


7 ¥ 
E~0.8." The discrepancy may be interpreted by some corrections which are not taken 


into account here, for example, radiative corrections.” 


2. [-decay. The §-decay schemes allowed in our theory are 


NA, ZS NIA, 2a) ae a i, (32) 
N(A, Za Ifeds hee 0 git Pe (33) 
wo pte er (22) 


where N(A, Z) refers to a nucleus with mass number A and atomic number Z. Double 
B-decay is, of course, forbidden. 
The decay (32), (33) and (22) are caused by the interaction Hamiltonian 


H,=22',C,($p0:4n) ($011) +H. C. (34) 


in Lee and Yang’s notations. Note that C/=—C, in their theory, while C//=+C; in 
our theory. In the following we neglect the pseudoscalar coupling and Coulomb correction 
which seem to be very small (or zero). 

Before the discovery of parity non-conservation in B-decay, it was generally accepted 
that the vector and axial vector coupling constants were small compared with the scalar 
and tensor coupling constants.'” However, the most precise experiment of this sort, that 
of Na”(3*—>2*) by Sherr and Miller," shows only that Gamow-Teller’s part of the 


Fierz interference term is small, 
Re(C,C,*+C,! Cy/*) =2Re(C,C4*) 0. (35) 


Recent experiments'” on Oriented Mure Co” (9547, p.) ana Go" (22-92, perhaps. 


Gamow-Teller’s matrix elements are dominant, B*), seem to show 


* In the calculation of eq. (30), we have taken account cf the anticommutation relations between 


fermions. See reference 13). 
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Re (Cr Cel* =Car Cy’) 


__ 2Re (Cp Gp *— Ca Ca *) Av A Coli Gales og. (36) 
| Col? | Co! P+] Cal? + [Cy 


2 


2 |Cp)?+ [Ca 


: . 66 == Q+\ 20),2 a Es 91 
And further, the experiments on oriented nuclei, Ga (o*>0*, B*):) and Cl*(0->0),”” 


seem to show 


__ 2Re(CsCs"*#—CyCy’*) — _ Cs |Cr? <9 (37) 
|Csl2+ [Ce P+ [CyP+1 Cr’? . (Cs)? 1Cr|? 


From eqs. (35)— (37), we may conclude that the vector and axial vector coupling 
constants are large compared with the scalar and tensor coupling constants. 

As far as we are concerned with the coupling type, three theories, i.e., parity con- 
serving Fermi interaction, the two component neutrino theory and our theory, give us 
the same result from the electron-neutrino angular correlation experiments. However, the 
experimental results” are not definite at present, so we shall not enter into details of 
these experiments. 

In conclusion, we may say that the vector and axial vector coupling constants are 
large compared with the scalar and tensor coupling constants in §-decay. The difference 
between our theory and the two component neutrino theory comes from the fact that 
the L-neutrino field is associated in the former, while the R-neutrino field is associated 


in the latter. 


§ 5. Discussions and conclusion 


1. We first remark on the other possibilities of assignment of lepton number and 
of neutrino charge to the leptons. For the discussion of the problem, it is to be noted 
that if the sum of lepton numbers L is conserved, then L is conserved, and the same 
is true of the sum of neutrino charge N. Therefore we need not consider the case where 
the signs of lepton number and/or those of neutrino charge of all the leptons are reversed. 
In the following, we shall assume e~ has the lepton number +1 (therefore it is particle) 
and the neutrino charge —1. 

Let us first assume that “* is particle. In this case, two antineutrinos can be 
emitted in the # decay. If two »,°’s or two v,£’s are emitted, the predicted value of 
the Michel parameter is zero in contradiction with experiment.* If v,° and »,£ are 
emitted, there are two ways of the assignments of the neutrino charge to neutrinos. The 
one is identical with (10) and the other is that the signs of the neutrino charges of 
all the neutrino are reversed in (10). The latter assignment leads us to the result that 
the scalar and tensor (and pseudoscalar) coupling constants are large compared with the 
vector and axial vector coupling constants in the §-decay interaction Hamiltonian. This 
assignment seems to be less attractive since the unwanted processes (18) and (19) cannot 
be forbidden by the idea of the universal Fermi interaction (see § 5—2, 3). 


Next consider a case where /¢~ is particle. In this case, one neutrino and one anti- 


* This assignment. cannot forbid the unwanted processes (16). 
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neutrino are emitted in the ~~ decay. If Yp and »,°, or ¥, and v,° are emitted, the 
neutrino charges of neutrino and antineutrino cancel each other. Hence the unwanted 
processes (14) cannot be forbidden since - must have the same neutrino charge as e. 
If ¥, and »,° are emitted in the ~ decay, experimental values of € and p are incom- 
patible with the relation €=3—(16/3)p. If »,; and v,° are emitted, e~ must have the 
same neutrino charge as ¥,. In this case, the scalar and tensor (and _ pseudoscalar) 
coupling constants are large compared with the vector and axial vector coupling constants 
in the f-decay interaction Hamiltonian as well as in the muon decay interaction Hamil- 
tonian.* Hence the unwanted processes (18) and (19) cannot be forbidden by the idea 
of the universal Fermi interaction (see § 5—2, 3). 

It is obvious from the above arguments that two kinds of neutrino are necessary to 
forbid the unwanted processes and to give the predictions consistent with the experiment 
for the observed processes. 

From the above argument, we conclude that there exist no assignments of lepton 
number and neutrino charge to the leptons consistent with experiments other than ours, 
(6) and (10).** 

2. As we have seen in § 3, the muon field is always 
coupled with the R-neutrino field, and the electron field with 
the L-neutrino field. Let us draw the well-known triangle 
representing the interactions, in which ¥, may be put into 
the same circle as #4, and », into the same circle ase. As VA 
we have seen in § 4, in the interaction Hamiltonians for 
the p-decay and the f-decay, (28) and (34), only the 
vector and axial couplings are present or predominant. This 
is a very attractive feature of our theory from the view- 
point of the universal Fermi interaction. To investigate the VA 
third leg of the triangle, it is necessary to investigate the 


capture of polarized muon," 


po +pontyd (47). (38) 

3. It is known experimentally that, relative to the normal pion decay mode 7-> /4 
+», branching ratios / and y, for the alternative decay modes 7 e+ and 7—>e+v+7 
are very small (0, (;<05X107°). Treiman and Wyld*» investigated the question of 
whether these limits on branching ratios are consistent with the idea that pion decay 
occurs through the universal Fermi interaction via disintegration into a virtual nucleon 
pair. The result was that a value for / consistent with the experiments could be obtained 
only if the pseudoscalar coupling constant in the universal Fermi interaction was small 


compared with the axial vector constant. As for the photodecay, the process could occur 


* In this case, the vector and axial vector couplings are forbidden in the muon decay. 
** If we give up to forbid the unwanted processes, and if we wish to get the same theoretical predictions 
as ours for the observed processes, the z— p—e-decay and the f-decay, the assumption of the existence of 


vz, (and v7°) only is sufficient. 
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through the axial vector and tensor (forbidden for 7—>¢-+Y and x—>e+¥) interactions. 
The branching ratio 7, was 410° for the axial vector interaction and 7X10~° (C,/C4) 
for the tensor interaction. Treiman and Wyld concluded that the experimental value of 
p, could not be explained by the idea of the universal Fermi interaction since the C,/C, 


> However, 


was very large (C,/C,250) as could be seen from the -decay experiment." 
since in our theory (-decay experiment seems to show that |C,|<|C,|, the idea of the 
universal Fermi interaction may be very attractive. 

4. As we have seen, our theory can forbid almost all of the unobserved processes 
associated with leptons absolutely or relatively. However, as remarked in § 3, the processes 
involving lepton pair (17) cannot be forbidden. This consequence comes from the con- 
servation laws where both lepton number and neutrino charge have opposite signs for 
particle and antiparticle. Therefore, in order to forbid the lepton pair processes some 
other sorts of laws are necessary. At any rate, further investigations for the law govern- 
ing in the world of elementary particles may be necessary to solve the question why the 


unwanted processes do not occur in nature. 
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In this paper Milne’s idea has been used to compute the luminosity variation in a star under 


vatious conditions. 


$1. Introduction 


In a paper Milne” has suggested that the luminosity of a star should be properly 
understood as being equal to the rate of diminution of total energy of the star in pre- 
ference to the prevailing idea that the luminosity being proportional to the fourth power 
of the surface temperature of the star. This simple hypothesis has brought about a 
marked change in the nature of variation of the luminosity of a variable star. The 
situation in a sense has turned upside down, for under the existing hypothesis it came 
out that the variation in luminosity should be in phase with the surface displacement of 
the star whereas under Milne’s hypothesis the variation in luminosity is found to be in 
phase with the surface velocity of the star, i.e. a quarter-period out of the phase with 
the surface displacement. In his paper Milne found out the expression for OL as, 
SE ee ele ed. (1) 


Where we should note 7 is the true ratio of specific heats and not any sort of 


6L= 


average. But then he puts the expression in parenthesis equal to zero by using a formula 
due to Ledoux and Pekiris?? where it has been shown that 


= Bee Q.. 


0 


(2) 


Here 7 is not 7, the true value of the ratio of specific heats but some average value 
-of 7, which in general differ from 7 by a numerical factor different from one. Hence 
in Milne’s expression, eq. (1) we cannot always put 0L=0, for the formula of Ledoux 
-and Pekiris is not applicable in general, However under the very restricted assumption 
‘which Milne has made in his paper, namely that 


Or/r=0r,/r, 


‘every where inside the star, it may be shown that the Ledoux-Pekiris average of 7 is 


in this particular case equal to the true ratio of specific heats ie. 7=7 and hence the 
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expression on the right-hand side of equation (1) vanishes. 

Again if the right-hand side of equation (1) does not vanish, (1) would explain 
what is really observed; namely that OL is roughly in phase with the surface velocity 
of the Star. But this is not the case for adiabatic pulsation. In fact Milne’s result 
OL=0 under adiabatic condition may be proved quite generally without any restriction 
of the type or any other approximations from the equation of pulsation alone so that 


- > A = 0 A < ‘ 5 : 
Milne’s conclusion is entirely valid as along as the vibration are adiabatic. 


§2. Calculation of 6L 


We shall here consider the case of pulsations in general and not merely to radial 
ones. In other words if along with the radial pulsation non-radial ones be also present 
we shall consider that and calculate OL. For that we write the equation of motion, 


equation of continuity and the equation of state ; 


— + pra 3 

Te F rp (3) 
th +p divv= (4) 
p=Ker. (5) 


Where 2 is defined as 2—=—GM,/r, and it is assumed that in course of pulsation the 
star might have non-radial component of vibration but it keeps spherical symmetry. 
Multiplying (3) by pv scalarly and integrating throughout the volume bounded by 


a surface S§ drawn inside the star and the external boundary of the star, we get 


[pd a/2-)de=—[0-Ppde—| po -V Qdz 
t 


or, 
| 20/2) =—| po-d8-+ | pr-nds—| v-F 2am. (6) 
t 
Now we assume that spherical symmetry is preserved in the course of pulsation and 
do 900, (7) 
dt 


Using (4) and (7), eq. (6) becomes, 


did leaes =—| [eda | Ba 8 
| §- 0/20) m= peds— |r \o am (8) 


Using (5) the second term on the right-hand side of (8) this equation becomes : 


[4/20 dn —[p0-d—[4 (dn | Sede 
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“\( vid + Qdm4+—P dm|= —| po- dS. (9) 
dtJL2 G7 —Ty ‘ 

We now show two very important consequences of the above. 

(1) If we suppose that the portion of the stellar mass inside S is neither loosing nor 
gaining any energy i.e. the rate of change of total energy inside 5 remains constant, in 
that case OL is solely due to the energy in the mass outside S and consequently equation 
(9) gives : 


e 


oL= | po-dS (10) 


which now shows that if ¢ (the displacement) be proportional to sin nt then OL is 
necessarily proportional to cos nt. 
(2) Let S—0 so that equation (9) might be written as 


fleet e+ t |ammo. au) 


Let us now assume that the changes in pressure, density etc. are non-adiabatic, Let the 
equation of state be again given by equation (5) but now 7 is not the ratio of specific 
heats but some other constant: So that we presume that the changes are polytropic 
instead of adiabatic. In this case the ratio of specific heats is designated by 7,. We 


now write equation (11) as follows: 


‘Spero ectngle sl esl 
dt Ji 2 o—Lp dt) ply—1 7-1 
ae y= il \( p do va 
=(—— — 1 ))4 —d: 
roa )| py dt 


= 11 | p div ede. (12) 
0 


Equation (12) therefore gives according to Milne’s idea, 
sL=T—T0 | p div war. (13) 
iG 


If now again € is proportional to sin nt we easily see from equation (13) that OLoc 
cos nt. A quarter period phase-lag therefore must always happen in such cases. In 
particular it might be remarked that 0L=0 in the case when 7=7;. 


If now viscosity be also taken into account, but the changes in pressure, density be 
assumed to be polytropic ie. p=Ky™ then the modified equation of motion is, 


WEL (14) 


Where f is the force of viscosity and is derived from a viscous tensor T ; by taking 
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divergence 


\ 2 ; x 
Se ) mae div v0;,. 


Following the same sort of integration as before we obtain from (14) 


=—| v-far. (15) 


So that, 


ee i 
/ 


\pdiveds+| v-fde. (16) 


oL= 


/o 


If however we assume that vibrations are adiabatic then 7=7, and (16) becomes, 


e 


dL= | w-f dc. (17) 


Equation (17) means that OL is caused purely by the presence of viscous force f and 
is equal to the rate of dissipation of energy. Further if first order approximation is 
concerned we see that the right hand side of equation (17) is a small quantity of 2nd 
order ; consequently to this order of approximation OL is again zero, Hence in the case 
of adiabatic pulsations even when the viscous forces are present, there cannot be any 


luminosity fluctuations to the first order of approximation. 


$3. Application to a stellar model 
Let us for simplicity take the homogeneous model for consideration. Here” the 
displacement € =€(r) sinnt say, €(r) for the fundamental mode turns out to be, 
E(r) =ar 


»=aQnr cos nt 


and 
div v= 3dn cos nt. 


In homogeneous model, 

p=p/2°90/R: (R—Y) 
where, 

G0 - at f= K: 


Hence equation (13) for the determination of OL becomes 


474 LAG. Roy. 


plas | ie fo) (Rr) 3an cos nt 47r°dr 


Yo Zak. 
A (R 
=( Srna) ak: )| 7? (R?—1’) dr cos nt 
R esa less 
Se pathy (anog,R’) cos nt. (18) 
Tey iert, 


We thus find that for this simple model if we associate the polytropic law for the 
changes in state, the quarter period phase lag turns out in a normal way following Milne’s 


idea, rather than that luminosity variation is caused by the surface temperature variation. 


§ 4. Conclusion 


From the previous discussion it is clear that if a star undergoes radial oscillations, 
no matter whether large or small following adiabatic law and the generation of energy 
remains steady, there cannot be any change in luminosity. A general proof is given of 
Milne’s result. An extension of this result is easily made to cases of vibration allowing 
cross-radial displacement, provided matter on a shell remains always on the same shell. 
If the adiabatic law is replaced by a polytropic relation between pressure and temperature 
it has been shown that OL, the fluctuation in luminosity is not zero but is in phase with 


the velocity. 
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The correlations between the invariant character under the space inversion and the strength of the 
interactions are displayed by the simple principles, i. e., the composite property of strange particles and 
the individual P’; transformation invariance. The applications of these principles to lepton processes 
are satisfactory. The utility of these principles to pull out the future theory is expected. 


$1. Introduction 


Although many phenomenological aspects about the elementary particles and their 
interactions have been made clearer, we have no unified theory yet to comprehend them. 
But it is certain that clues to such a theory are, to some extent, in our hands. Now,. 
we will try to extract some clues from those various facts available to date. 

(1) First, as to the variety of the particles, we know that the particles are classified 
into fairly well distinguishable families such as lepton family, baryon family and so forth. 
(See Table I).” 

(II) Secondly, concerning the interactions of particles, we can say with certainty 


that the values of the coupling constants are curiously bunched into sharply separated 


Table LM, means the mass of the particle ‘a’. Weak and strong interactions 


Name of family | Lepton Boson Baryon 
Statistics Fermi Bose Fermi 
Mass M,~M,, M.~Mir My~Mz 
Participating interaction WI WI and SI WI and SI 


regions in unit of /=1, c=1, r,(~10-" cm) =1.” And there seems to be some corte- 
lations between the strength of an interaction and the number of conservation laws. 


Particularly important ones would be as follows. 
a) Whether the strangeness is conserved or not gives the measure of the strength 


of the interaction. 


* A preliminary account of the present paper was given by K. Fujii and K. Iwata in Prog. Theor. 
Phys. 18 (1957), 666. 
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b) Parity conservation law and charge conjugation invariance seem to hold in the 
strong interactions but these are violated in cases of weak interactions containing neutrino. ?* 

We have not yet found any logical correlations between above mentioned noticeable 
facts, (1) and (II). We believe it an urgent task to find the phenomenological laws 
or the models of the interactions correlating at least a) and b) of (II) to each other. 
It is expected that such law or model may give us instructive suggestions about the 
forthcoming theory. 

On the fact b), Lee and Yang have made a speculation that the nonconservation 
of parity is due to the peculiarity of neutrino, and hit upon two component neutrino 
theory.” Their theory explained rather skillfully the asymmetrical angular distribution of 
decay processes, but left the —< dilemma as it is. However, it seems to us that the 
parity nonconservation is common in all weak interactions participating in decays,* and 


the parity conservation law is true in all strong interactions. 


§ 2. Parity, strangeness and the strength of interactions 


We now discuss a model according to which the parity conservation law is violated 
necessarily in all weak interactions. 

We first assume the six species, ¥, e, 4, p, n and A as elementary or different particles. 
Other stronglies are considered to be composite of p, n, A and their antiparticles.”»** All 
interactions are, therefore, of Fermi type. 


We next assume that the Fermi type interaction 
(coupling constant) (¢,0;4,) (¢.O0/ Px) 


among four fields a, b, c and d, is strong if a=b and c=d (covpling constant y ~ 10~* erg: 
cm’), and weak if otherwise (coupling constant f~10~" erg-cm®). However, we should admit 
that such combinations as a=b and c=d, if they contain leptons, are missing or much weaker 
than the weak interactions for some unknown reasons. 


We lastly assume that all interactions are invariant under the individual I’, transformation 


(abbreviated as If’, T).” II',T of ‘a’-field is defined as 
tha = Us IG Dn b) Ny ca. qn Yr > P, = He J, > 


AM mM, Mp » Me? ™M, » 


9 
Bice 


y =1. Therefore, if a and a’ are different, the spinor 
pair (7, Od») should contain a factor (1+7,;) because of the invariance assumed, while 
if a and a’ are the same, (¢,,OW,,) need not contain (1+7;). 


‘where 7’s are phase factors : i) 


* After this work has been accomplished, the parity nonconservation in hyperon decay is confirmed.®) 


** If we postulate the I 7’; T invariance (our third assumption), the Sakata model®) (where n, p and 


yi ; avon ¥ 
are regarded as fundamental particles), and “°, 5-, A composite model” (where 5°, E- and A are 


>, = 


taken as fundamental) are permissible models without any violation of Parity conservation in strong interac- 


tions. The latter is not reasonable by analogy with nuclear structure. Therefore, the Sakata model is almost 
‘only possible model fron the standpoint of I I’; T invariance. 


The Phenomenological Model of the Interaction of Elementary Particles 477 


These assumptions immediately lead to the results that in all weak interactions the 
parity and the strangeness cannot be conserved and the charge conjugation invariance is 
violated, while in strong interactions, where the strangeness is conserved, the parity can 
be conserved. 

Thus a correlation seems to be obtained between the properties under the space 
inversion and the two kinds of interactions, i.e., strong and weak interactions. 

For example, 


A)  Pion-nucleon interaction is expresed as 
INN NN), 


where ‘St denotes nucleon. This is the case of a=b, c=d, so this interaction is strong 
and the parity can be conserved. 


B) z(A%M) interaction participating in /-decay is written as 
FNM AN. 


Therefore, this is weak and the parity is not conserved. This is the important character 
of our model. Whenever the transition occurs from A-particles to nucleon or vice versa 
as in the case of the K-meson decay process, the interaction is necessarily weak and the 
parity is not conserved. So it may be said that we find one way to resolve the @—z 
dilemma. 


C) (3-decay, expressed as 
FNM (er), 


must be weak and the parity is not conserved. The results obtained from such interac- 
tion are given in § 3. It will be shown that the results are consistent with experimental 
data of Co” ® and Co® ”. 

D) p-—e-decay interaction is also weak and the parity conservation law does not 


hold.” By the postulation of the J I’, T invariance, this interaction must have the form 


fi Pe 17s) fy) (Prd), 


which differs from that of Lee-Yang’s two component neutrino theory. As we shall see 
in § 3, this interaction imposes rather stronger restrictions than that of Lee-Yang’s theory 


on the distribution of electrons emitted by /#-meson. 


$3. Application of IJ’, T invariance to lepton processes 


We apply these assumptions to lepton processes such as the f-decay and —e-decay, 
paying attention to the different results in two cases, that is, ours and Lee-Yang’s.” In 
the following discussion, we assume the conservation law of lepton number” to be valid. 

A)  -decay 

The general form of the f-decay interaction is taken as the same one as Lee-Yang’s. 
Our third assumption puts restriction on the coupling constants, (see Appendix). If the 
experimental result of He® is certain,’ two possibilities remain, i. e., 


~ 
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(Cn + C= Ga— + Ces and Co= aE Co: 3 , 1) 


We denote the case corresponding to the upper (lower) signs by Case I, (Case II;) and 
this nomenclature is applied to all double signs appearing in the following paragraphs 


concerning the ?-decay. The restricted interaction Hamiltonian density is 
Hine= {Cs (Pp(1 £15) Pn) (Po 1 £75) fv) 
sie C,/2 (Pp TD] Yn) (p. ea (1+7,)¥,)} +426., 
where Opuj= Vavu—Tn va) / (21). 


For allowed transitions, the angular distribution of e~ (e*) emitted from a polarized 


nucleus is 
I(@)d@=const. (1+ a@ cos 4) dd, 
where 


a= (F) (%/d<J>/J> for J>J—1 (no), 
Hh e(C,C,* M; 
a= (F) (wf) To/{ + (-( LY" PR) 


Jl ree Cpl? Meal 
i 
AGE aaere © Se tee! 
|C;|?- \Mer|? 


a= ¥ (+) (v/)J>/J+), for J>J+1 (no), 


and @ is the angle between the direction of motion of e~ (e*) and the spin of polarized 
nucleus, i. e., iWeb Pp.) For positron emitters the signs in the bracket are used.” 

On the other hand, if the electron mass is negligible compared with its momentum, 
(1—(+)75)/2 is the projection operator into the parallel (antiparallel) spin state of 
electron relative to its direction of motion. Therefore, the emitted electron is almost 
completely polarized (antipolarized) in Case I, (Case II). 

Combining the above discussions of angular distribution and polarization of electron, 
we can find the strong correlation between them. For example, in the case of Co%—>Ni® 
+e" +¥ (J=5—>J'=4 (no)), if the electron and antineutrino are emitted along zaxis, 
here its positive axis being chosen as the direction of nuclear spin, then the nuclear spin, 
the direction of motion e~, ¥ and their spiralities are correlated as shown in Fig. 1. Now 
we can compare our prediction with the recently 
available experimental results. We know that 


v en Coe 
the electrons are emitted preferentially backwards 


with respect to the spin of Co”.° This ex- cb db | 4p 
YY 
vy) cz 


an Case Is Case IIg 
test this prediction by measuring the polarization Fig. 1 


periment allows us to prefer Case II, in Fig. 1. - 
Hence the polarization of e~ is uniquely deter- 


mined as shown in Fig. I, Case II,. We can 
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of electron. According to the results of Frauenfelder et al.,° polarization of electron is 
almost complete and antiparallel to the direction of motion of electron. Therefore, our 


results are consistent with the available data on Co”. 


In the case of Co*—Fe*+e*+»(J>J’=J=2 (no)), Case II;, which was accepted 
in the decay of Co”, predicts 


ee? soe 1 ape! Make (CpGet)) (ital 


coy MpHie Ay+4 Cae 
— angdes Df" sh 
|Cs?-|Mp} 
| Cp|?- |Merl? 


We have no unambiguous knowledge about the magnitude of the second term in the 


bracket, but the experiments” on a@ suggest 


Beet Ss Gyn 23 
c pt 3 


which implies the smallness of the second term in brackets. Then, it is necessary to 


> 


examine whether consistent determination of the two kinds of parameters, 1. e., the nuclear 


area)” Ae. ptesetit,. We 


matrix elements and -decay coupling constants, is possible or not. 
can say that although there is a substantial difference between the predictions of, our 
assumptions and those of two component neutrino theory, both fit equally well to the 
experimental data of Co and Co. The urgent confirmation of the data of other beta- 
emitters is desirable. 

Assuming that proton and neutron field operators individually suffer II, T, we get 
the restriction (3-1). This will be checked by the investigation of the first forbidden 
processes of the /-decay. 

B) p—e-dacay 


In the 2—e-decay process, the interaction term is taken as 
(CA O; {e) Cs O; yy) ? 

where (VA)- and (STP)-coupling terms cannot coexist, because of the postulated I /’, T 
invariance. We may calculate the cases of (VA)- and (STP) -coupling separately. 

i) (VA)-coupling : 

Interaction Hamiltonian density is taken as 

Ain = {fr (Pu Tp he) (dy Ip gy) +f’ (Dy Ip a) CB 15 lp dy) 
+f Put sto Pe) Priste Pr) tha utero Fe) Prt hy) +H. CO 


* 


* Tt may be possible to take Wy O; de) (by O,/ $y) as the y—e-decay interaction Hamiltonian. The 
results of this case is obtained by setting fr= fr’ =0, fy =fa/=0 in the following calculations. By this re- 
placements, there is no formal change of results for (VA), whereas, since p=0 for (SP), we have no ex- 
-perimentally consistent result, Therefore, only allowable choice is the case of (VA). 

** gy, and Pe are the annihilation operators of w~ and e-. 
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where, according to the invariance assumed, fp=+fa', fa=tfy’, double signs being: 
chosen in the same order. We denote Case I, (Case II,) for the upper (lower) signs. 


The spectrum of e (e*) is 


IN= 4 OR Grd We Ge) Flr Ue 20 costs 
3 (27)? 
p=3/ 4. 
and 
(angular distribution of e~ (e*)) =const.(1+ (+) (7/3) cos@), 
where W = (maximum energy of e*)~m,/2, 


x==(energy of e+) /W=p,/ (maximum value of p,), 
+==(the longitudinal polarization degree of [*). 
The similar argument as in the /-decay 
: Te. S 
can also be applied. Thus, e~ (e*) is almost , : les 
completely polarized (antipolarized) along the ae: ‘ ae 


direction of its motion for Case [,. For Case 


II,, e~ and e* are interchanged. Combining 7 $ 

this argument with the angular distribution of 

emitted electron, we can find the correlations 

among the direction of motion of /4* and e*, YS 

and the spiralities of them as shown in Fig. 2. i Canes x eae 
ii) (STP) -coupling : | | Be 
In f-—->e+2¥(2¥), tensor interaction b . 

vanishes, ag.) Gr, (=== 12 er le! fF (| Is [P+ Case I, Case II, 

\7p|°)) =0, which contradicts with the present Fig. 2. Each Case I, and II, are separated 


experimental results, so only i SetveLy 6 into two posibilities a and 6 according to the 


? spirality of s-meson at the instant of its decay. 
permitted. 


The argument is in the same manner as before. The interaction Hamiltonian 
density is 
Hin= (fs(Pu te) QO) the Guts Pe) ish) 
+ fe! (uy .) (is ,) +fe! Gus ee) (dy py) 
+ (fr/2) CA OTpal ey) CR StpaPv) + (fr'/2) (Puts Trpr He) (fy Opal gy) } 
SHES 
where by IJ’, T invariance, fs=+f,’, fs! = fe» fr=+fr'. We denote Case III, (Case 


IV,,) for the upper (lower) signs. 
The calculated spectrum of e7 (e*) : 


(N= ade dW) gal + ell + leet 43 (1—x) 


(27) 
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= (4x3) | + ()r | Clgsl?+ Pel?) l=) 


—2 |g +4) bcos], 


(angular distribution of e~ (e*)) =const. (1 (+) (7/3) 
-A-cos@), 
where 
3 (|9s/?+ |9r]") —14|9r|? 
l9s\?+ |9p|?+6|9|? 


A= 


=3— (16/3)/. 


For e* we use the double signs in brackets. In the same way as (VA), e‘(e7) is 
almost completely polarized (antipolarized) along the direction of its motion for Case III,. 
For Case IV,, e* and e~ are interchanged. The correlation among the direction of 
motion of #4* and e*, and their spiralities are shown in Fig. 4, where 4 is taken as 
negative corresponding to the recent experimental value of /.'” 

We know the experimental fact that e* predominates backwards relative to the direc- 


10) 


tion of motion of /*. This fact and our derived results lead to the four possible 


correlations among the directions of motion of /4* and e*, and their spiralities, i. e., 
Case I, a, Case II, 6 in Fig. 2 and Case III, 6, Case IV, a in Fig. 4. If the spin of 
e* is parallel to its motion, then either the two component neutrino theory, originally 
introduced by Lee and Yang,” or the lepton number conservation law must be abandoned.* 


2 


rR. 
b 


| 
b 


G; 
Fig. 3. If we take p=3/4, then A= Case Ill, ase IV, 
—1, so the angular distribution for Fig. 4. The correlations for (STP) -coupling 
(STP)-coupling coincides with that for similar to Fig. 2 (for (VA)-coupling) are 


(VA) -coupling. illustrated. 


* According to Lee and Yang’s two component neutrino theory, where the tensor coupling in p-decay- 
is assumed to be dominant, together with the experimental facts p40 in w—e decay and (polarization of 
e-)~—v/c in B-decay, the lepton numbers are fixed for each lepton. By this assignment the polarization of 
pt emitted in the x* decay is parallel to the direction of p* motion, then backwards emitted e* is antiparallel 


to the direction of its motion. 
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while in our case we may choose Case II, 6 or Case III, b, admitting the lepton number 


conservation law. (See note added in proof.) 


§ 4. Discussion 


By our tentative assumptions, we have found the violation laws of invariance for 
weak interactions. Their utility in the lepton processes is rather satisfactory. So far both 
our assumptions and two component neutrino theory can explain the experimental results 
of the -decay of polarized nucleus, such as Co”, and the asymmetries appearing in 
the 7—/#—e process. But, our standpoint has an advantage over Lee-Yang’s, because of 
the recently discovered parity nonconservation in hyperon decays,” which cannot be treated 
by the present two component neutrino theory. 

Now, what one eagerly wishes to know is the physical meaning of the I/’,T. S. 
Hori and A. Wakasa interpreted I /’, T invariance as due to the impossibility to determine 
the signs of mass of all elementary particles.” But we postpone to put the interpretation 
as it seems to us that the I /’, T invariance is one of the motive hypotheses to pull 
out the future theory. 

It seems to us that our assumptions may be fairy effective to push on our project 
to construct the future theory which can treat the internal structure of particles, such as 
mass spectrum, classification of the families and so forth. 

Of course, I /’, T invariance alone cannot realize our project. In the course of 
research the following problems must also be considered simultaneously: i) From where 
does the difference between families arise? ii) From where does the apparent universality 
of the coupling constants appear? iii) Why are the lepton processes always accompanied 
with neutrino, and why is the scattering type lepton process (e.g. y+ M—9-+yv) not strong ? 

It seems to us that these strange properties have their origins in the internal structure 
of elementary particles, too. Our assumptions and unresolved problems i), ii) and iii) 
may shed light on the profound nature of elementary particles. 

The authors would like to express their sincere thanks to the members of the 
Laboratory of Elementary Particle Studies, Hokkaido University, for their continual 
interest and discussions. One of the authors (K. Fujii) expresses his sincere gratitude 


for the financial aid of Yukawa Yomiuri Fellowship. 


Note added in proof 


We did not pay any attention to the mutually correlated choice of signs in (1+7,) 
of all weak interactions, but as we shall show in the next work there is a charming 
regularity. 
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Appendix 


If we assume the invariance of /-decay interaction Hamiltonian density under I I’, T, 
the following relations among the coupling constants C’s and the phase factors 7’s are 
obtained. 


ey as Ia ‘ es 2 wv i C; == Cy; a a Je j Ud : Hem : i . CG! = Gs 
(where (i, 1) — (S, P); (P; S), (7, ye (V, A) or (A, Vp) 
= ho z a : ried a5 OF = CG; =e ripe 5 Pia Bone 2 et C/ =P C;, 


(where +sign is taken for (i,j) =(S,P), (P,S), (7, T), and —sign for (i, j)= 
(4 A), (A, V), 


oe ye eh a ee Cr =, 
(where —sign is taken for i=S, T, P, and +sign for i=aiV 24)), 
ptt pind sais CoeG/ xand Ges 1H: Ne nas Gi = Ge 


‘Clearly the coexistence of (5S, T, P) — and (V, A) —interactions is forbidden. It is easy 


to see that the following eight cases, which are mutually exclusive, are possible. 
(i) Cy=Cl=Cp=C,', Cr=Cy, 
Ge) Og C= — Ce = SC’, Cre, 
(iii) Cs=C.c=—Cp=—Cp’, 
(iv) Cs=—C=—Cp=Cp’, 
(v) Cy=Cy'=Cy=Cy, 
(vi) Cyp=—Cyh=—Cy=C/, 
(vii) Cy=Cy’=—Cy=—Cy, 
(ai) Cpa Cy Sa C=— Cy. 
For the case (i) (or (ii)) the products of phases of four fields are taken as 
— 9 gP* P  eP* MP HBP Bo Me™ B= — Ie ne Be 


=7"* + an Ne* yy = +1 (or —1). 
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the 2- and /-Hyperons 
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On the basis of the so-called 47=1/2 law, the decay processes of S- and A-hyperons are discussed... 
In particular, the asymmetry coefficients of the pion coming from the hyperon decay are expressed in 
terms of ratios of partial decay rates of S+-and S~-hyperons, and these are useful to test the original 
assumption of the 4J=1/2 law. The connection between the Y- and A-decay interactions is also men- 


tioned briefly. 


$1. Introduction 


Recently, it was discovered experimentally” that the decay processes of 2- and A- 
hyperons are parity non-conserving. Table I is a summary of experimental information 


available up to the present. 


Table I 
Stn+nt | a, P,=—0.36+0.21 i er 
Bologna, Columbia, Michigan 
Stsp+r° ay Py. = —0.370.19 a Dien 8 
een ee a_ P_=—0.13+0.26 | 
A >pt+a7 an Px=+0.44+0.11 Berkeley 


a is the asymmetry coefficients, while P is the (average) degree of polarization of the 


original hyperon. 
Furthermore, we have a pretty good reason now” to believe in spin\1/2 for both. 


Y. and A-hyperons, thus making the discussion of decay processes simpler. This fact has: 


-_ 


already been used in making Table I. 


The branching ratio” of /-decay is in good agreement with the prediction from the 


AI=1/2 law, while the situation in the K-meson decay is not. Therefore, it will be 
interesting to see whether the 4I=1 /2 law does hold in the case of the J'-decay. It 
is now well known that if the »-decay interaction is parity violating, then the branching” 
ratio of 3'*-decay and the ratio of the S*- to the 3~-decay rate are still compatible?” 


with the 4[=1/2 law. A test of this law in S-decay should be made for the asym~ 


metry coefficients. 


* Now at Osaka City University, Osaka, Japan. 
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Before going into detail, we would like to point out an important fact. The final 
state of - or 3'-decay consists of one pion and one nucleon. If one neglects the electro- 
magnetic interaction (and the mass differences between members of charge multiplets) , 
then one can assign a total isotopic spin J, total angular momentum J, and parity to 
each particular final state. Since one can assume spin 1/2 for A- or +'-hyperons one 
finds J=1/2 in the final state provided our decay interaction is invariant under the 
famous combined operation CTP. One can then denote the transition matrix element 
for the specific final state with IJ and an s- (or p-) wave pion by Ro,,€°87 (or Roz pe), 
where 0, (or 0);;) is the pion-nucleon phase shift (see Table II). Moreover, if (a) 
the decay interaction is invariant under time reversal, then Rs, and Re; are both real, 
while if (b) the decay interaction is invariant under charge conjugation, then R»;, is 


6-2 Tf one uses the results given in Table I, one can 


real, Roy, is purely imaginary. 
conclude that case (b) is rejected at least for A-decay, because in that case one can see 
that |a,|<0.2 without assuming the J[=1/2 law,”*?” a result in contradiction to the 
empirical fact: |a,| > |a,P,|=0.44+0.11.* Accordingly, we would like throughout 
this paper to accept the case (a): time reversal invariance for both A- and +- decay 
interactions, 

If we assume the JJ=1/2 law, we can write down the decay probabilities of ¥- 


and A-hyperons as follows?’?” : 


w(St—n+n*) =1/9[|Rae*+2Rige’ |? + |Repe™ +2Ripe™ |], (1) 

w (S*—p+7°) =2/9[| Roce — Rie |? + [Rope — Ripe 7], (2) 

W( 2-0 y= Ree Ree P, (3) 

w(2*, total) =1/3[ (Rs)? + (Rap)7]+2/3[ (Ris)? + (Rip)?], (4) 

w(A->p+2-) =29(A-n+ 2°) =273[ (Ra)? + (Rap)? ], (3) 
and 

w(A, total) =(R,a.)?+ (Ra,)®. (6) 


In the case of /l-decay, we have only final states with total isotopic spin 1/2. Therefore 
we have used for the magnitudes of the decay matrix elements the symbols Ry, and Ra, 
in this case. 

Let # be the angle between the pion and the direction of spin polarization of the 


initial hyperon in the rest system of the hyperon. Then the angular distribution of the 
‘decay pion will be?*:? 


1+aP cos@, (7) 


‘where P is the degree of polarization of the initial hyperon., 


We shall define the asymmetry coefficients a,, a), a. and dy cotresponding to 


* According to ref. 2) |P,| is estimated as <0.68-40.03, so that |an|X<0.77+0.153; or 0.444 
0.11<|a4|=0.7740.15. ¥ 


Phenomenological Analysis of the Decay Processes of’ the '- and A-Hyperons 487 


yy + + Ss a 
Ston+tn*, St+sp+7, Y-3n+7- and A>p+zx-. [a for A>n+7° is equal to (11).] 
The explicit forms of the a’s are given by2.? 


eee 2Rel (Rye + 2Ry€ *7) (Rape + 2Ripe™).] e 

|Rs,e'? + 2Ri,e°* 74 Ripe 2Rype |? j 

Z.= ARE CR one) (Rape? — Ri verre) | 

0 i63 i61|2 is ; =the 
[Race — Rise miei | Rape Rye |? 


sp 2h Rye Ree") 
(R35) ‘ =F (R53) 2 


; (9) 


(10) 


and 


2Re (deanean e Rap» et) 
dn 5 ——— - 11) 
(Ra)? (Ray) ee 


In § 2, we shall write down 4,, 4, and a_ as functions of ratios of 3 *-decay rates,. 


eC 


and in § 3, we shall discuss some interesting special cases. 
One may wonder why this analysis of hyperon-decays should be tried once more 
even though many papers have already been published on this subject. The answer to 


this question will become evident in § 3. 


§2. Explicit forms of asymmetry coefficients in terms of 
the decay rates 


In this section one is solely concerned with 3'-decay. Since experimentally we know 
the decay rates w’s better than the asymmetry coefficients a’s, we want in this section to 


express the a’s in terms of the »’s. We introduce two parameters € and 7 as follows : 


w(5*, total) /w(2->n +2) =2€, (12) 


and 


w (S*—n+n*)/w(S*, total) =74/2. 2) 


Table IL Pion-nucleon phase shifts’) 


(a) Y-—>(nucleon) + (pion) 


I=1/2 6, =13.1° | 6);=—2.59 
1=3/2 


\ 


(b) A->(nucleon) + (pion) 


| $1/2 | pil 
f=1/2 6,=6.4° 04,==0 
T=3)/2 63= —4.4° 63;==0 
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) 


’ 9 
Experimental values” are: 


eer (14) 
7 =0.90+0.12. 
Since we know the pion-nucleon phase shifts (see Table II), we can write down 
R5./R,, and R3,/R,, as functions of €, 7 and the ratio Ryp/ Rye using eqs. COPA CSE 
Gee (4) 79G2) andes). 


Ree) ha 7 R3./R»=P, (15) 
j 1+; coso,, 12€—1—9€7 
Rp/ Ry = =——— +. Sen. i 
1 +7? (cos? 0,,/cos’ 0,) cos 0, 2(6€—1) 
: a2 2 Icast oO. 
N. |-1 & 1 7 1+7* (cos D cos’ 0.) 
Fc at 
lag) are eee EN | (16) 
\ cos? 0, (12€—1—9€7)? _cos?0,7! 
d IN e=— a € 9 
2 cos0,+'7? cos 0,= = Sit (1+7*), (17) 
2(6€—1) 
where 
cos 0, ==cos (0;—9,) =0.95, 
39; (18) 
cos 0, =cos (03, —0;,) =1.00. 
Neglecting (1—cos0) as compared with unity, one may put 
| cos (difference of any two pion nucleon phase shifts) =1 ; (19) 
then one can obtain quite simple results : 
Ref Rae = Oni 
Re Rp=P == OF By Rs (20) 


Rig Kue= 7g 
where f and g are determined by € and 7: 


= 4V 8(6€—1) — (12e—1—9€7)? 
2(6E—— 1) 
(21) 


_ 12€—1—9en | 


9 : 
z 2(6€—1) re 


Throughout in this paper we shall assume (19). If one would like to perform 
more accurate analyses, one can start from (16) and (17). But considering the accuracy 
of present experimental results, we shall content ourselves within the approximation (19). 

Eqs. (20) suggest that the parameters f and y are more handy than the original 
« and 7. In Table III we list some typical values of €, ny f-and,.g. 
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Table III 
: 3 ——-—— - 
7} Se 7 If| g 

1 1 0.600 0.200 
11 0.9 0.590 0.294 
0.9 0.9 0.611 0.285 
ee algal 0.586 0.117 
9/8 8/9 0.504 0.304 
9/10 8/9 0.606 0.295 


Under the assumption (19), and using (20), the a’s can now be written as follows : 
ae 207 2-9 (2—-N7—-fi 
(PRESORAEE)  _ 
a 2tf7t— LO TAT thi (22) 
Vim ane uam ns 
247=9) Graf 
(FIA at? 


Unless a0, our approximation (19) does not cause any serious errors even for the a’s. 


§ 3. Discussion of some special cases 


As was seen in the previous section, one can express the asymmetry coefhcients a’s 
in terms of €, 7 and 7==R,,/R,;. Therefore, if one knows € and 7, and fixes 7 by 
imposing just one appropriate additional condition, the a’s will be completely determined. 
The prediction will conveniently be used as a check of the original assumption of the 


Al=172-law. 


First of all, in § 3-1, we discuss the special case ¢=7=1, a choice which is not 
in disagreement with the present experimental information. 
Next, we proceed to discuss two other interesting cases, in which we take : 


d2==0\) (S822) 
of deed, Sosy 


The motivation for these choices will be evident from Table I. Finally we discuss a 


possible relation between the X'- and the A-decay mechanisms. 
We would like to remark again that the cosines of the differences of any two pion- 


nucleon phase shifts are taken to be unity (cf. (19)) in this whole section. 


B-1 Speaal case fT €=y—1 
Let us begin with the case 
€=7=1. (1-1) 


From eqs. (21) we find 
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f=t3/5;" 9=1/5, 
BG, £)=—1/5+3/5-7, | 
o Oey S75 £3/3-1/77). 
Evidently we can see that 
BG; e+) =+7(=7, =); | 
eG + y= +P (ye 
Inserting (1-3) into (22), we obtain 


2(r3) Gr= Ds 
(+3)?+ Gr—1)? 


2(7—2) (27F1) } 
(7=2)?+ G+)? 


aay, > ae ys 4), 
a, =) as +); 
di (5 —)=——a 7, +). 


It should be noted that there are identities 


a. WG ) Sr Re G: +) = 


ay (7, +) == 


a, (7, oie 4S las dois 
In Fig. 1 we have plotted a,(7, +) and a(7, +). 


a.(7. +) 


1 


——> T=Rh;/Rs 


Fig. 1. a4(7, +) and ao(7, +) are shown here, see 3-1. 


3-2 Special case II, a_=0 


Next, we shally assume 


(Je 


(ie 


él 


(1 


G- 


(1 


2) 


3) 


-4) 


-5) 


6) 


7) 
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a_(7) =0. (2-1) 
From (2-1) and (22) we can determine 7, and consequently we can calculate a, (7) 


and a,(7) : 


T= Gets 
[—js (2-2) 
y-=—f/9; 
ang) frst IE} 
(fF +9) (2-9)? +f} ; 
Be rae ve a ae Bin (2:3) 


(+97) {A492 +f} 
a— (9/f) =0; 

a. (—f/9) = (9/f)4.(9/f) | 

a)(— f/9) = —4,(9/f) 

a..(—f/9) =0. 


Furthermore, if €=7=1, (and therefore g= 


(2-4) 


Some examples are shown in Table IV. 
1/5, f=+3/5), then one can conclude from eq. (1-7 iethat 


a. (7+) =0 
Table IV 
tte i) ee 
if 9g | on ae 4 A, 
| 1/6 = O27s 0.972 0 
l 1 
oe | : =6 — 0.046 —0.972 0 
+1/3 0 1 0 
; 0.2 | 
2g | a3 0 = 0 
1/2 0.246 0.976 0 
Bs 0.3 ay 0.123 ~0.976 0 
Se eee 


3-3 Special case Il, 4,=4, 
We now postulate 
a, (7) =4)(7)- (381) 
From eqs. (22) and (3-1) we can solve 7: 
heat VE 
fa-29) _. 


[S Soaet oer Fe =) 
f+2tg-F 


(3-2) 


and thus from (22) we obtain: 
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1 7-9) (2=9—af). 7 
a. (ra) = 4, (72) = ee 7. {- a FG 1} ? 
} { 3 : 3) 
1 29 (a@ft+9) E 
4 (te) ee Ee al 
(ese ll fat9 
LAT == far 44. Fe) s 
ds. Ge) aG ) (7+) | (3-4) 
a_(7_) =—4_(7.)- 
Some examples are shown in Table V. 
Table V 
6 a eas p= hy —acg 1. 
g ry + 0 — 
0.867 0.707 —0.707 
ee me a —1.153 —0.707 0.707 
, 0.911 0.718 — 0.523 
oe be wired == 1,097, —0.718 0.523 


3-4 Special case IV, Feld’s choice 


According to Feld,” one may assume that the degree of 


independent of the isotopic spin, i. e. 
Rony Ray Rip/Riss) 
or P=—f’ 
Then one can find the values of 7 from (4-1) and (20) : 
(=r2=9/ftv G/f)? +1. 
Resulting expressions for 4,, a_, and a, are as follows: 


a ot ae Bie 2 ae 

: ee ae ik a a cee ge 

a(7.) = MS Sed eee. > 
VP ref aaa g) | 


and 
LG = — 4G oe 
ca (7) no Gi) ’ 


a_ Ge Se (7+) 2 


¢ 


parity non-conservation is 


(4-1) 


(4-2) 


(4-3) 


(4-4) 
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A few examples of this case are shown in Table VI, When f=3/5 and g=1/5, 
one knows that €=7=1 (Table I). Therefore, as was stated in 3-1, one sees that 
4,=—a_ in this particular case. 

Feld” took into account the accurate values of the cosines of the differences of pion- 


nucleon phase shifts. This explains the small differences in Table VI. 


Table VI 
pee eee ee eS ere 2 ee 
ie | g a ae a a- 
fc 
= ( = es 5 = — = = 
| 1.387 0.95 0.33 —0.95 
0.6 0.2 | 
| —0.721 —0.95 033 40.95 
| 1.618 0.98 0.24 —0.89 
0.6 0.3 | 
| ~0.618 | —0.98 —0.24 4.0.89 
7 f=0.6 de 
Feld 9=0.2 0.95 +0.32 = 0.94 


a eee ee 
$4. A-decay and its relation to +-deca 
y 0; 


Using the 4I=1/2 law, and eq. (19), one finds 


ayo 27a 
eer glint oe (23) 
I Noe Rak hae , 


Let w, and px (or Wy and py) be the energy and momentum of the pion coming from 


the A- (or S-) hyperon at rest. The density of the final state will be proportional to 
ya Onpn hot Wy p» ‘ 
Ope tee i Ofy pS ee (24) 
oa 1+0,/M ( PrP) 


where M is nucleon mass. Let us suppose a very special case where the +-decay interac- 
tion to the final states with the total iso-spin I=1/2 is identical with that of /’s. Then 


we shall find 
(Ris/Ras)?= (Py/x) / (n/n) ) | Ga 
(Rip/ Ra)? = (ps? Px/@x) / (Pa n/n) ;] 


accordingly, 
7a= (Pa/px)7- (26) 


If our assumption is correct, we can predict 7, (and therefore a,) from (26) provided 
we have known 7 from information about S-decay and vice versa. In fact, we do not 


yet know 7. Therefore, by using eqs. (25), (26) and the ratio of lifetimes : 
w(S7~—n+77-) /w(A, total) =€, (27) 
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one can determine 7 (and 7,). The result is 


se CAs) [fz @n) — Siac’ ee ‘ (28) 


- (f't+9) —C (pr PaOx/ ps’ Px On) 
where we have used representation (20). 


It is interesting to consider a special case: 


e=y=1, f=+3/5, g=1/5 


and G=2. 


From eq. (28) one can find 


| 
3 | 0.96 28 0.89 
| 0 ' =7 —0.89 


These results are not compatible with Table I and show that our initial assumption, 
contained in eqs. (25) and (26), seems to be too stringent. This does not, of course, 
mean that the JI=1/2 law should be abandoned. 

Unfortunately, we do not have enough knowledge about the degrees of polarization 
of the initial hyperons (P in Table I) to make it possible to proceed to further theoretical 
analysis. 

The author wishes to thank CERN for the hospitality extended to him. He is also 
grateful to the members of the Theoretical Study Division, CERN, Geneva, for useful 


discussions. 
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From the analyses of unsatisfactory points in the usual irrotational collective model, it has been 
considered that there should exist a kind of “internal” rotational collective motion to be coupled 
with the usual irrotational surface motion. Using Watanabe’s method, a generalization of the collec- 
tive description with redundant variables is developed and it is shown that the introduction of the 
rotational collective motion is indispensable in describing the collective motion in a closed form con- 
sistently. It is confirmed that this rotational mode plays an important role in explaining the discrepancy 
between the experimental and theoretical values of the effective moments of inertia of nuclei. The 
fundamental assumption of the various models concerning the moments of inertia is discussed. 


$1. Introduction 


The nuclear collective model proposed by Bohr-Mottelson” and Hill-Wheeler? has 
had considerable success in accounting for many features of the nuclear structure. 
Particularly the confirmation of the existence of low energy rotational states in nuclei 
with mass numbers between 150 and 190 and above 222 has made the teality of this 
model decisive. Such a striking success of the model has stimulated the interest of many 
researchers in analysing some of the underlying problems. 

An important problem among those is the one concerning the values of the effective 
moments of inertia, Jeg, which are deduced from the separations of rotational energy 
levels. Recently it was recognized that the collective model in the original work of 
Bohr-Mottelson, based on the assumption of incompressible and irrotational collective flow, 
gives the values of moments of inertia smaller than the empirical values by a factor 
1/3~1/5, while the latter are found to be smaller than the rigid-body value by a factor 
1/3~1/2.» A number of attempts’~’” has been made to elucidate the above situation 
by trying to take into account not only the surface rotation caused by the irrotational 
collective motion, but also another kind of rotations due to the motion of individual 
For example, Tomonaga’” assumed the existence of the “internal ”’ rotational 


particles. 
irrotational collective motion and considered 


collective motion in addition to the usual 
the effective moments of inertia to be increased by the strong coupling between these 


two kinds of collective motions. In order to formulate this physical consideration, how- 


we need to introduce some hypothetical quantities for the new internal modes of 


ever, 
and as long as we use such quantities it is impossible to derive the 


collective motion, 
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relation existing necessarily between the new internal modes and the usual irrotational 
modes from the formulation itself. Another approach was made by Inglis” using the 
so-called “cranking model.” In this model the moments of inertia are discussed in 
terms of the motion of nucleons in a deformed and averaged potential which is cranked 
externally. However, the validity of this model is questionable because in this model 
the collective motion which should be generated by the many particle system itself is 
imposed by cranking externally. 

Another important one of the underlying problems in the nuclear collective model 
is the quantum mechanical description of the collective modes of motion. In the original 
wotk of Bohr-Mottelson, the “‘ collective variables which describe the shape and orient- 
ation of the nucleus were treated as dynamical variables. As the natural consequence, 
theoretical works")? have been developed to relate these variables to the collective 
motion of a many nucleon system. Two main types of theories have been presented on 
the collective motion, that is, those theories using “redundant variables”” and that of 
Tomonaga. In the latter method a transformation of variables is carried out so that 
some of the new coordinates are directly related to the collective motion and the remaining 
new coordinates are considered to describe the individual particle motion. In the “ re- 
dundant variables’ treatment, certain auxiliary variables to describe the collective motion 
are introduced together with appropriate subsidiary conditions preserving the correct number 
of degrees of freedom, and the canonical transformations are employed in such a way 
that after the transformations the original particle coordinates are directly related to the 
individual particle motion. Although these methods are successful, they show certain 
unsatisfactory features when the irrotational collective modes are treated by them. In 


. : ; n : 
Tomonaga’s method, we must introduce the collective momenta Tl, (X19 Xoy°*"Xw3 Pr» Po»? Pw) 


z,(x, p) which should be canonically conjugate to the new collective coordinates. 
p? sa 3 ths 
and this fact means that the irrotational collective modes are not separable from each 


Unfortunately these collective momenta do not satisfy the commutation relations | 7 


other. In the redundant variable treatment, the same quantities as 7,(x, p) must be 
used in the canonical transformations” and this situation prevents us from describing 
the collective motion in a closed form. Here it should be noted that the non-commut- 
ability between 7, is related to the existence of a kind of “ internal” rotational modes. 

Thus we are forced to consider as follows: though the usual collective model, based 
on the assumption of the irrotational and incompressible collective flow, reflects the actual 
collective motion correctly in some respects, there also exists the “ internal” rotational 
mode of motion and we have to take it into consideration rightly as one of the collec- 
tive modes which plays an important role, so that we may obtain a unified formulation 
and make clear the interrelation between rotational and irrotational modes. 

In this paper we shall formulate quantum-mechanically the method of “ point trans- 
formation ” proposed by Watanabe” where each particle coordinate is transformed with 
common parameters and they are treated as the variables describing the collective modes. 
And, following the above mentioned consideration, we shall try to generalize the usual 
methods with redundant variables in such a way that the rotational collective mode is 


’ 
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introduced on an equal footing with the usual irrotational mode. The main purpose of 
this paper is to show the following: only by taking into account the rotational mode 
of motion in addition to the irrotational mode of motion, we can develope the method 
with the redundant variables in a closed form and make clear the interrelation between 
both modes, Using this formulation, we can clarify the unsatisfactory points in the 
usual redundant variables treatment and give the right status to the various attempts 
concerning the effective moments of inertia. 

In § 2 the formulation will be developed along the line of Watanabe’s. This is 
the quantum mechanical recapitulation of his method. In § 3 it will be shown that the 
introduction of the rotational collective mode is indispensable in constructing the theory 
in a closed consistent form. Also some discussions will be made about the rotational 
collective mode thus introduced. In § 4 the several models concerning the moments of 
inertia will be discussed on the basis of our method and the foundation of these models 


is given. §5 will be devoted to the concluding remarks. 


§2. Formulation 


(1) Introduction of collective variables 


Let us consider a nucleus with N nucleons. The coordinates of i-th nucleon are 
designated by x? where “4 denotes the components of the vector. In order to introduce 
the collective variables to describe the collective motion of this system, we start from a 


linear point transformation of coordinates of each nucleon: 
xp = xy uy x; (G=1, Zorn); (251) 


where u2 are the common parameters to the coordinates of each nucleon and specify the 
linear transformation. Hereafter indices appearing twice in one term shall be summed 
over them. 

If we regard x as variables describing the “ individual ” particle motion and uy as 
newly introduced variables describing the “ collective ” motion, the equations (2-1) mean 
that the motion of nucleons is decomposed into the “ individual” particle and the 
“collective”? motions. The coordinates of nucleons agree with the individual particle 


coordinates when u%=0, and undergo displacements 0x} =u! x; when collective variables. 


ut change their values from 0 to u;. 


If the motion caused by u% is irrotational and incompressible, its velocity field wv 


satisfies 
rotv=0 and divv=0, (2: 2) 
and collective variables u% are restricted as 


ww, and >) e7=0™. C2) 


| 


bw 
In order to introduce the rotational collective mode on the equal footing with the 


irrotational collective mode, we leave out these conditions (2-2). Corresponding to the 
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nine degrees of freedom of the most general form of linear transformations, here is 


introduced a set of collective variables a? (”=0, 1,---, 8). Then the transformation matrix 


is written as follows: 


Xi 1ta’+ ata ai—a’ atta’ Xe D(z) 
%: —_ a ae 1 a a8 Aen? a— ab oy: SY (x, a) ; (2 5 3) 
roe ai—a’ a?taé ta Jat Zi a (xy a) 


The antisymmetric parts contained in the non-diagonal elements correspond to the degrees 
of freedom of infinitesimal rotations about each coordinate axis and @” represents that of 


the compressible mode. Accordingly, (2:2) is expressed as 
ez Orta 0 a= 0F a0 (2-4) 


and the matrix u reduces to the symmetric one with spur zero: 


Cee ae ai as 
wy=[ at aetae ot |, 2-4") 
a‘ a? —2a® 


a’ (0=1, 2, 3, 4,5) correspond to the irrotational and incompressible parts of the collec- 
tive motion and are connected with a2, of Bohr-Mottelson’s through the following 


relations : 


BIN 2a At 
A 1 iS) , 1 / 5 
Bs nahi Srwh oRaaa x at AN Sm a D> (2-5) 
1 ) 
= — — 3,0 


Thus it is apparent that the nine parameters @? of the linear point transformation given 
by (2-3) can be regarded as the generalized collective variables which contain those of 


usual irrotational collective mode. 
(II) Subsidiary conditions 

Our next task is to find suitable subsidiary conditions to suppress the increase of 
the degrees of freedom. We shall employ here Watanabe’s method”) where the subsidiary 
conditions are set up as the relations between the particle and the collective momenta 
derived from the Lagrangian formalism. 

In the original representation which we call “the particle representation” or the 
(P)-tepresentation, the Lagrangian L“ (x, ¥) of our system is given by 


LTE Lh 5) = M/2- 5 oe eee (2-6) 


a 


where M is the nucleon mass and V(x, %,:--, Xx) the interaction potential between 


. 
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nucleons. By the transformation (2-3), the Lagrangian (2-6) becomes 


LM 1 (x, x; a, a) =M/2-S (Ce + at) — 1G @) (2-7) 
4 \Oxy Oa’ 


which we call the Lagrangian in the (I)-representation. In this (I)-representation we 
define the canonical conjugate momenta pi and 7, to the coordinates x} and a’, respectively, 


as follows: 


AL _ 5, (ast ast) aS 


OR ieaieliak Seeks em) 
aL” AS" yy | OS" .,\ OSH 

8.2 =M>\ it’ + _ at). 2-8b 
Bae Nea) Bat / 80° Cas) 


Owing to the group property of the transformation* which is expressed by the following 


set of differential equations : 


be w 
BS se ge (a) as =0, (2-9) 
Oxy 0a’? 


A; (x;) 


the above defined momenta are not independent of each other. Here 1; (x,) are defined 


by 


M(x) = LE ee (2-10) 
da’ |a>0 
and given by 
ak Vg 0 Ke Cpe ek, 0 —Z; vi 
(4.6) )= i OS Ye On rly Ri Oa x; see (ee) 


~~ & 6 as De = % Lig. EGHe Xx; 0 


f (%, &) being the invefse transformation to (2-3), ie. =f (xe @)- The explicit 
form of G¢(@) is given in the Appendix. Using (2-9), the relations between the 


momenta defined by (2-8) are expressed in a simple form : 


os A. (x;) pi +G? (a) Ba =0. (2-12) 


These relations are adopted as the subsidiary conditions. 
Now we shall find the subsidiary conditions in the (P)-representation which are 
equivalent to (2-12) in the (I)-representation. The transformation to the (P)-repre- 


sentation is performed by the canonical one: 


W=> 3° (Xi, a) pi+a°B, } (2- 13) 


* For details on this point see the Appendix in Watanabe’s paper or, for example, G. Racah, Group 


Theory and Spectroscopy, Mimeographed Lecture Note, Princeton, 1951. 
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generating the inverse transformation to (2-3). Consequently (2-12) are transformed 


into those of the (P)-representation and they become 
O(a, 9) = G? (a) B,=0. (2-14) 


As discussed by Watanabe, these conditions do not restrict the equation of motion of 


the original system. 


(III) = Quantization 


In Watanabe’s classical treatment, the transformation of the representation is per- 
formed by the canonical transformation corresponding to a coordinate transformation and 
then the old variables are expressed by the new ones. For quantum mechanical treat- 
ment, we need the quantum mechanical transformation corresponding to the classical one. 
In the following we shall summarize this procedure in the general form. 

Let us denote the old coordinates by q* and the new ones by Q*, where k=1,2,-:-, S 


and S is the number of the degrees of freedom. When the coordinate transformation is 


given by 

=O (4), g++ 9°), (2-45) 
the classical generating function is 

W=d1 VG), | (2-16) 


where P, are the canonical conjugate momenta to Q* and those to g* are denoted by p,. 


By (2-16), the equations of the transformations of momenta become 


k 


00% : 
PSAP Pa G=h, 2-5). (2-17) 
The quantum mechanical canonical transformation corresponding to (2:16) is given for 
any operator O as follows :*? 
OM=TeDO® Cue (92) (2 ° 18) 


Here O and O” are the forms of the operator O appropriate to the Q- and q-coordinate 
systems, respectively. T‘*? is the canonical transformation operator which plays the role 
of rewriting q-variables in terms of Q variables and of multiplying the resulting quantities 
by the square root of the Jacobian D(Q) =9(q', q’,--:, 9°) /0(Q', Q-+:, Q*). Taking the 


momentum operator p; as O, the relation (2-18) becomes 
dQ* @) fe] 
ee P+? InD(Q) |. (2-19) 
a" 
Therefore, we get 


pas (ASO 2, +2, 2S Oy"), (2-20) 


which is the symmetrized form of (2-17). Thus by using (2-15) and (2-20), we 
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can perform the transformation of the representation in the quantum theory. 
(IV) Quantum mechanical description of the collective motion 


According to the previous discussions, we shall develop the quantum mechanical. 
description of the collective motion in parallel with Watanabe’s classical one. 


In the (P)-representation, the Hamiltonian of our system is 


H® == H®) (x, f) =1/2M- 35 .P. + Vevey (2220) 
with the subsidiary conditions for the wave function J ‘"” 
6 (&, BUG, Ps & BF) =o (2-22) 
where 
o® (a, 8) =1/2- {G2(a) 2, +8.G? (@)}, (2-23) 


which are the symmetrized forms of classical expressions (2-14). 
By the coordinate transformation, (2-3) and a’=a’, we turn to the (1) -representa-- 


tion. The transformed Hamiltonian and the subsidiary conditions become 


H® (x, ps a 8) =1/2M D9" (a) pip +P (% a) (2-24) 
and 
Gg” (x, p; a, B)E™ (x, p; @, B) =9, (229) 
where 
GO (x, p3 &, 2) =1/2- 124 A* (x;) pi, +G? (a) Bo + H.C.}. (2-26) 


Here g* (a) =Of* /Ox%- OF” /Ox, and they become 0”” when a? tend to zero. H.C. 
means the hermitian conjugate to the foregoing quantities. 

The (I)-representation is not suitable, because in the subsidiary conditions both the 
collective and the particle variables are contained. Therefore we turn into the (II)- 
representation where the collective modes become real modes free from the individual 
particles. As discussed by Watanabe, requirements for the (II)-representation are 
summarized as follows : 

i) The subsidiary conditions are expressed in terms of the individual particle variables 
only. 
ii) The coupling terms between the collective and particle momenta vanish in the 


Hamiltonian. 
iii) New collective coordinates A’ are described by certain symmetric functions with 


respect to %. 
As for these requirements, no difference exists between the quantum and the classical 


treatments. 
The transformation into the (II) -representation is performed by the canonical trans- 


formation corresponding to the classical generating function : 


W =P + A(x, a) B,, (2-27) 
a 
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where (X}, Pi; A°, B,) are new variables. The requirement i) is satisfied by choosing 
A° (x, @) =A°(xX).* The subsidiary conditions are transformed into 


6D (X, P) WO (X, P; A, B) =0 (2-28) 
-where 


On? (X, P)=31/2-{ Ap KD) Pe t+ HC}. (2-29) 


The Hamiltonian in the (II)-representation cannot be obtained by the mere symmetri- 
zation of the classical result because of its quadratic dependence on momenta, but it 
differs only by some additional terms which are functions of the coordinates only. Thus 


the Hamiltonian in the (II)-representation is given as follows : 
He (X, P: A, B) a1 Wy 2 ya Gy (ay ESP; 
+1/2M -3S) 9" (a) «0A? (x) /Oxt- DAP (x) /Ox¢- BOB, 
+«/M-7° (a) Bo, (X, P)-+1/M ->1 9 (a) At? (&, a) P;Bo + H.C] 
+6?/M-U(X, A) +V% (xX, A), (2-30) 
where x} and a® should be written in terms of X" and A’. x, 7°?(a@) and Al’ (x, a) 
are defined through the equations, 
OA? (x) /Ox¢= Kz?” (a) Jy, (a) AP (%:) + Ay? (x, @), (2-31) 


« being a constant factor, 7°? (@) 7570 and gy, (@) =95S"/Axj-0S*/Ox!. 6?/M-U(X, A) 
is the additional term resulting from commutators such as |P, f(X, A) ]| and |B, f(X, A) ] 
(f(X, 4) being a function of X and A) and tends to zero in the limit a’—>0. This 
term may be regarded as an additional potential due to a kinematical and quantum 
mechanical origin.** In (2-30), we can drop the third term owing to the subsidiary 
conditions (2-29), and if we can choose A°(x) in such a way as A,°(x,, a) =0, the 
coupling terms such as P,B, vanish exactly. Concerning this point we shall discuss in 
the next section. 

Now let us consider the transformation of the total angular momentum L, for the 
sake of later discussions. In the (P)-representation, 


(LP?) cne= (OE X P") 2y2= —1/2- {> AG) PLA AC} (2-32) 
where ¢ takes (6, 7, 8) corresponding to (x, y, z). In the (1) -representation 
(1?) one= —1/2-7* (a) (>) A) pH. Ch aay" (aan, p) 


=7"? (a) L, (a, 8) (2-33) 


* By the use of (2-9) we can verify this fact. 


** Hereafter the potential terms are abbreviated in one letter ; for example, 62/M-U(X, A) +VGD (X, A) 
in (2-30) is rewritten as VG) (X, A). 


*** In deriving (2-33) we have used the relation A” (x;) = 7°" (a) AS» /Ax;"-Ap™(x;) deduced from (2-31). 
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where 
BC) 2 hel, () pct ALG. 
L,(a, B)=1/2- {G2 (a) Gear GC. 
In the (II) -representation, 
(Le?) eye — 1/2 {7° (a) 0 (X, P) FAC} 
—1/2{7*? (a) > A. (x;) -0A4°/Ox} Bo + H. C.} 


= —1/2- {3} AL) -OA° (&) /Oxf-Bo+ H.C}. 
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(2-34) 


(2235) 


§ 3. Necessity of introducing the “ internal” rotational mode 


In this section we shall discuss the necessity of introducing the rotational mode 


and clarify the interrelations between this mode and the usual irrotational collective mode 


by investigating the characters of the commutation relations among subsidiary conditions. 


In the description of the collective motion using redundant variables, it must be 


guaranteed exactly that subsidiary conditions satisfy the following relations : 


[¢,, 9,|=a linear combination of ¢..”” 


(3-1) 


Firstly, we investigate the commutation relations (3-1) with the explicit expression of 


¢, in the (II)-representation, though we can do this in any representation because of 


the invariance of commutators under the canonical transformation. 


The subsidiary conditions in the (II)-representation are given by (2-28), (2-29) 


and (2-34): 
6 (X, P) V(X, P; A, B) =0, 


bi (A F} =1/2*>| PAC Obes we! C.] ee. (CcBaeG F 


7, have the following explicit forms 


m(X, P) =1/2->3 (X,Pz4+ YPpt+ZP2+ H.C.) \ 
m,(X, P) =S)(ViPs+XiPr) 

m,(X, P) =>) (ZBIRY PAD 

m,(X, P) =>}(XP el yp 8) 

m4(X, P) =>} (Z,Pi+X;PZ) 
m,(X, P) => (KPoey by — lL) 

,(X, P) =D(Y Ps SZPs SIX P yy 


a 


m,(X, P) = 3) (Z,Pz—X,Pz) = >1(Xx P’) y 


z,(X, P) CGP y= VPz) SSK Pz : 


(3-2) 
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From (3-2) we obtain 
axes Py, LO P) |=ihCy, 7. (X, Py (3-3) 
hence (3-1) is satisfied, that is, 
[6 (X, P), 62 (X, P)]=—ih Ci,0” (X, P) (3-4) 


where C;, are the pure constant numbers shown in the Appendix. Transforming the 


relation (3-4) back into that of the (I)-representation, we obtain 
[02 (x, ps @, 8), OP (x, ps a, B)J=—ib CLO (% ps % 8) (3-3) 
where 
OM (x, p3 @, 2) =—7, (x p) +L, (a, #) 
by the definition (2-34). Because 7,(x, p) have the same structure as 7,(X, P), and 


L,(@, 8) are the functions of the collective variables only, we have 


[7o(x, p). %, (x p) |=#%C.. 7. (x, p) 
[L.(a@, 8), L,(a, 8) |=—H CL. (a, 8). 


(3-6) 


The commutators of 7,, L, and ¢, have the following characters, as seen from the 


table of C,° given in the Appendix : 
For any 0, [7,, 7,|=0. (37a) 
Pore 0 1.i4-,oandyt = 6, FS 


[z,, =,|=a linear combination of 7.. (3-7b) 


Fored= 10-345, 0—O.etOn ANG mec lee te. 

[z,, =,]=a linear combination of 7... (3-7c) 
For the case that (o, ~, 7) is a cyclic permutation of (6, 7, 8), 

[aa, 2] 10 7. (3-7d) 


Thus from the above relations, the main features of the interrelation between collective 


modes can be concisely stated as follows : 


i) The mode of compressible motion (9=0) can be discussed separately from the 
remaining modes, because the relation (3-1) is retained even in the case of in- 
compressible motion (7=1, 2,-:-, 8). 

ii) For the case of incompressible and irrotational motion (71, -:-, 5) the relation 
(3-1) is not assured, and the introduction of the “internal” rotational collec- 
tive modes is indispensable in describing the collective motion in a closed and 
consistent form. 

iii) The “internal” rotational part (0=6, 7, 8) has the same commutation relations 
as an angular momentum operator, reflecting the fact that it is the antisymmetric 
part of the transformation matrix in (2-3). 

. 
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The essential point lies in the character ii). If we take up only the irrotational 
modes (7 =0, ---, 5) as collective modes in a similar manner to the usual treatment of 
collective motion, it can be seen from (3-7b) that we encounter the inconsistency that 
the number of independent subsidiary conditions exceeds the number of the redundant 
variables introduced previously.* The non-commutability between the irrotational collec- 
tive momenta, 7, (x, p) (V=1, 2, ---, 5),** in Tomonaga’s methcd’” is based just on 
the character ii) and in the usual method using the redudant variables the same circum- 
stance prevents us from describing the collective motion in a closed form.” 

Next we consider the choice of A°(%), on which the transformation to the (II)- 
representation essentially depends. As seen from (2-30) and (2-31), in order to make 
P,B,-terms vanish, A°(x) must satisfy 


OA? (x) /Oxt =KAG (x). 
For «=0, 1,---, 5, we can easily find the solutions : 


rae K/2 . >] (x? -- Ve + Pay 


a 


A°(z) = | ein | (3-8) 


—KP2 > ke Ys) 


‘ 9 —92 = Oo / 

i SL ae ee 22;°) 

which represent the velocity potentials of the irrotational flow. On the other hand, such 
velocity potentials do not exist for o=6, 7,8 because of their rotational character. 
Therefore we have 4'°40(c=6, 7, 8) and consequently there remain the coupling terms 
between the particle and the collective momenta. 

To find the conditions fora reasonable choice of A’ (x) (v=6, 7; 8), we consider the 
total angular momentum in the (Il)-representation. If we denote hereafter the irrotational 
part (o=0, 1,:", 5) by o-suffix and the rotational part (7=6, 7, 8) by o-sufix, from 
(2-35) we obtain 


(L$) ye wy2 7 [—« > Ay (x:) U4 4 (x:;) Be 
— (ib) “me GB), AP) 1B, +H) (3-9) 


If we take A’(x) as 


i i rmation matrix 
* Mathematically, this corresponds to the fact that the symmetric part of en? transfo 
i 19 
(2-3) alone cannot construct a Lie’s transformation group as suggested by Nataf. 


** In Tomonaga’s method*) where the redundant variables are not used, zp(x, p) (ep=1,°" 5) are 


adopted as the irrotational collective momenta. 
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[=, (x, PB), A’ (x) |=ib,* (3-10) 


we can regard B, as the angular momenta of the rotational collective motion. 
Since A°(%) can be written as (3-8), A4j°=0 and we finally obtain 


H® (X, P; A, B) =1/2-[1/2M- >) 9" (a) PrP +0 /2M- >) A¥ (x;) AS, (xi) B,Bor 
“ily 2Ma> 1/0 A* (x) / Ox; ~ OA” (x) /Ox; - B,B,, 


+«/M-'S) As (x) 0A? (x) /Oxi- BoB, (S-1r) 


41/M- 3) gt” (a) Al? (x, 0) PSB, +H. C.J]+V% (X, A) 


x] 
z 
>I 
3 


with the subsidiary conditions 
Gy ORG PE) PEAKE S PoEB =O. 


In H", the first term represents the kinetic energy of the individual particle motion 
and the second and the third terms are the kinetic energy of irrotational and rotational 
collective motions respectively. The fourth term represents the coupling term between 
irrotational and rotational collective motions. It is to be emphasized that only the coupling 
term between rotational collective and individual particle momenta, i.e. the fifth term, 
remains, and the coupling term between irrotational collective and individual particle 


momenta does not appear. 


§4. Comparison with various methods concerning 
the moments of inertia 


In the previous section, we have shown that the rotational collective motion must 
be taken into consideration on an equal footing with the irrotational collective motion 
and that the Hamiltonian (3-11) containing its contribution must be employed. This 
contribution is coupled with the usual “ surface” rotation and the rotational levels caused 


only by the surface motion may be shifted so that the values of moments of inertia are 


* Here the summation with that dummy suffix is not implied. 
A’ (x) determined by (3-10) correspond to the rotation angles with negative sign. Therefore, the 
following expressions may be obtained, e.g. 


ARK) = —1/2-tan- {21RD (Re? — 92°) $y, —1/N-D tan (y4/x2), —DO (KP +72) tan} (54/%,) [da (%P +92") 


and so forth. The first and second type, however, are not appropriate, because the former is not independent 


of (d!, A*) and the latter leads to a singularity in the velocity field. Therefore, 4° such as the third type 
may be allowable and in this case 


0A*/0x;= p> (X47 +547) ) Lg — 2%; (tan) (94/%;) + A8(X))} 
0A*/07;= C/o (Xi? +957) ) {—%; — 29; (tan (54/%;) + A8(®))F 
0A3/0z;=0 


where the first terms correspond to Aq". 
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altered effectively. This circumstance serves to explain the difference between the empirical 
value and the hydrodynamical value. In fact, various methods or models concerning the 
moments of inertia can be discussed on the basis of our method, i.e., it will be shown 
that the “ internal”’ rotational collective motion discussed above is just what other authors. 
have considered. In this section it will be made clear in what representations the “‘ in- 
ternal” rotational collective motion is treated and what kind of approximations are made 
in other authors’ works. 

We can classify these methods into two different types in treating the “ internal ” 
rotational collective motion: The one is to define the collective variables for the “‘ in- 
ternal” rotational mode explicitly and the other to treat it implicitly, We shall first 
discuss the former treatment by taking up Tomonaga’s method’ as a typical one. Then 
we proceed to discuss the latter which corresponds to the usual method taking up only 
the irrotational mode as the collective motion. Finally, the cranking model of Inglis 
will be discussed briefly. To clarify the physical picture, discussions will be confined to 
the case of the two dimensional nucleus. The extention to the three dimensional case 


does not involve any fundamental difficulty. 


(1) Comparison with Tomonaga's method \ 


First we develop our method in a form with which the equivalence to the former 


treatment can be discussed. 
In the case of the two dimensional nucleus, the point transformation takes the 


following form : 


Xz\ 1 eal ne Ger ayoe psa So a) 
set ee 
ol toe tie tee tye] © \ SY (x, 2) 


and the various quantities defined in the preceding sections are expressed as follows : 


aa “tne tae ee 
(4:2) 


a 


tale sees 
| Lae 2 a eet 
| 1 0 3 /2 | 2 
a 1+a —a —a (4-3) 
(G; (a) )= | 
| bo Gina We Lely? a 
| a a a} Teea 


/—/2-SVGE+F?) \ 


| 


(4-4) 


| | 
| | 
\ —K/2 EPH) | 


508 S. Nagata, R. Tamagaki, S. Amai and T. Marumori 


We shall treat only the incompressible motion by imposing the condition that the de- 
terminant of the transformation matrix in (4-1) is unity: 
det ia} =1; 


‘This is possible because the incompressible motion is closed by itself; that is, the rela- 
tions (3-1) are satisfied as was shown in § 3. 
The Hamiltonian in the (II)-representation is 


PLO 217 2M Doe (A) Eka ay 2M} > (x? +77) - (BP +B) 
—«/M- os (%,0A° (x) / 09; + 9,04" (x) /Ox;) BB, 
—«/M-S\ (KOA (x) /0x%:—y:9A (x) /Oy:) BB, 


+1/2M-S1} 0A? (x) /Oxt -OA? (x) /Ox; - Be’ (4-5a) 


a 


+1/M- 31g" (a) 0A (x) /Axt- PiB, +H. C.] 


+V" (X, A) 
with the subsidiary conditions 
Da! Fil COW ek is (gaa deo) (4-5b) 


where the old variables are to be expressed in terms of the new ones. The total angular 


momentum is 
LS =2(4B,—A'B,) —B,, (4-5c) 


when A*(x) is chosen in such a way as to satisfy the relation (3-10). 
In order to make comparison with Tomonaga’s method, we decompose the irrotational 


? 


collective motion into the ‘‘ surface’ rotational and the vibrational modes. This decom- 


position is performed by the canonical transformation corresponding to a coordinate trans- 
formation 


Xf=X~e 8(A)=8 


g(A=e P(4)=8 
generated by 


W= S| XPP, +9 (A) Lotd(A) SotB(A) Dov, (4-6) 


where 


g (A) = 1/2 tan (A'/#*), 3(A)=—A, B(A)= 2)/ (4)*4 (492, 
The Hamiltonian H“"? obtained after the decomposition is 
HO = 1/2-(1/2M 3) g*” (a) PiPS +12 /2MSMGe +92) [BL 2 
— 21 /MP?- {S(O (&) / 0%, +% OA (x) /09,) A 


’ 
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— DAA &) /8%: HOA ®) /PPW) A} Lobo 
+1/2M. Dy OA? (x) /Oxt- OA? (x) /Oxt- Ly —1/M-d1g*’(a) 0A? /Oxi - PIL 5 
+ vibrational terms+-H.C.|+V™ (X, @, ¥, 9) ; (4-7a) 
with the subsidiary conditions : 
> Ae) PLEO) =o, (4-7b) 
and the total angular momentum is 
LIM = Lg Ly. (4:76) 


In these expressions £, is the so-called angular momentum of the “ surface” rotation 


and the second term in (4-7a) is its kinetic energy, and 


is we > Ge +7) /MB}" («= 1/NGE+¥¢))* (4-8) 


« > 


is just the moment of inertia for the ‘ surface ” rotation, representing the hydrodynamical 


‘ 


value given by Bohr-Mottelson. 2,5 is the angular momentum of the “internal” rota- 


tional collective motion and the fourth term in (4-7a) is its kinetic energy, and 


Fo (1/M- S04 (3) /Bx¢- 8A) /B8t)~ (4-9) 


ce 


is the moment of inertia for the “internal” rotation. The third term in (4-7a)  te- 


“ surface”? and the “ internal”’ rota- 


presents the coupling between the momenta of the 
tions and the fifth term is that between the “internal” rotation and the individual 
particle motion. As we are interested in the rotational states, we shall omit the vibra- 
tional terms in the following discussions. 

Now, if we can take an adequate A?(x) so that the above mentioned coupling 


terms may be negligible, the Hamiltonian (4-7a) is reduced to a simple form: 
HOY =1/2-(1/2M->) g(a) PiP§+1/2f,-L.¢+ Lytey te FHC 
(4-10) 
This Hamiltonian is nothing but the one used by Tomonaga. By physical insight he 
introduced certain canonical variables (3, Ly) which describe the “ internal’ rotational 
collective motion. Then as the starting point of his model, he assumed the Hamiltonian 
in the form of (4-10) and supposed the coupling between both modes of the collective 
motion through V‘''? to be strong. In an analogous way to the separation of the 


center of mass motion, the Hamiltonian (4- 10) is rewritten in the following form : 
HO" =1/2-[1/2M- >) go” (a) PLPi+ 1/2( f+) Lr 
aia (A.+3) (28 of 0 {3 5/(fot ho) x Le—B ol (Pet ho) ‘ deeb? 


HCV ON (xX, 8, O—9))- (4-11) 


* « for the irrotational motion is determined so as to satisfy [zp (x, p), A” (x) ] =i in the large number 


approximation. Here the summation with that dummy suffix is not implied. On this point see reference 21). 
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Here the third term expresses the relative motion of both of the rotations. By the 
strong coupling assumption the terms concerning the relative motion are treated as small 
perturbations. The effective moment of inertia is given by Botts and it may fit the 
empirical value. : 

From our point of view, Tomonag’s model is obtained by choosing a suitable A’ (x) 
and adopting the (II)-representation and, further, assuming the strong coupling between 


both rotational modes. 


(II) Comparison with the methods based on the irrotational collective model 


« 


Now we shall proceed to discuss the method where the “ internal’ rotatinal motion 


is not treated explicitly as any of the collective modes but is described in terms of the 


12) ,13) ,15) 


particle variables. In many methods concerning moments of inertia the irrotational 


** internal ”” 


collective modes are described with the aid of the collective variables while the 
rotational ones are taken into consideration as such as the Coriolis effect due to the 
individual particle motion. In order to facilitate the comparison of our method with 
these methods, we shall first transform the (1)-representation into that of these methods. 
This procedure is performed by the canonical transformation corresponding to a coordinate 
transformation 

sy, Ca ANG) =". (naga) sig 
generated by 

W =>) xt Pi + A’ (x) B,+27B, , (4-12) 

a 


where and hereafter o stands for only 1 or 3 corresponding to the irrotational modes. 


We call this represention “the usual representation,’ or (U). The Hamiltonian H is 


2M “= Ox Ox 


z 


+239) EO. Pis + H.C] 4V(%, A) (4-138) 
M Oxi 


with the subsidiary conditions 
i a XD) Pea Gl) Be ec oO ean fe ee eat 


In this representation, the terms responsible for the “ internal” rotational collective 
motion do not appear explicitly in the Hamiltonian (4-13a). In order to compare with 
the usual treatment where the deformation parameters @° are taken up to the first order, 
we shall restrict ourselves up to the first order in a@’(0=1, 2,3) in the inverse trans- 
formation to (4-1). The first order approximation in the rotational parameter a” would 
be allowable provided that the coupling between the irrotational and the rotational modes. 


of motion are strong. Then G?(a) tend to 0° and the subsidiary conditions (4-13b) 
are reduced to 


> A(X) Pi PO—=0 (f= 1y)3) (4-14a) 
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{Bl — > GP?— Y,PH) PE =0. (4-14b) 


In this case the. irrotational collective modes can be treated independently of the particle 
variables and the rotational collective mode is related to the particle variables through 
(4-14b). The (U)-representation in this approximation is nothing but what has been 
used in the usual methods. ; 

However, it should be noted that in this approximation the inconsistency in the 
usual treatment of the collective motion appears just as we have discussed in §1 and 
§ 3. The subsidiary conditions (4-14a) and (4-14b) do not satisfy the conditions 
(3-1). To clarify this circumstance, let us consider the same inconsistency in the (I)-re- 
presentation. The subsidiary conditions in the above mentioned approximation become 


as follows : 
{$3 AE (x) Pet 8p} POH IB 2, % PP PO =0 (f= 1,253 8 
While [f,, for|=0 by the definition of fe [7,, (x, p), Tr (x, p) |] #0. This corresponds to 


12).24) Tn their works, however, 


the same circumstance appeared in other authors’ works. 
this inconsistency does not appear explicitly but in other aspects, because the subsidiary con- 
ditions are adopted in a form of the functional relation between the particle and the 
collective coordinates. In spite of this unsatisfactory point we shall treat the Hamiltonian 
(4-13a) under the approximation discussed above, for we wish to investigate what is 
taken into consideration in their method. 


Separating the kinetic energy of the collective motion into those of the ‘ 


‘ surface ” 


rotation and the vibration in an analogous way to (4-6), we obtain the following 


Hamiltonian : 
u Ts ot per alae BID 2 
He) = | S19 (a) Pipi4 Beas TM 
212M 29 CE hy 2M £, 
1 f OA°(x) OY(A) pn: 
Sor” PIL 4-15 
eer vam y ca (4:15a) 


+ vibrational terms+ H. c.] VOX Os Vay 


‘with the subsidiary conditions : 
DS Ag (X) PPO? =0, (4-15b) 
{La—D>i(XPF—Y PH} FOr =0 (4-15b’) 


and the total angular momentum is 
Lee tote Rooke (4-15c) 


The third term in the Hamiltonian (4:15a) always appears in the usual methods 
as coupling term between the “‘irrotational ” collective motion and the individual particle 
motion, and it has been pointed out frequently?” that this term is by no means small 
compared with the kinetic energy terms of the irrotational collective motion. To in- 


vestigate this circumstance, let us rewrite this term by using the large number approxi- 
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mation”? and taking (4-15b) into account : 


u B (tvge ans CONE) Dt mal (Pee PN (4-16) 
M ng (a) Ax?! 94° be = >i¢ 4~7¥ a x) ? 


Taking (4-:15b’) into account, it can be recognized that the net contribution of the 


7 


individual particle momenta in the coupling term is the same as that of the “ internal ”’ 
collective rotation, and so the coupling term between the irrotational collective and the 
individual particle motions in the (U)-representation is just the one between the irrota- 
tional and the rotational collective motions. 


Let us further make the canonical transformation corresponding to a coordinate 


transformation 
XP=X? CO 
o(¢) =6 B=B 
generated by 
W=D)XPPL+O (9) L,+6(¢, F)L,+8Prn, (4-17) 
where 
6(¢) =¢, O(y, 0) =0—¢. 
Then the Hamiltonian (4-15a) becomes 
Hy — 2) TS) gh (a) PEPE Be ee 
212M “4 24, ' 
1 at OA°(x) O9(A) 4; 
ee aa a : -Pi(L,—L, 4-18 
i Ie) FO. ED Pie, =b) (4-18a) 


+ vibrational terms + H. c.| 47° (x, d, 7, 8) 


with the subsidiary conditions 
SAK) PEO =0 


4-18b 
{L~—S(XPi—Y.PH} EC =o, Sede: 


and the total angular momentum is 
pO ped ee (4-18c) 


In this representation the angle ¢ canonical conjugate to L,, the total angular momentum, 
is interpreted as the angle of the principal axis of the deformed nucleus, On the other 
hand, L, represents the relative angular momentum, @ corresponding to the relative angle. 
It should be noted that L, is related to the particle variables through (4-18b). In 
most of the methods concerning moment of inertia the coordinate system is transformed 
into the rotating system moving with the principal axis of the deformed nucleus, and 
relative “‘internal”’ rotation is treated in this coordinate system.'?)""9)-18)-25) Th fact, when 


Y 
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L, is rewritten in terms of the individual particle variables by the use of the subsidiary 
conditions (4-18b), we find that our Hamiltonian (4-18a) is just the one used in these 
methods. 

Thus we can conclude that while Tomonaga’s method explicitly takes account of 
the “internal” rotation as a collective mode in our (II)-representation, the usual methods 
take the same effect into consideration implicitly in terms of the particle variables in 
our (U)-representation. 


(IIL) Comparison with the cranking model of Inglis 


Finally we shall briefly refer to the cranking model of Inglis. The third term in 
the Hamiltonian H“’’?, (4-18a), can be written down in the same form as (4-16) : 


1 : OA°(x) O¢(A) »; K : : 
2 SOE (os ope -Pi(L,—L,) =—: (L,—L,) (XP Y,P yx). 
J Sg (a) 22 O26. pet, —E) =F (Ly L) BMP VPD 
(4-19) 
In order to obtain the correspondence to the cranking model we treat the irrotational 
collective motion classically and define the classical angular velocity Y=«/M-<L,—L,). 


Then the Hamiltonian can be written as follows, 


(Hw) =(1| Sg?” (a) PSPS + ¥ (L,—L,)?++vib. terms 
: ? 
+H. c.| 4 VM 4 OSX PH YP) (4-20) 
rh 4 


—— HG P) +2 >1(X%Py— Y,Px) 


where < ) denotes the mean value taken only over collective variables. This Hamiltonian 
is simply the one used by Inglis. 

Taking account of the subsidiary dondition (4-18b), it can be seen that the main 
perturbation term in the cranking model is nothing but the effect due to the rotational 
collective mode. On the other hand the effects of the irrotational collective motion are 
considered as those given externally ; the surface rotation is “ cranked”? and the surface 


vibration corresponds to the artificially deformed potential. 


§5. Concluding remarks 


Basing upon the analyses of the unsatisfactory points in the usual irrotational collec- 
tive model, we have considered that there must exist a kind of the rotational collective 
motion to be coupled with the usual irrotational collective motion. According to this. 
consideration, we have generalized the usual method with redundant variables by using 
Watanabe’s method and have shown that the introduction of the rotational collective 
mode is indispensable in describing the collective motion in a closed consistent form. 
Thus we have confirmed the expectation that this rotational mode would play an important 
role in explaining the discrepancy between the experimental and theoretical values of 


moments of inertia. In fact, as was shown in § 4, this mode is taken into account in 
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various forms in the models concerning the moments of inertia which were contrived by 
many authors recently. Our method which is the generalized one as a collective descrip- 
tion with redundant variables has thus given the foundation of those models. 

In conclusion, it would be important to discuss the limit of applicability of our 
theory. Our method as well as the usual ones describing the collective motion is power- 
less against the question why the specific collective modes of motion can arise in a specific 
energy region from the actual nuclear motion. Of course this fundamental problem 
depends essentially on the nature of interactions between nucleons. In this sense our 
theory is considered as a phenomenological one. 

In fact, such limit of our method has appeared already in the following forms. 
Although we extensively introduced the collective modes by a linear point transformation 
under the condition that the usual irrotational modes can be included in it, such a 
transformation merely reflects the ‘‘ kinematical”? nature of the system. Therefore, we 
can say nothing about the interaction potential between nucleons. In addition, as we 
have seen in § 3, we cannot find a unique choice of the functional form of A?’ (x) (¢ 
=6, 7, 8) in our theory. In the next stage of the study of collective model, it would 
be necessary to discuss this problem by keeping the close contact with the interaction 


potential between nucleons. 
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Appendix 


(I) Gi(@) are given in the following matrix : 


oc 
o (1+a° a’ a a 
Ra laa. (a*—a’) /2 —«x" 
| fat (attaty/2 ita’ 248 _(@_ay/2 
ja’ ah (a? ta)/2 14a" +a" 
CHAS) get (ab) /2 (at at) 2 (ah pat) 2 
2a° a’ —(a’—3al) /2 aé 
—§a° (a ta")/2 (a 3a) /2 — (aa) /2 
—$al (aaa) /2 (a ta’)/2 —(a'+a")/2 
<igah whoraiiat by nis a(atitiaey/omianed al of 
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a} a® ad a’ a 
(a’ + a) a 4a’ (a*#—a’) /2 — (a+ a) /2 — ae 
(a@'—a®)/2 —(a?+3a)/6  (a®— 3a") /2 (a'—a@®)/2. —(ai+a’)/2 
(a*#—a’’) / 4a — (@+a°)/2  —(at—a’)/2 a’ 
ae) 
ee a Coe (a‘— 3a") /6 a (a' +a’) /2 (a? + 3a) /2 (a? — a) /2 
—(a'+3a")/2 1+a°—a® (3a?—a%)/2  —(3a*+a") /2 ae 
Loy eee, 2 6 0. OP oF ml ppl Wye aye i) 
(a'—a’)/2 (3a? +a*)/6 1+a@ Sage (a! —al*) /2 (a*+ a’) /2 
3 5\ / as SN ee hares s oe ee Fatih eo: 
(a°+ 3a°) /2 (3a? —a"),/6 (a +a’) /2 1+a ia (ata )f2 
(a?+a*) /2 —tas —(a*—a‘)/2. —(a?+a*®)/2 1+a@°+a? 
(II) C,, are given in the following table: 
[das 0, |= ib C50. 
Numbers in ( ) are the values of r. 
RSraiG 1 2 3 4 5 6 7 8 
- 
vo 0 0 0 0 0 nfiaie 0 0 
le iter o | 10) | 2@) |~1@ | © | -14)| 1@) | 16) 
1(6); |. 443), be 3(6) 120) =< 1(2) |. 4A) 
2 ) —1(7) 0) (6) ) 1/2(5) 
3 0 = Z(S) |) .1(6) 0 1(7) © |.162)1 Inewlh(4)0 Shee 21) 
| 7 1(1 par =1(2) 
oe 1 (6 P18) | —1(7) OPE makes | (1) —1/2(5) 
SiG 0 e516) oN 30) 0 —3(2) | 3(4) 0 
a, 1(4) MAE paeay —1(1) | 3@) 0 1(8) | —1(7) 
- (atl2G) 
1/28) 
Ss SG —3(4) | —1(8) 0 1(6) 
Me 0 Da GD) 1(4) 1128) (4) 
$y oe 4 S7Gy | =1@)'T. 2ay- | 1) 0 LN Ro ce 


Syl} 
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The dispersion relation of Kronig and Kramers is applied to the case of nucleon-nucleon scattering. 
The real part of its forward scattering amplitude is expressed in terms of an integral of the total cross 
sections and an integral of the imaginary part over the unphysical region. It is shown that the latter 
is, in the static limit, proportional to the Fourier transform of the nuclear potential. This furnishes 
a new method of determining the shape of the nuclear force potential: from experimental data. 


§ 1. Introduction 


The dispersion relation, pointed out by Kronig” as early as in 1926 for the case 
of the classical theory of light, has recently been reinvestigated also in the quantum 
theory of fields. Goldberger and others” have proved this relation for the case of photon-. 
nucleus and pion-nucleon scattering on the basis of micro-causal character of the theory.. 
These relations turned out to be not only theoretically interesting but also very powerful. 
for the analysis of scattering data. 

In the present paper we shall apply this technique to the nucleon-nucleon scattering 
and show that it leads to a certain relation between the scattering amplitudes and the 
nuclear force potential. 

The dispersion relation for nucleon-nucleon scattering has been discussed by many 
authors. The main obstacle to these efforts has been the treatment of the integral over 
unphysical region for which no observable quantity corresponds. We shall show that in 
the static limit, this quantity is proportional to the Fourier transform of the adiabatic 
nuclear potential.. At the present stage of our knowledge, the proof of this statement is 
possible only in the perturbation expansion, but it seems to us to be meaningful enough 
because this method of calculation has proved successful at least in a certain range of 
nuclear forces. 

Section 2 will be devoted to the derivation of the S-matrix in the Heisenberg re- 
presentation. In Section 3 we investigate the location of the. singularities which give 
tise to the so-called absorptive part, and define the “causal”? M-matrix. The paper 
recently published by Goldberger, Nambu and Oehme® contains a thorough discussion of 
these problems and only a brief account is presented here. The reader is referred to this 
paper for details. In Section 4, we expand the S- and M-matrix into a power series Gi 
the pion-nucleon coupling constant, and define the M-matrix corresponding to respective 


Feynman diagrams. In Section 5 we investigate the adiabatic limit of these quantities, 


518 S. Matsuyama and H. Miyazawa 


and define a quantity which reduces to the nuclear force potential in this limit. In Section 
6, the effect of the deuteron state is discussed and discussions and conclusions are given 


in Section 7. 


§ 2. Formal derivation of the S-matrix 


Let us derive in this section the S-matrix for nucleon-nucleon ‘scattering and investi- 
‘gate some properties of this quantity under the operation of charge conjugation. These 
.can be easily done by making use of the method of Lehmann, Symanzik and Zimmer- 
-mann”, which is applicable under the assumption that there is no bound state in our 
;process. We meet, as a matter of fact, the opposite situation in the neutron-proton 
‘scattering, i.e., the appearance of the deuteron state. This problem will be discussed in 
Section 6. 

Let u(x) be a solution of the Dirac equation 


7.9/Ox, +m) u® (x) =0 


with the energy-momentum eigenvalue p and the spin eigenvalue @ and normalized in 


such a way that 


rp 


\ ng (x) 74? (x) d°x=1 (2-1) 


With the aid of this function we define the operators $)(#) and ¢(t) from the 
nuclear field operator ¢(x) by 


GO (t) =) PO) rau” (2) da, 


Lo=t 


and (2 : 2) 
por =|_ a (yr. p a. 


eo=t 
‘Corresponding operators are defined for ;,(x) and ¥,,,(x), the asymptotic forms of 
((x) in the far past and future, which we shall assume to satisfy the Dirac equation of 


a free field. 


The matrix element of 5S between two two-nucleon states is given by 
— (rh (BY) Tf (plat =r (oR) ah 
Sptat,g'pi 3 pa,gs (bog oy =e 2, Pe JE 2) > (2 ‘ 3) 


‘where p’a’, q/8’ and pa, q/? mean the energy-momentum and spin (including isotopic 
spin) eigenvalues of the two nucleons in the initial and final states respectively, and 2 
tepresents the state of the true vacuum. From the definition (2-2) of bo, we can 
tewrite (2-3) as follows: 


(Cte rip whos Q, a (7) a i) (7) pb Q) d3 7 


Sotetigtal 3 pa,g3—— lim | 
t> No=t 


—-7O 


’ 
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5, Se a SS 
ee (9/3) fy (pla! pe a “1, (p 
| an (Poe Pore 2, b(n) rau (ny) GP” 2) d*y 
J Ax, 
1 ( (GR) *GGGL2?.D, GP Q) 


“out out out 


== [ 4 (Pie P. V2” 2, Eq) Pie” 2) D(q) u(y) 


uv 


+0 0) ) » 
q8,q'3!% pla! pa O93,platq!3! pa ’ 


where D(z) denotes the operator such that 


$ (4) Dy) =— oe rum (0) ) fails 


Proceeding in a similar manner, we arrive at the result 


Sprat a3! sp2.08 = —|a" nd*ei"*? (F) D(F)¢p'a@'|T h(E) P (4)) lpayD(y) rime ¢))) 


X » 
ae Oa3,9'3! OS ous — O93, prat 9qt3! pa > (2 : 5) 


where |pa@) is the abbreviation of the one nucleon state PQ, D(E) is the Dirac. 
operator 7,,9/0x, +m and T means the chronological product due to Wick. The terms. 
Dora, Optat.pe ANd Oy127 ng prat qn Tepresent no scattering phenomena, namely, they describe 
the transit of two particles without mutual interaction, so they are of little interest to 
us here. In the derivation of the S-matrix described above, we need not mind the anti- 
symmetrization of the wave functions ; this being automatically taken into account in this: 
method, 

In the dispersion relations, there appears the value of the scattering amplitude for 
negative energy of the incident particle. To see the meaning of the S-matrix for negative 
qos we have only to notice the effect of the charge conjugation operation C with the 


properties” 
GGrz=1> C= 
Cp exete, xind WRG 


on the field operators of the incident particle : 


Sprargts! pags \ 


\atedt gat? (2)C-C“DE)C 
(pla! |T (C74) Gq) C) | pa)C D(y) C- Cu (9) 
=| [ated*ya™ (y) DG) (pa TW DEE) pay D(e) ur? (2). (2.6) 


We see, from this equation, that the scattering amplitude of a negative energy nucleon 
is the same as the minus of that of an anti-nucleon with the reversed spin direction and 


initial and final states interchanged. 0) 
Performing the operations D(é) and D(y) in (2-4) explicity, we have 
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Syren = — || A dgale” 2) pal T GOI) 


+10 (E,—m) {i E), $* )} \paru™ (7) 
+ 945,076" Optar ps — Oo3,plal Ogi pa > (2-7) 
where 
j@)=DEPE) and jy) =$G)D). 


For the case of forward scattering the second term in the bracket is independent 
of q since the anticommutator at the equal time gives a factor 0°(¢—v7). Therefore 


we shall tiereafter concern ourselves mainly with the first term in the bracket. 


§ 3. Location of singularities and causal M-matrix 


Our main concern now is for the first term in the bracket of (2-7), say, S,. In- 
tegration with respect to the centre-of-mass coordinate of ¢ and 7 gives immediately a 
0-function that insures the conservation of energy and momentum. S, then assumes the 


forms 
S,= (27) *104(p+q—p'—q')F, 


with 
Fysrgtosionga=i| d tx" (2) Cpa! |T G(3)](0)) [paw (0). G1) 


In the present paper we shall concern ourselves with the forward scattering, g=q’ and 
p=p’, and refer to q as the energy-momentum of the projectile and p as that of the 
target which is taken to be at rest in the laboratory system. We put 


q=/e, 
where e is a fixed unit vector, and 
A= qG,—m for Jo > ™, 
el ge a 
=i m’—q, for  |q,|<m, 
and 


2 


A eRKE 
=—-V gq ,—m for  qy<—m. 


With this definition the forward scattering amplitude F is a function of Gas 
In order to see the location of singularities in the complex q,-plane originating in 


the conservation of energy and momentum in the intermediate state, we perform the 
x-integration and obtain 


F=— (22)*i” (0) Dal Cpa! : amas eo px? 3(q—p,) 


’ 
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(pa Hi(0) n(n] j(0) |p) 
q—ms_E,—ité 


3(q+p») )u? (0). (3-2) 


The problem is to investigate in what region of g, each term in the parenthesis in (3-2) 
may have vanishing denominator (such region is often called spectrum). 

The Heisenberg operator j(j), when applied on any state, decreases (increases) the 
nucleon number (which is defined as the number of nucleons minus that of antinucleons) 
by one. Therefore the state n in the first term is the two-nucleon state, so E,, is equal 
to or larger than 2m. The values of g, that makes the denominator vanish are equal to or 


greater than m. When n is a state with two nucleons and a pion 


E,>V Qm+p)?+e=Vv (2m+p)*+q,—/. 


The threshold for this inelastic process, that is, the minimum value of gq, for which 
singularities of this type occur is m+ 24+ p°/2m. 

The intermediate states in the second term are the zero-nucleon states, and the lowest 
energy different from 0 is the one-pion state. It is easily seen that the position of the 
pole due to this intermediate state is q,=m—p"/2m, where /4 is the mass of the pion. 
Singularities arising from the two-pion states lie in the region q, <m— (2/)?/2m, where 
the inequality is due to the relative motion of the two pions in the intermediate states. 
Many pion states and many pion plus nucleon-pair states can be treated in a similar 
manner. 

Let us now introduce, just as in the case of pion-nucleon scattering, the “ causal” 


matrix M defined by 


Moya ;2a (4) =i| d* xi?” (x) ( pat!|y (x) {f(%)» (0) } |paru (0) ™ 


fe 300") (pa'|j(0) |n) (nlf) |pa) 9 
sage eS? ONS SE a eg, Beran Gh 


( pal'|j (0) |m> <n|j(0) |pa? 9 Ae ; 
cinder. ngjeiaee odie 1(q+P.)) ©) oie 


and divide it into two parts, the dispersive part D and the absorptive part A, i.e., 


M=D+iA, 


Dayar: pa (q) =| dixa®” (x) ¢ pa’ |E (x) {j (x) : j(0)} |pxyu (0) 


= —| dxu®? (x) >) p( po" |j a oi) \px) 


it { pa’ |j(0) |n) (nlp) IP) ye (0), (3-4D) 


qQ—m+E,, 


and 
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Ayret spa (9) = diene” (x) ¢ p'a’| {j(), j(O)} [pau (0) 
sin | devil (x) 30 (qy tm En) (pe |j(2) [n> Cnlj(0) |par? 


+0(q)+m—E,) ¢ par'|j (0) |m) Cn|j (x) pay) ui (0). (3 -4A) 


In these equations 7(x) is the step function such that 4 (x) =1 for x,>0 and 0 for 
X%) <0, €(x) =27(x) —1, and P means that the summation (or integration) should be 
taken as the principal value integral of Cauchy. 

From equations (3-2) and (3-1) we see that 


F(q) =M(q) =D(q) +iA(q) for q.>m™, 
F(q)= D(q)—iA(q) for q’<m. 
We write M, D and A in the form 
Myra spa (q) =H”? (0) af” (0) N&F (q) ul”? (0) ur? (0), 
Daneisga(q) ue (Oyug (Oj Gag )ug (Olmee Auys (3-6) 


Asrat sea (q) = us”? (0) ag” (0) ace (q) us” (0) uy?” (0). 


(3-5) 


Due to the anticommutativity of j(x) and j(O) for space-like x, we can show that each 
element of the 16-row 16-column matrix N-%°(q) satisfies dispersion relations. The proof 
proceeds in a way completely parallel to the case of pion-nucleon scattering and shall never 
be repeated here*’. The dispersion relation reads 


d(qy) =|" £00 ay. G-7) 
emer. | oma (1 
In this equation and similar equations below we assume the convergence of the integral 
on the right-hand side. If this is not the case, the subtraction procedure which has been 
often used in the theory of dispersion relations must be carried out. We shall hereafter 
write down merely for the sake of simplicity the dispersion relations as the form in 
Cr7)= 
The integral in (3-7) can be divided into three parts, 


\=|.+ ee |" (3-8) 


v—-o J —m 

The first integral is the region of real scattering and a(q,) can be expressed in terms of 
the total cross sections. The second integral can be written, as mentioned at the end of 
Section 2, by the nucleon-antinucleon scattering cross sections. The third integral extends 


over the unphysical region. Unlike the case of forward pion-nucleon scattering, this 


*) Rigorous proof of this statement would be very difficult. However, it is seen that each term in 
the perturbation expansion satisfies the dispersion relation. See Section 4 and Appendix. 


> 
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integral cannot be explicitly carried out. We shall show in the following that in the 
adiabatic limit m—>oo this term is proportional to the Fourier transform of the nuclear 


potential. In this limit the second term in the right-hand side of eq. (3-8) does not: 
contribute. 


§ 4. Perturbation expansion 


We now turn to the perturbation expansion of F defined in Section 3, This pro- 
cedure may seem theoreticlly unsatisfactory, but it is the only way at present since an 
explicit and compact expression for the nuclear force potential is not yet known. 

Rewriting F in the form 


F(q) =1e ape” G.3? (q) ui?) Ped (4-1) 


corresponding to (3-6), we can easily expand G into a power series of the pion-nucleon 
coupling constant according to the well-known Feynman-Dyson rules, 
Consider, for example, the second order diagram given in Fig. 1 (a). The diagram. 


Fig. 1 (6) is not contained in F as mentioned in Section 


p 4 
2. The value of G corresponding to Fig. 1 (a), say 
G™, is readily seen to be t Fag esi 
Gq) =., a 2: I’; P 

(p—g)? +H aE ‘ , 
where J”, and J’, are the vertex operators such as #f7;7; (a) (b) 
referring to respective nucleon. The position of the pole Fig. 1. 
of G")(q,) in the complex q,-plane is that for “ one-pion intermediate state” mentioned 


in Section 3. 
The fourth order diagrams are 


p q given in Fig. 2. Figs. 2 (¢) and 
(d) have no absorptive part in the 


4 j tae ae 5 Sif ; reo | region —m<q,<m. The matrix 
nh Nt th---42 nh Nt u}----42  G corresponding to Fig. 2 (6), say 
G (q) has branch cut for q, >m, 

P q P J whereas G°(q) has none in this. 

(a) e) (9) (d) region. Both have cuts for q)<m 
Fig. 2. —2p2/m corresponding to two- or 


more-pion intermediate states. 
In general we see that : 
1) If there is no transfer of momentum between two nucleon lines, the graph has no 
absorptive part in the unphysical region —m<q)<™m. 
2) If a graph has two parts linked by two nucleon lines, that is, if it has an inter- 
mediate state of elastic scattering, it has absorptive parts for q) >. 
2 i _ 7 
3) A graph with momentum transfer has spectrum from m— (npt)?/2m(n¥1) to — 
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where n is the number of exchanged pions. 

Our next task is to define the M-matrix or N defined in (3-6) for each diagram 
and see if each matrix, say N“” separately satisfies the dispersion relation. In appendix 
it is shown that G(q,) calculated according to the Feynman-Dyson rules has poles 
slightly below the real axis in the region q,>m and slightly above the real axis for 
qo<m. We define N by displacing the poles of G“ in the region q,<m to be slightly 
below the real axis. That is, if 


Ge (qo) as di? (Jo) an Feige (qo) ) (qo = m) 
then 
N® (q) =d (gy) +ia (Q,). 


Of course, the sum of N™ over all graphs is N as can be seen from (3-5). The N‘’s 

thus defined, having no pole in the upper half plane, satisfies the dispersion relation. 
On writing down the dispersion relations, we shall hereafter denote as g,=w and 

regard M(q), N(q), F(g) and G(q) as functions of w. These functions, of course, 


depends on the direction of q, in contrast to pion-nucleon case. 


§ 5. Adiabatic limit; nuclear forces 


After these rather tedious preliminaries, we are now in a position to prove our 
relation between the nuclear forces and nucleon-nucleon scattering amplitude in the adia- 
batic limit. 

i) Second order 

The dispersive part of the second order S-matrix (or F, which is equal to M for 
w>m) gives immediately the Fourier transform (or, the Born approximation) of the 
second order nuclear potential V(q). The dispersion relation, on the other hand, 


implies that 


foe) (1) / : 
2 _{ Mele) Rae (5-3) 


7 wo! —o 
We have seen Section 4 that a(w) =O for w>m, so that (5-3) may be rewritten as 


m 


a (w 


2 du’, (5-4) 


-o w/—w 


dw) =—-V@) = | 


ii) Fourth order 

In contrast with the second order, the dispersive part of the fourth order S-matrix 
is not proportional to the Fourier transform of the fourth order nuclear potential. It 
contains the effect of iteration of the second order potential, and when we calculate the 
fourth order nuclear potential from the fourth order S-matrix, care must be taken to 


subtract this effect,® 


It is the main purpose of this section to show that this subtraction is effected by 
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restricting the region of the integration of the type of (5-3) to (—, m) instead of 
(—co, co), 

The causal matrix N corresponding to Fig. 2 (a), say N°”, satisfies the dispersion 
relation 


a=) (w! 
(oe) lis 


wo! —w 


d?*).( co) == P \3 
7 —o 
the right-hand side of which is equal to 


Pp \" ae (w’) om (5 ; 5) 


Tee) 0) 


because a°”(w)=0 for w>m, The N, corresponding to Fig. 2 (6), also satisfies 


the dispersion relation, 


tes) (2b) ; / m (2b) : / 
d.).(@), = P \ a (o’) do! + P \ ase) du’, (5-6) 
™m via 


- if 
7 On tY, =e w'—w 


To consider the problem that what part of the integral in the right-hand side of (5-6) 
gives the Fourier transform of the nuclear potentials, we must investigate the structure of 
the matrix elements of the S-matrix corresponding Figs. 2 (a) and 2 (6) in some detail. 
The G's corresponding to Figs. 2 (a) and 2 (6) are given by the following expressions 


respectively (apart from some constant factors.) ; 

| dete ® Se) S2(G—O Pn Se QO f(a) (5:72) 
aad 

| hd, (BA, KP Sr pO LGR SrQthT, for 2(6),' (5-78) 


where k’=k+(q—p), Is are the vertex operators such as #f7'57;, and 4d, and S, are the 
propagation functions of Stiickelberg and Feynman. 


S,-functions can be divided into two parts, 
S,(L) =S (1) —2iS(). 


The first part S contains only components that satisfy the energy momentum relations 
of a “free” particle, i. e., [?-+m?=0 whereas the second part S has no component that 
satisfies this relation”. Now, the region of the integrals (5-5) and the last term of 
(5-6), as mentioned in Sec. 4, can also be written as (— 00, m—2/2/m). In calculating 
the absorptive part in this region, the internal nucleon lines in Figs. 2(a) and 2(6) can 
never be ‘“‘ free ””.* 


Therefore, we can replace the S;-functions in (5-7a) and (5-76) by —2iS as far 


* For the physical region, this can be immediately seen from the energy momentum conservation, and 


that this is true also in the unphysical region can be proved by an elementary calculation. 
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as the integrals (5-5) and the last term of (5-6) concern. In the “static” limit, in 
which the energy-momentum of the mesons are regarded to be far smaller than the rest 
mass of the nucleon and neglected, S-functions in (5-7a) and (5-76) can be approximated 


by the following expressions °) 


= 1 1 

Rae yee 

Sane, 

< —1 1 

S(q—k) ~ Po (5-8) 
age UE eae 

and 

= —1 1 

P Ghee bie eer 

ta anna tae 


Substituting (5-8) in (5-7a) and (5-76), we can say that for w<m—2p?/m, (5-74) 
and (5-75) have the same value except for the sign and the order of vertex operators and 
therefore, the last integral on the right-hand side of (5-6) has the value equal to (5-5) 
except for the sign and the order of /’, and J’. Adding together these two integrals 


we have 


Pp ie a®® (w) ee Pp a™) (wv!) et 


To) 0) i =o) 


= (2n)'i| dkD p(k) De(k-+q—p) 7 CCl, we ie-s 


which is just the Fourier transform of the fourth order nuclear potential given by Nambu.” 
Hence we have, writing as 


dw) =d® (w) +d (w) 
and 


a, (wo) =a?” (ew) ta (wy, 


(oo) (2) / 
PAY) Wet) | PACU aathiy 
7 m 


wo! —w 


and U,"(w) tends to the Fourier transform of the fourth order nuclear potential in the 
static limit. 

Of the remaining fourth order matrix, N°? (w) has not spectrum for w<m. N®® (w) 
has spectrum for w< —m, but the contribution from this part vanishes in the limit im—> co. 


Thus for the sum of all graphs a to d, 


JOS) UO ye is cae OBES (5-10) 


7 wo! —w 


and U™(w) again tends to the fourth order potential. * 


* This is the adiabatic potential and not of the Brueckner-Watson type (Phys. Rev. 90 (1953), 699). 
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iii) Higher orders 
The recipe of construction of the adiabatic potential from S-matrix is, according to 
Nambu, as follows. Ifa diagram has no “elastic” intermediate 


Vm-3 


- 


state, that means, if the diagram cannot be separated by opening 4 
two internal nucleon lines into two parts each representing the LL ies 
nucleon-nucleon scattering, the diagram is called to be irreducible peat ci 
and the matrix element corresponding to this diagram is to be Zia 
regarded as a part of the nuclear potential. If a diagram has he nae Se 
one elastic intermediate state, the effect of the iteration of the ttt Yt 
lower order potential must be subtracted to obtain the genuine as 
nuclear force potential. 

Consider, for example, the matrix element corresponding to 
Fig. a Fig: 3. 


sa | dx,dx,---dy,dyy--- 


er (Xn-1) 7 Ge) Us (Xn) 9 (Sn—*na ad Ls (Xn+1) ray 
x “15 (Y¥m=1) 9 Ce a oe Lo (Yn) 7 Yan) ls mex) ps 
x one hg (Xp Yaa) Bn -Yrgg Xe) AFA Xeg7s Vowee) a) (3 5 1d) 


where the step function 7 is the non-relativistic version of the S,-function. If we replace 
4 (%»—Xn+1) in (5-11) by anity, the expression thus obtained represents the iteration of 
the two lower order potentials which are respectively represented by the upper half and 
the lower half of Fig. 3. (The separation into two parts is indicated by a dotted line.). 
This term is to be subtracted. Therefore the net contribution to the potential is obtained 
by replacing 7(%,—%n+1) by 7 (X%n—%n+1) —1=—7(Xn+1—%n)- This expression is further 


transformed by making use of the relation such as 
4 Cae ae) uy] (Xn+4 —X,) = 1) (Faas het) q gar oa) 7) (Xn+1 Ins) 7) Cee) 


until the arguments of the 7-functions form a continuous chain of x;, namely such that 
the product of 7 functions takes a form ---7(a—b)n(b—c)y(c—d):::. Each term is 
then equal to one of the irreducible graphs except for the sign and the order of vertex 
operators. 

When a graph contains more than one elastic intermediate states, repeated application 
on the above procedure brings it into a form in which the 7-functions are the same with 
those of an irreducible graph. 

Turning back to the dispersion problem, we consider only graphs in which there is 
a momentum transfer between nucleons, for those without momentum transfer has no 
absorptive part in the unphysical region. We first note that a graph without any elastic 
intermediate state has no absorptive part in the elastic region m<w<m+2p+ p/2m. 
For this kind of graph, say G“, we have (except for the case of one-pion exchange), 
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eae Cl: gee | i ES ACO 


m+2y,+y.7/2m ow! ate 


4” (w)=+{ 


T J—o ow’ —ow yi 


The second integral is seen to be vanishingly small as compared with the first one in 
; i ; ; ety 

the static limit. For the energy denominator in the first integral is of the order °/m, 

while that of the second is of the order u*. Here w has been taken to be nearly equal 


to m since we are dealing with the static limit in this section. This shows that in the 


static limit, 


em (7) if 
1 a (w NE dw! 


/ 
va @ —(0 


U (w) = 


is equal to the part of the potential coming from irreducible graphs. 
For those graphs G‘’”’, having one elastic intermediate state, the effect of subtraction 
must be considered. We compare the contribution of this graph to the potential, Wis 


and 


m ai (o’) ; 


UY? (aye : | du’. 
3 


/ 
='_ == 


We have seen that V“”” is obtained from S’” or N“” by replacing 7(x,—%,.,) by 
—7(Xnx1—%n) and the transformed matrix is the sum of irreducible graph except for the 
sign change and the order of vertex operators. This V‘’>, having no absoptive part in 


the elastic region, can be expressed as 


m / / 
ao’) aa 


-2 w@/—wW 


VED (wy) == + 

hake 

where the equality holds in the static limit. a’ is the absorptive part of N’“”, which 
is derived from N“”) by replacement of the 7-function. It is easily seen that a’ is effectively 
equal to a“) the absorptive part of NY. We have previously argued that in discussing 
the absorptive part in the unphysical region, the nucleon line does not become free and 


the S, can be replaced by —2iS. In the case of static limit, this means that 


n(x) =— \" PE: Geren, 


271 J-© a—t1€ 
can be replaced by 
36(Q) == \ = da 


271 J-~ a 


which is an odd function. Thus the replacement of 9 (%i—Xna1) by —7(Xas1—%n) does. 
not change the absorptive part for o<m. This proves that 


U"(w) = : \" Pee) do!=V " (w). 
T 


-3 w/—w 


For this argument to hold, the dispersion integral must converge sufficiently rapidly, which we assume 
to be true. 
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Those graphs with many elastic intermediate states can be treated in the same way. 
Adding all contributions, we have 


d(w) = —U(a) SE 


rs 


[- a (w’) dae (5 ; 12) 


mae ow! HG) 


and U(w) tends to V(p), (w=m-+ p’/m), the adiabatic potential in the static limit.* 


§ 6. The deuteron 


In the derivation of the formula (5-12), the effect of the existence of the bound 
state of the two nucleons has never been taken into account, for, in the construction of 
the explicit expression for the S-matrix in section 2, we have utilized the concept of 
“in” and “out” field, which are legitimate only under the assumption of non-existence 
of the bound state. In spite of these assumptions we meet, in fact, the bound state, 
when we treat the proton-neutron scattering in spin triplet state. We must, therefore, 
add a term representing the effect of the deuteron state to (5-12). This can be done 
if we regard the deuteron as a kind of elementary particle. 

Returning to eq. (3-3), we see that the absorptive part a(w) contains a term of 
the form const. X0(W—wWp), where wy is the energy that is just necessary for the for- 
mation of the deuteron in the laboratory system, i.e., w»=m—2B-+ B’/2m, B being the 
binding energy of the deuteron. We must therefore add to the right-hand side of (5-12) 
a term C/(w,—w), where C is a constant matrix that we shall determine in this 
section. 

To determine the constant C in the non-relativistic case,** let us now write down F 
in terms of phase shifts 0, in the centre of mass system and investigate its behaviour in 
the vicinity of w,=m—B/2. If we neglect the effect of the tensor force, all pattial 
waves other than the S-wave contribute to F very little for w~w,. In this case the 


F-matrix for the forward scattering is given by” 


e (w,) == 


sin 0, exp 10, (6-2) 
Joe 
where w, and q, are the energy and momentum of the nucleon in the c.m. system and 
. . . . . 1 
0, is the triplet S phase shift. When we use the effective range approximation >» gyeot0, 
=—a+t4rq2, we see that (6-2) behaves in the neighbourhood of , as 


-1 
F..(@,) ads SL R ayk A: i (6-3) 


m> Q—-R'r) «a,—w, 


where R is the radius of the deuteron R= mB, and r is the effective range for spin 


* That the U is somewhat connected with the nuclear potential is stated by Goldberger et al., ref. 3, 


from a different argument. 
** This problem is treated in detail by Goldberger et al., ref. 3. The following arguments are inserted 


here so that this paper is self-contained. 


530 S. Matsuyama and H. Miyazawa 


, ; ae 
triplet state. Transforming (6-3) into the laboratory system, we have for o~Wyp 


167 Rae psc (6-4) 


1—R'r w—Op 


F(w) 


We see from the above arguments that (6-4) is the term that we must add to the 
right-hand side of (5-12) for the neutron proton scattering in triplet state. 


§7. Discussions and conclusion 


Equations (5-12) and (6-4) are the main results of this paper. These formulae 
are not the dispersion relations for the S-matrix, or, in our notation, F which is 
directly connected with the transition probabilities, but those for G or N defined by 
(3-6). As the spinors u and a depend on energies in a rather complicated way, the 
dispersion relations for S( or F) are not as simple as (5-12). In the non-relativistic 
approximation (Pauli approximation), however, these spinors reduce to the energy- 
indepndent two component ones and (5-12) can be regarded as a dispersion relation for F. 


We have thus in this approximation the dispersion relation for the S-matrix 


(co (s) vy! 
IESE (w) i U® () = \ Eee da! 
m WO— ow! 
—1 
beo( =" R : )+ const. (7-1) 
m 1—R'r' w—wy 

with 

SS (@)i= (22) "1F, Xa), 
and 


F,® (w) =D, (w) +14,%(@) for w>m. 


In this formula (s) denotes the spin and charge state of the two nucleon system 
(singlet, triplet, direction of resultant spin and the charge state pp, np or nn) and 0,, 
equals unity for spin triplet neutron-proton state, and zero otherwise. The constant added 
in (7-1) originates from the term that has been omitted from our considerations at the 
bottom of section 2. 

If we confine ourselves to the non-relativistic region (and, of course, the static 
approximation for S;, (5-8)), our formula (7-1) leads to a new relation between the 
scattering amplitudes and the nuclear force potential and proves to be very useful for the 
analysis of the experimental data. 4,“(w) on the right-hand side of (7-1) can be 
related by the so-called optical theorem to the total scattering cross section 0;,(@) as 


7,0 (w) =2" 4, (o), (7-2) 
q 


whereas D,“(w) is connected to the differential cross section in the forward direction as 


follows, 
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w 
(27)? 


(s) <_ 


o aiff 


[|Do () P+ [4 (eo) |?) (7-3) 


Therefore, if we know the total scattering cross section and the differential cross 
section in the forward direction at a certain energy, say w, from experiment, then we 
can obtain the values of 4,“ (w) and |D,(w)|. Although we cannot know the sign 
of D,‘(w) from these formulae, we can infer it from other theory or experiment at 
least for low energies. When we know the values of D,“ (w) and o;{? (w) for all energies 
greater than m, we can immediately calculate the Fourier transform of the nuclear potential 
making use of (7-1). 

Let us investigate this problem in more detail. 


The most general form of the nuclear potential in the adiabatic approximation 1s 


Vi, GO, Oo V(x) FO COV) (Oho PA I4 @) 


=H) +(0?-4°)(%,0) 4+ HOt SMO) 


+ 54( = Vi! (x) + V4" (2) ) > (7:3) 


where 6? and 6” are the spin operators of respective nucleons, x is the relative coordinate 
of the two nucleons and x=|x|. means the differentiation with respect to the relative 
coordinate, and V,, V, and V, are the functions of x and perhaps other variables, e.g. 
isotopic spin, but do not depend on the direction of x and o’s. Sj». is the well-known 
tensor operator S,,=3 (Gn) (6 -n) — (6-6) with n=x/x and primes denote the 
differentiation with respect to x. 

The Fourier transform of (7-3) is given by 


W (q) =—W,(q) — (3-6) W,(q) + (G-e) (6 -€) V2), (Tir) 


with . 
W.(q) =| Vi(we"d'x, and 


e is the unit vector in the direction of q. To obtain the spin-independent part, spin- 
dependent part and tensor part of the nuclear force separately, we must know the values 


of W(q) in various spin states. The values of W in respective spin states are 
=—W,+3W,—GW, for singlet state, 
W=—W,—-W,+¢W, for triplet state, resultant 


spin parallel or anti-parallel 


to the direction of injection, 


and 
W=—W,—W,- GW, for triplet state, resultant 
spin perpendicular to the 
direction of the injection. 
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Tor a completely unpolarized beam 


W —W,. (7-3) 


MmeEAN 


Although it is very difficult to realize the experiment for various spin states separately, 
we see from (7-5) that we can obtain at least the central spin-independent part of the 
potential. 

Because of the approximation procedures that has been made in the deduction of 
our formulae, our theory cannot be applied to very high energies at which the adiabatic 
potential loses its meaning. Nevertheless our formulae are still useful for the determin- 
ation of the shape of nuclear potential in the outer region, and furnish us, at least, a 
powerful means to determine the renormalized meson-nucleon coupling constant in connection 
with the nuclear forces.” The analysis of the experimental data with our formulae will 


be presented in a separate paper. 


Appendix. Location of poles in a matrix element 
for each Feynman graph 


The scattering matrix element for graphs (i) has a form 


p 


fe dk, dhy-: V(k Ps 9) 


where ¢; is a quadratic function in p,q and k(=k,, k, ---) and @ is a polynomial in- 


cluding 7-matrices. Making use of Feynman’s technique of parameter integration, we 
have, after the integrations with respect to k,, 


n: integer 


GeO eden h(x, p> q) 
s (f’ (x) Pq+9' (x) —i€)" 


where f’, g’ are polynomials in x, and 4 is a polynomial in x, pq and 7. In terms of 


the incident energy @ in c. m. system, 


Go| dX; dXy++- h(x, Ow, Vw —m) , 

[F@) (o—m) +9) 
First of all we notice that g(x) never vanishes since G has no absorptive part at w=m, 
It is easily seen that (x) is positive definite since g(x) is positive for some value of 


x (for instance, if we put all x to be zero, 7 (x) =m? or ft’). Then G has a singularity at 
g(x) 16 

f~) fe) 

This shows that the position of poles in G is either at w=W,—1€ if w,>m(f(x) <0) 
or w=0,+1€ if o<m(f>0). Instead of G, we define N by 


e=m— 


NO=|..dx. b : 
L$) (wm) +.9 (x) +i€F (0) J" 


~ 
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which is equal to G for w>m, but the sign of the absorptive parts is opposite to G for 


wom. 


The N(w), having no pole in the upper half of the complex w-plane, satisfies 


the dispersion relation 


1) 


3) 
4) 
5) 


6) 
7) 
8) 
9) 
10) 


11) 


a (h)) = P ‘i a (o’) Oe 
7 


-©o w’/—w 
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Use is made of the method of SLCO to develop the theory of the cohesive energies of diamond- 
type valence crystals. A formula determining ionicity of diatomic crystals such as InSb is presented. 
Furthermore, a new method to calculate the energy-band structures of these crystals is presented. 


§ 1. Introduction 


The first quantum mechanical computation of the cohesive energy of diamond was 
attempted by Schmid.” He constructed a two-electron wave function, in which two 
valence electrons together form an electron-pair bond between two neighbouring atoms 
and he, furthermore, introduced another two-electron function for two core electrons in 
a Ist level together forming a lone pair. Then the total wave function of crystal 
electrons as a whole was approximated by the product of these two-electron functions 
antisymmetrized with respect to all electrons. His treatment is a generalization of the 
Slater-Pauling theory of directional valence. He found, however, that satisfactory results 
were achieved only when two-electron functions were formulated to allow ionic states to 
be included into the electron-pair bonds. Asano and Tomishima’ generalized Schmid’s 
treatment for diatomic crystals and applied it to ZnS crystal. 

In his treatment, as is mentioned above, Schmid made use, not of one-electron wave 
functions, but of two-electron wave functions. However, in order to study the relations 
of the theory of cohesive energy with the other physical problems such as energy-band 
‘structures and diamagnetic properties, it is convenient to formulate it on the basis of 
one-electron wave functions, The energy-band structures of diamond-type valence crystals 
have been calculated by many authors” in detail, but frequently without further going 
on to work their connections with the theory of cohesive energy. 

In the preceding paper? (hereafter referred to as I), we formulated the new method 
-of SLCO to calculate the cohesive energy of ionic crystals and applied it to the calcula- 
tion of the cohesive energy of LiH crystal. Furthermore, we showed that SLCO was 
‘useful to compute the band structures of the conduction and valence bands of these 
ctystals. The method of SLCO also is applicable to valence crystals having an energy 
gap between valence and conduction bands like ionic crystals. 


In the present paper, we shall develop the theory of cohesive energy of diamond-type 
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valence crystals on the basis of one-electron wave functions by using SLCO, discussing 
its relation with the energy-band structures of these crystals. As a result, a formula 
determining ionicity of diatomic crystals such as InSb and a new method to calculate 
the energy-band structure of these crystals will be presented. Application of our results 
to the diamagnetic properties of these crystals will be discussed on a separate paper in 
the near future. 


§2. Theory of cohesive energy 


(a) General Theory 


The crystal structure of diamond-type crystals is shown in Fig. 1. In the figure, 
atoms denoted by solid and empty circles form fcc sub-lattices, respectively. Each solid 
(or empty) atom is surrounded by four empty (or solid) atoms having tetrahedral 
arrangement and is bonded with them by electron-pair 


bonds. In zinc blende structure such as InSb crystal, 
one of the two fcc sub-lattices is populated by In atoms 
and the other by Sb atoms. 

Among hybridized tetrahedral spin-orbitals, these 


subject to solid atoms, i.e., one of the two fcc lattices, 


are denoted by ¢,”, ¢,’,... and the ones forming electron- 
pair bonds with them together, which are subject to 
the other sublattice-atoms, are denoted by 92°, Gp's--- 


respectively. Here the indices 4 and 6 are the abbrevi- 
ations of {a, i, p}, {9 j, q}, respectively, where we 
use indices @ and to denote the lattice sites of the 
solid atoms, i and j (=1, 2, 3 and 4) to specify the 
states of the spin-orbitals, and p and q to specify their spin states. When we need not 


Rigel 


distinguish solid atoms from empty atoms, we specify spin-orbitals by indices /, m and n. 

Now let us denote the row matrix of degree 16N*, of which the first 8N elements 
are ¢%, g;,... and the last 8N elements are $;°, 93',-°:, by gy’. We then orthogonalize 
g° by making use of Léwdin’s method” and denote it by # ; that ts 


g= pai”, (2-1) 


where 


4im = Hie! +S) al G1 Pm dT. (2 - 2) 
We define bonding and anti-bonding spin-orbitals by 


ba =T5 (La + 97) ? 
i (2-3) 
pays “dette, 01 ow 
03 rye. (La Fe) 


* 2N is the total number of atoms in the crystal. 
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and then introduce the row matrix @ of degree 16N, of which the first 8N elements 
are @,, Gp»... and the last 8N elements are dz, O7,.--- Then, making use of the row 
matrix ¢, SLCO @ is defined by 


g=¢X, (2-4) 
where the 16NX16N unitary matrix X has the block form 


(1—66*)1” é 
= é (225) 
&+ (i= ee 


The 8NX8N matrix € having matrix elements €,;, should be determined by the varia- 
tion principle which will be mentioned below, where it is noted that indices a refer to 
one fcc sub-lattice and 6 to the other one. 

We consider that only the first 8N spin-orbitals ¢/,’s of ~ are occupied in the 


ground state and the remaining 8N spin orbitals (/z’s of g may be used to describe 


certain excited states. Thus we express the wave function* for the ground state by 
De == : d h hy 
(Xj +++, Xgv) = S— det |, (x,) «Paw %y) |; (2-6) 
Vai)! 
where each coordinate x is a combination of a space coordinate r and a spin coordinate oc, 


We set up the variation principle : 


0E,=0, (257) 


g 


E, is the expectation value of the crystal energy for the ground state ; that is, 
Ey =| BA CRE, Xx) 1 ary (%p +115 Xs) Tess (2-8) 


where JC aw) 1s the Hamiltonian of the crystal. When €=0, the wave function is reduced 
to Schmid’s wave function with A=1,** 
As an important result of the variation principle (2-7), as was shown in I, we get 


the relation 


e 


| bo*Aathade =0, (2-9) 


-~where 


Hf) =| Fd Sve) +3 [ ed ag, 


cw 


5 Hel) (PFO) 4] or, 
= f(x) \ lIr—r,| lf a: em) 


* In what follows, for simplicity we treat core electrons as classical charge clouds. 


A is a parameter appearing in Schmid’s two-electron wave functions and showing the proportion of 
ionic states to be included into the electron-pair bonds. 
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Here u(r—R,) i : fu: 
al =) is the potential at r that arises from the éth ion core locating at R, 


and >} extends over all atoms in the crystal. 
E 


(b) &matrix 


We may assume that X and € satisfying the variation ptinciple (2-7) have the 


same rotational and translational symmetry as that of the crystal.* Then we may propose 
the trial form for &** 


} when a=6, 
Le when 6 is subject to the same atom and 
pl the same spin state as a, but ab, 
abs = (2 q 11) 
v when 6 is subject to the same atom and 


the same spin state as 4, but aXb, 


e10) otherwise. 
Therefore, 
/ P+32+3Y when a=, 
2 when 6 is subject to the same atom and 
the same spin state as a, but a#6, 
2v" when 6 is subject to the same atom and 
Ceca, 1c the same spin state as 4, but ab, (2e12) 
| py when a and 6 (or a and 5) are subject 
to the nearest neighbour atoms and to the 
same spin state, 
0 otherwise. 


This trial form of € is for diatomic crystals having zinc blende structure such as InSb. 


For monatomic crystals such as diamond, the existence of the inversion symmetry demands 


that 
A=0 and Viet Baste (2-13) 
* These X and € need not always have the same rotational and translational symmetry as that of the 
crystal. However such X and € may be transformed to ones having these symmetries by the unitary trans- 


formation due to a suitable unitary matrix with the block form 


y O 
Y= : 
0 y/ 


For such a unitary transformation, the lattice energy (2-8) is invariant. 
** Jn his calculation of the cohesive energy of diamond, Schmid showed that the quantity A (see the 


foregoing footnote) was nearly equal to one. That A=1 corresponds to €=0 for our case. This fact suggests 
that A, » and py may be considered as small quantities. (Also see the second footnote of the next section.) 
In what follows, therefore, we treat these parameters as first order small quantities. 

+k We are intending to compute numerically the cohesive energy of diamond by using this trial form of €. 
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§ 3. Tonicity (Charge- and bond-order matrix) 


The one-electron density matrix due to Y given by (2-6) is 


7 (x' |x) =9 (x) np* (x), (3°41) 
where n is the 16NX16N matrix having the block form 


Pl 2 


n is the charge- and bond-order matrix with respect to SLCO ¢. We see that % are 
the so-called Lowdin’s natural spin orbitals” for the crystal in ground state and ni is the 
corresponding charge- and bond-order matrix, in which the bond-orders are equal to zero. 
The charge- and bond-order matrix Q with respect to the orthonormal hybridized spin- 
orbitals Y is given by 


Q@=U'* XnX*U, (3-3) 
where 
1 1 o 
= pe S| | com 
and 
Op = Dap (3-4) 


From (2-5), (3-2) and (3-4), the explicit form of Q is given by 
Ga 14+2(1—&€*)'?€u* (1 — 2€*&) w* 
0-3 a ae 
21 (1—26€*) a 1—2(1--&*8&) "Ew 
For the cases of the monatomic crystals, where it holds that 

{ (€8*)?Em"t 3 =0 n=1, 2, 3,-:- (3-6) 

from (2-11), (2-12) and (2-13), we get as the charge-orders 
Qua=Qaa =h (3-7) 


and, as the bond-order between ¢, and 9z, 


aa = 4 (1—26&*) ,, = (1-12). (3-8) 
On the other hand, for the cases of the diatomic crystals, we get 
Qaa=3(1+24) and Qzz=}(1—2A) (3-9) 


as the charge-orders, up to second order.* We see, therefore, that the ionicity of the 
zinc blende-type crystals is determined by /. 


* In the InSb crystal, the valence-bonding structure (In-+Sb*) corresponds to A=0, and the neutral 
structure (In+Sb) to 4=0.25. The real value of 4 for InSb crystal is between 0.25 and zero. 
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§4. Energy-band structure 


Recently the energy-band structures of diamond-type valence crystals have been com- 
puted in detail by many authors.*) The theory of energy-band structure may be formulated 
correctly only through the theory of cohesive energy. However, some of these computa- 
tions have been performed independently of the theory of cohesive energy. Therefore, 
it is not necessarily clear whether the computed band-structures yield reasonably good 
approximation for the cohesive energy. On the other hand, our method of SLCO yields 
the theory of the energy-band structure intimately connected with the theory of the 
crystal energy mentioned in the preceding sections. 

We have presented in I the method to compute the energy-band structure of LiH 
crystal by the use of SLCO, the conduction and valence bands of which are non-degenerate 
respectively. On the other hand, the conduction and valence bands of the diamond-type 
valence crystals are four-fold degenerate respectively. However, the generalization of the 
computation of band structures by SLCO for such degenerate cases is straight-forward. 

The valence bands of these crystals are determined by the eigenvalues of the secular 


equation 


||; (k) — €, (k) 9,;||=0, (4g) 


where k is the wave-number vector, 


Pp 


H,;(k) = \ at; (x) Hypa; (x) dz, (4-2) 
and 
a; 7, (x) iain MEE (x) a8 ae 1d, Ot (4-3) 
t,he VN ee a 
The conduction band structures are determined by the secular equation 
zz (k) — €.(k) 075||=0, (Aum 
where : 
H;; (k) =i az i (x) Hyaz. (x) de (4-5) 
and 
en ee 
azn 4) =p St Maghz (2). (4-6) 
IN 


The relative situation of the conduction bands to the valence bands is made clear by 
the following discussion. 

At k=0, the diagonal element H7;(0) is independent of i and all off-diagonal 
elements H7z;(0) are equal to each other, because of the symmetry of the crystal. 
Therefore the conduction bands at k=O consist of a single level and a three-fold 
degenerated level. These two levels are separated from the diagonal ances Ha (0)) by 
3|H;;(0)| and |H;;(0)| respectively, while the energy gap between them is 4|Hz; (0) |: 
This situation holds also for the valence bands, if we replace i and j with 1 and j. 


* We neglect spin-orbit coupling throughout. Therefore we suppress the spin coordinate in the follow- 


ing, because it is irrelevant to the following discussions. 
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For the valence bands, it has been shown that the three-fold degenerated level has higher 
energy than the single level. For the conduction bands, it has been believed” from the 
various theoretical and experimental studies that the energy of the three-fold degenerated 
level is higher for diamond and Si, and lower for Ge compared with that of the single 


level. Therefore the energy gap at k=O between the conduction and valence bands is 


given by 

de=H;7 (0) — Hy (0) —3 {| Ai (0) | + |z5 (0) |} (4-7) 
for Ge, and 

de=Hj;z (0) — Hy (0) — {2|H, (0) |+4) 427 ©) |} (4-8) 


for diamond and Si. 

Our method of SLCO to compute the energy-band structure is very similar to the 
so-called tight-binding method, but has various advantages compared with other methods 
(i.e., tight-binding method, OPW method and cellar-method) for the following reasons. 
a) The SLCO method is intimately related to the theory of cohesive energy. The 
one-electron effective Hamiltonian and SLCO used in this method are given through the 
theory of cohesive energy. b) In the other methods, the potential terms contained in 
their effective Hamiltonians either include some amount of ambiguity or, at least, have to 
be determined self-consistently. It is difficult for almost all cases to perform such self- 
consistent computations thoroughly. In the SLCO method, the effective Hamiltonian is 
determined, independent of the computation of energy-band structure, through the theory 
of cohesive energy. Therefore, one need not be troubled with self-consistent computations. 
c) In the SLCO method, the conduction and valence bands are determined respectively 
by separate secular equations. For diamond-type crystals, therefore, one has two 4-4 secular 
equations. On the other hand, one has an 8-8 secular equation in the tight-binding 
method. 
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The purpose of this paper is to present a general theory for describing a spin assembly uuder a 
nearly resonant rotating magnetic field of arbitrary strength. According to the relation between the 
static local field strength o) and the characteristic frequency ¢9 of fluctuation of the environment two 
important cases are classified. A) If the fluctuation of the environment dominates (¢)>> 0), the 
equation becomes essentially stochastic in type and we can safely define relaxation times in Bloch’s 
sense with a modification that the restoring force is proportional to the deviation not from the canonical 
distribution under the constant magnetic field but from the canonical distribution under the total 
magnetic field in an instantaneously static system of coordinates (i.e. the modified Bloch equation 
holds). B) If, on the other hand, the static local field dominates (c)>>% ), then the transverse 
lifetime depends essentially on the strength of the rotating field, in fact it is prolonged upon saturation. 
This leads to a general and reasonable explanation of “saturational narrowing” and the anomalous 
saturational behaviour of dispersion mode such as have been observed by Redfield and others in the 
case of nuclear resonance in metals. The same kind of classification applies to the case in which we 
have two interacting different species of spin, and a general treatment will be given in a forthcoming 


paper. 


Introduction 


There are two apparently different types of theory for describing the behaviour of 
the magnetic resonance, i.e. the Bloch phenomenological theory” proposed for the case 
of liquids and the moment method of Van Vleck” proposed for solids. Bloembergen, 
Purcell and Pound” gave a link between these two types of theories by introducing the 
concept of “ motional narrowing ” and later it was put into a form more soundly based 
on the quantum theory of the irreversible process..~* This was done by Bloch” by 
using a differential representation and by Kubo and Tomita” by using an integral re- 
presentation. In both of these treatments, however, the radiofrequency field was treated 
as a small perturbation, which is not really the case when we use the method of satura- 
tion in measuring the lattice relaxation time. In fact several cases are found where we 
observe definite deviations from the results expected by using the Bloch equation. In the 
extremely low value region of the constant magnetic field the original Bloch equation 
predicts a vanishing absorption which is evidently inconsistent with the observed result, 
and a heuristic way of modifying the original equation was proposed by several authors.”~"” 
A second anomaly was found in the saturation behaviour of a Gaussian type line in which 
the saturational decrease of the dispersion mode was found in the region of considerably 


higher power level than that for the absorption mode. In addition the width of the 
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absorption narrows upon saturation before it is broadened.'?-!”  Redfield'*’ tried to ex- 
plain the anomalous behaviour of the dispersion by introducing the concept of the canonical 
ensemble in the rotating system of coordinates, however he did not give any explanation 
of the saturational narrowing. In this paper we propose to demonstrate that these anomalous 
results can be derived from a more general theory in a natural way. The results are 
classified into two typical cases. A) If the fluctuation of the lattice system is rapid 
enough so that we have an unambiguous definition of relaxation times, the modified Bloch 
eqation can be derived from the microscopic standpoint by choosing an appropriate canonical 
distribution as the reference. B) If the lattice system is nearly rigid and no single relaxa- 
tion time can be defined, it is shown that the spin-spin relaxation time becomes considerably 
longer upon saturation. The saturational narrowing and the anomalous behaviour of 
dispersion are found to be closely related to this fact. In a practical application of the 
general theory we must take into account the fact that a part of the local field arises 
from the mutual interaction of the spins under consideration and the remaining part comes 
from the contact of the spin system with the system outside. As an example we treat 
the case of nuclear resonance in metallic copper and aluminium. 

For the case in which two different species of spin system are interacting with each 
other again we can classify two corresponding situations. As a result of the so-called 
‘double resonance” a general type of the Overhauser effect’) is derived when the lattice 
is fluctuating strongly, whereas the saturational narrowing’ is derived for the case of 


nearly rigid lattice. 


$1. Fundamental equation 


Here we choose a differential representation”* and try to find a differential equation 
which is obeyed by the density matrix describing the spin system only by starting with 
the density matrix describing the whole system. The spin system has a Larmor frequency 
@, under a constant magnetic field H,. Suppose in addition there exists a transverse, 
rotating magnetic field which is nearly resonant in its frequency w and have amplitude 
H,. The density matrix ¢ describing the whole system changes with time according to 
the equation 


“e == le, 96] (1-1) 
where J¢ is the Hamiltonian for the total system and is given by 
M=H(ELD LF GY (i) 
Here E is the Zeeman energy 
E==7H, f= =—ojl, (= sik), (1-3) 


* An approach using an integral representation®) is also conceivable, however we need the density matrix 
specifying the initial condition, which is not obvious from the outset and has to be calculated by using a 
differential representation anyway. 
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D is the energy of the system with respect to the rotating field (yH,=w,) 
D=—o, (1, coswt—I, sinwt), 


and G is the interaction between the spin system and the system outside, which is in 


general written in a form 


Ga >i J" Fy (1-4) 
aa 


where I” denotes a spin operator associated with /4+quantum jump and 2 stands for — ps. 
F is the Hamiltonian describing the pure lattice. These notations are similar to those 
of Bloch, however we treat the rotating field exactly and not as a small perturbation. 
First we change the frame of reference to the one which is rotating with the rotating 


field H, by way of the transformation 

Agen oO" A et (1-5) 
where 

E’=— ol,. (1-6) 


As a result of this transformation to the rotating frame the equation of motion in the 


new frame becomes 
do® Z he ? 
Sasi b+ F+e7] (1-7) 
t 


where E”® is the Zeeman energy of system with respect to the effective field in the 
rotating frame, (cf. Fig. 1) i.e. 
EM = — {(w,—0) L+0,1} 
eas PRG PT (4=0,-0). (1-8) 


G’ is the form of interaction in the rotating frame and is given by 


G?P= SUM Ft SI Fh ent, (429) 
we v. 


: be 5 
where w,== — /o according to the definition of the operator I”. 

Under the assumption that our system is essentially paramagnetic, the part G is 
considered to be a small perturbation as compared with the other parts of the Hamiltonian, 


and again we transform to the interaction representation (or the nutating frame of refe- 


rence) by way of the operation 


Axe iO Ae ere tet (1-10) 


‘The density p’* in the new frame obeys the equation 


Ge = i[p?*,G?*] (1-11) 
dt 


where 
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GT* = SyIt* Fe* futa Ss ae F*(A) el (Mat oy)t 
oe s'3 


uw 
SP IPSD Ii AO mE ys baace we aa 
AP pe ay. 
and 


j be —tFe Da \ipt@n £ 
Fe‘e'™ FY e t hese Sy Pe (A) ef? M2 5 
d 


I(v) * = ef ET t] (y) e—1ET tt — Shr) elWy b (1-13) 


In order to have a simple result as the Fourier transform (1-13) we 
have again changed the system of coordinate to the one in which 
the total effective field lies along the z’-axis. Here a,, is a func- 


y tion of the angle # between z and 2’- axis, and 
[* ely ue ily =S1a,, I(r). (1-14) 
v 


If we write down the short time development of the density ** 


according to the equation (11), we have 


4 
P* (8) = (0) +4,07* (0) + dyp”* (0) +++ 
t 
Fig. 1. Various quan- =e (0) — il de Repke (4), ge (0) | 
tities in the rotating ; fi 
system of coordinates. = | dt, | dt, G"* CAE (Ge (5), 710) it: (1-15) 
Jo 0 


Let us suppose that the lattice degree of freedom is large enough so that the density 
matrix describing it is practically independent of the spin state, then the total density p 
can be factorized into those of the spin system o and the lattice system P,, 


BOP (1-16) 
where P; may be assumed as the canonical distribution with respect to the lattice 
Pr=exp 8 (2—bF); (1-17) 
p= Iyer and exp—PQ=Tr exp—bF 


If we take the average of the initial condition over the lattice states, then we have the 


density matrix describing the spin system as follows. 
o** (t) =0"™* (0) +4,07* (0) + 4,07* (0) + --- 


=o" (0) 1 \ de KGe= (t,) Pr), o7* (0) ] 


— {at |, aeeklG?* (4), [6*(4), 0”* (0) Pell) x (1-18) 


where ( )» denotes the trace operation after muleiplying the lattice density P;. Accord- 
ing to the definition of the trace 


(G?* (4) n= De al) FO) ) (1-19) 
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in which only the terms corresponding to w,=0 are surviving as we have neglected the 
satellites. The second order term becomes 


Aor * (0) = oS aa a] dt i dt, e (Wat Oy + Oy) ty Fi (wa! TF Oy +r )te 
A 


oe wl vw 
x {CF# (4) F* (2) )1(v) Lo") o* (0) 
+(F™ (2!) F# (A) o?* (0) (oT) 
ECE SAVE (A) SEY or 4 (0) T (8) 
— (F* (4) F® (0!) 10") o* (0) L() }. (1-20) 
According to the definition of the trace w,+,,==0, and if we neglect the satellites: 
WO, +@,,=0 is required. Suppose we concentrate our attention on a variation which ap- 


pears over a period including many fluctuations of the lattice, then the above equation 


can be rendered into an approximate differential equation for the spin density 


d Tx. d A. of * d T* 
=o. “4,0, 1-21 
dt ‘ a i ale ( ) 


where 


ibe i> a,¢F*(0) xT), o7*] (1522) 
and 


. A 4 a 
<A" Sra> Ward a dares (oy +o, Sal dr eh @atOu— Ov! )t 
t woyiy iv 0 


x [CF* (A) F* (2) de { I(r) 10) 0? * — Iv!) o *() } 
+(F# (A) F¥ (A) p{o7*T(o!) I(v) —1(v) 07 * T(r’) } J. (1-23) 


Coming back to the precessing frame, we now write down the differential equation for 
the expectation value of an operator Q” which is associated with the spin system as 
follows, 


Til — iQ, E"]) -1e6F1(0) Kn 1O)]) 
SSP in aif aetotece 
x (CFO FO yell QP, HON HOD)—F DEF YALE 1M 
= i(Q, ENT) iD dF"(O) )KLQ" TO) 


(EF (c) F#(0)) LQ" Le) EO’) — CF" (0) F* (=) KT)", LY Dt 
(1-24) 


where 
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(F¥ (2) F*(0) p= Dye (F* (A) FY (A) 
A 
(FY (0) F* (rz) ) =>)” CFF (A) F*() (1-25) 
a 
At this point we introduce an abbreviation for the integral which is involved in (1-23) 


C= * drei @ut ov)t( Bu (Q) FF (z)) =O 4iO™, (1-26) 
J0 


It should be remembered that %*” depends explicitly on the intensity of the radiofre- 
quency field, and so the situation is essentially different from that found with the origi- 
nal Bloch equation where the rate of relaxation does not depend on the saturation level. 
The behaviour of @” is determined by the correlation function (F"(0) F¥(t))» of the 
lattice part of the interaction, which is in general a rapidly decaying function of time. 


Suppose this correlation function is simple exponential in type, i.e. 


ida () chal CoD rn (1-27) 


where 


Gee IF EO) ees (1-28) 


then we have 


t ‘ 
pe oy \ dcré (o, + oy) t— byt 
0 


(1-29) 


: eli (n+ ov) — bist 4 
aie Wt ae: wT) My 
i(w,+y,) dy 
We remember that 9%” stands for the rate of the phase variation of (Q”), so that 
(Q*) becomes practically vanishing as soon as the product Jt becomes greater than 
unity. According to the relative magnitude of the four parameters, i.e. Oy, Wy, W, and 


d,, two typical cases are discriminated as the asymptotic behaviour of 
(A) The case in which Max (a,, «,, 6.) >¢,. 


C'~o 2 dy +i (@y+0,) | 


2 9 4 Q 2 30) 
2 by + (wo, +a,)? 
(B) The case in which Max (,, ,, by) <Cy. 
O*~ o,7t, (15 31) 


Owing to the condition w,>o,, which is valid except in the case of very weak constant 
field, the case 4740 belongs to the situation (A) and @” is approximately independent 
of the saturation level, i.e. 


0: Oma, ( Ooi) ores sq. (1-32) 
Ss, +o? 
Either situation (A) or (B) can exist for the case #=0. 

As a special case of the above formulae, i.e. when the radiofrequency field is very 
small, we have the familiar result hitherto obtained by putting a,,=0,,, and w,—0. 
In this particular limit there appears no dependence on the saturation level, and the 
transition from situation (B) to (A) due to the change in the relative magnitude of 
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@ and o, is what is called “ motional narrowing.” In this paper we include the magni- 
tude of the radiofrequency field explicitly and discuss the situation under saturation. The 
first order shift will be included into the resonance frequency itself, because it is not 
substantially dependent on the saturation level. 


§ 2. Relaxation due to the local field 


When I* stands for a component of a single spin vector in the expression of the 
interaction G, then the remaining part is considered as a local field acting on it. The 
hyperfine interaction between a nucleus and an electron is an example. In this case I(») 
is again a single spin operator and the coordinate transformation formula (1.14) is ex- 
plicitly given by 

T° |=[cos 9 — (sin 0) /2..— (sin 0) /2 ileeOs) 
sin 9 (cos@+1)/2 (cos @—1)/2] |I(+) (2-1) 
i iad sin 6 (cos0—1)/2 (cos8+1)/2]} LI(—) J. 
Here we choose the resultant spin vector as Q” and derive a differential equation for the 
expectation value. In this case |Q”, I(¥) | I(#’) involves the product of three spin opera- 


tors in general, so that the equation (1-24) is not linear in the component of Q?”. 


However, it does become linear if we have the situation 
ba, <kT. (22) 
Retaining the terms up to the first order in Sbw, we have the expression 


SES ena H {UO LO UC) Pb HoH) TENG LO) Do 23) 


for the third term in (1-24), where { , denotes the operation of taking a simple trace 
by replacing the density by unity. Thus we obtain the following linear equation in the 
rotating system of coordinate as a generalization of the Bloch equation. 

ae ' @, =—44+90, 2, Hie @* Ore 

1, |+|4+%,, 9% —o,+9%,|] = PRCT) D,* O, al (2-4) 
1 Oe) a+ Oy 0 O, G OX DP, 


oe 


d 
dt x 
Here the relaxation tensors Y, @* and @ are expressed as linear combinations of the 
quantities Y’ defined by (1-26) as is given in Table 1. In particular the expression 
becomes simpler when the resonance absorption is well-defind, i.e. (1-32) holds, and the 
result is given in Table 2. In this case we have the situation in which 9,= 9,=1/T, 
which is dependent on the deviation in frequency from the resonance. In contrast P,= 
1/T, does not depend on the deviation. Remembering s®=, and w+cw=a,, we 
realize that there acts a restoring force which is proportional to the deviation from the 
equilibrium polarization corresponding to the total instantaneous field, i.e. including the 


rotating component. The shift in the resonance frequency consists of the first and the 


second order contribution and is given by 
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Table 1. Relaxation constants (the quantities in the first row) expressed as linear combinations of 
Ory, 
angle between z- and 2’-axis. 


The bar on the top indicates a minus sign. 


The coefficients are tabulated using the abbreviations c= cos @ and s=sin 6, where @ is the 


| oo on o/0 0” F oni 
0, Cc s° 1+c l—c 
0, Cc s° 2s? c(c+1) c(c—1) 
0. 2s” (c+1)2 (c—1)? 
(8 2cs s(c+1) s(c—1) 
0, s s(c+1) s(c—1) 
o.* 2s? (c+1)? (c—1)? 
0. (+1)? (—1)? 
9, - cs cs 
D 2% 2cs s(c+1) s(c—1) 
0/01 @//\0 0/711 0/11 
0," 2cs s(c+1) s(c—1) 
0, cs s(c+1) s(c—1) 
Dry 2s* c(c#1) c(c—1) 
D yx (c+1) c—1 
Dy. s 
Dy | 2cs s(c+1) s(c—1) 
——_vrr SS —__$_—__—_—_—L——————$—_—_—_——_—_————————————————— 


Table 2. Relaxation constants (the quantities in the first row) expressed as linear combinations of 


@“”, using the same notations as in Table 1. 


(The case in which 0=9U=91=@!). 


@ 0/1 0” 
0, ce? s° 2 
0, (x4 st 2 
0. 4 
0,* 
o, s 2s 
@.* A 
0. 4c 
O,. cs cs 
O 2x 


0/701 Oo” 
0,* 3 : 5. = = ee ~ 
%y cs 2cs 
Dx, mS 
Dy x —2 
De % 
0. 
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4w,=(F° (0) >ry+20"", (2-5) 


P= 9,,=—20'" denotes the shift in the precessional frequency due to the second 
order perturbation, i.e. the self-energy effect, and has a positive sign in general (always. 
accelerating the precession). However, the imaginary part of @*” is much smaller than 
the real part, because we have the situation w,>(¢,, w,). Thus we can safely neglect 


the non-adiabatic shift and have the simplified equation 


d B es. — a o., : ds g Po, 
bI(I+1 
ae [, op 4 QD, —W, Ve = 0 : (2-6) 
: OQ sap v™g ie D0, 


At this stage the quantities @” and @'™ depend on time, although @” does not, there- 
fore it is not easy to solve (2-6) in general. However, the case of vanishing radio-- 
frequency field has already been solved by our relaxation function method,” so that along: 
the same line we consider several limiting cases in which @*’ can be simplified. The 
following two extreme cases can be discriminated according to the effect of the adiabatic: 
perturbation corresponding to #=0. 

§2.A. The case of rapidly fluctuating lattice. (7, <%) 

When the external system fluctuates more rapidly than the relative precession due 
to the distribution of the local field, it belongs to the situation (A) and 9” is given 


by 


P 2oF Puli (v=0,1): (2-7) 
21 42 
Wy +4, 
Therefore we have a perfect definition of relaxation constants including the effect of the 
non-adiabatic perturbation as it is given in Tables 1 and 2. In particular, if we have 
the condition 4,0, the relaxation constants do not depend on the intensity of radio- 
frequency field and are given by 
P= 9,=0"+20", (2:8) 
Pres 40". (2-9) 
In the special case of extreme narrowing, i.e. ,2>@, we have O « C= 2 wand 


PHT 9,} (2-10) 


which is an indication of complete isotropy. It is evident that the equation (2-6) 
reduces to the original Bloch equation’ when the intensity of the radiofrequency field is 
however the equation is different from the Bloch equation in the fact that it 
on the right-hand side of the equation. Thus the 


9)—13) 


negligible, 
contains @,, and there appears «, 
modification of the Bloch equation, which was proposed heuristically by several authors, 
has been derived in a natural manner. The meaning of this modification becomes clear 


when we look into the steady state solution of (2-6) which is given by 


550 K. Tomita 


1. Dispersion (x-component) : 


a bow (Oy PD, A (OF 0, 2(o; 24 — DP. P, y Yo) | (2 , 11) 
i= 3kT eb ee D a 0) : Do 
2. Absorption (y-component) : 
bw (w,@, Pay O.. 
= IC DP, 4a) (27712) 
es 3kT ee dias D Ag, \ 


3. zpolarization (z-component) : 


42 wD) | 
ps iO) ris 1 1) {6% P,+4 ) yi 4g ot ptta.) | ; (2: 13) 
: 3kT D w Dw 
where 
D= 0,24 0,0, 0,+070,—9,,4w. (2-14) 
‘P,. vanishes in the case of exact resonance or vanishing radiofrequency field. It has a 


negative sign in general, but in most cases it can be neglected, for J” owing to 
the condition @<d,. Thus the stationary solution becomes nearly Lorentzian in the 
shape of absorption, but it differs from the Bloch solution in the fact that (i) we have 
w instead of w, outside the bracket and (ii) we have additional second terms inside the 
brackets of (2-11) and (2-13). These are small but important differences. The reasons 
are: (i) In the limit of vanishing constant field our solution reduces naturally to the 
Debye-type formula, whereas the original Bloch solution does not. In this sense our 
modification corresponds exactly to the modification of Lorentz theory by Van Vleck and 
Weisskopf,” and Karplus and Schwinger’? in the theory of pressure broadening. In 
general shift and intensity change are expected as the result of this modification which 
has actually been observed in the low field experiments. However, at a high value of 
the resonance field the modification becomes trivial and we can safely replace w by wy 
outside the bracket, thus having a simple Lorentzian shape of absorption. (ii) The steady 
polarization to be observed at exact resonance can be described simply by saying that 
“there exists a canonical distribution in an appropriately chosen system of coordinates ”’. 
This was anticipated by Redfield,"”* but again was not the case for the Bloch solution. 
The detailed results are shown in Table 3, where the column (b) indicates the effective 
relaxation mechanisms which act against the nutational coherence under the given condition. 
(cf. Figure 2) It should be noted that the relaxation parameters do not depend on the 
power level of saturation so far as w,<¢). The effect of saturation is the simple satu- 
ration broadening which can be described by the modified Bloch equation. However, 
when the intensity of radiofrequency field becomes so large that w,>¢) holds, the spin- 


spin relaxation decreases with increasing power level in the following manner, 


* Originally Redfield introduced this type of description not for our case (A), but for our case (B) 
which will be discussed in 3 2.B and 23. B. 
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ay 2 in? 4 Pe 
O, = y= 08 % {cost | +1 ie altoets en VCa13) 


or at exact resonance 


CM Meso gy zy Get, 
a ltw/t, : l+tw2t2. FS 

It means that the line shape of the absorption deviates from the simple Lorentzian type, 
however it should be borne in mind that not every kind of deviation from the Bloch 
equation can be attributed to this type of effect. In fact it is rather rare that the situa- 
tion appears in which w,>¢)>0), and no example of this type of effect seems to have 
been observed yet* (cf. Figure 3). 

Usually the frequency dependent susceptibility y(w) =y' (a) —i7'(w) is defined 
under an excitations due to linearly polarized radiation, and it satisfies the symmetry 


condition 


yV(—w) =x (eo), 7! (—-e) =—- 7" (). (2-17) 


To satisfy these conditions we have only to augment the above treatment by introducing 


a counter-rotating magnetic field of the equal amplitude, and the results are given by 


tayo Xo \2 ae wo (@—©) mt o(@+o) | (2-18) 
ps2, (w—o)?>+ ~, P,(1+5) (wt)? + ~, D,(1+5) 


ae |, as 
ae ete Cae ek Gada aa! ae 


Table 3. Steady state polarization described in terms of an appropriate canonical distribution. 
(The description in (C)-(c) is not always reliable, because we neglected the terms corresponding to 
Wy, + Oys=<0). 


(c) The system of 
coordinates to which 
the canonical distribu- 


| (b) The condition under which the steady 


(a) The condition for the in state polarization is described by a canonical 


tensity of the static field. pT AT he ca 
F tion is referred. 
(Al) 01> (wy 9.) '/? Rotating system. 
(A) > (0,7/9z) (A2) | (w 92)? >a; > (Oy, 0.) None. 
(A3) (9, 9,))/? >a, Static system. 
(B1) 0) > (a 9,9) 5 Rotating system. 
(B) (0,2/0,) >wo> (0, 9,)'! (B2) (wy 9, 9z) 1/7? >a, > (0, 0,)'” None. 
(B3) (9, 0,) 5!" >a; Static system. 
(C1) oy > (0, 0,)1? Rotating system. 
(C) (0, 9,)'!" >a (C2) (9,9,)' >a; >a Instantaneous system. 
(C3) WOO) Static system. 


a 


* Bloch) ascribed Redfield’s results to this case, however his interpretation seems unjustified to the 


present author. 
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Fig. 2. The system of coordinates in which a canonical distribution can 


be used to describe the steady state solution. 


where the quantity 
=O FETS (2-20) 


indicates the degree of saturation. 
Obviously it reduces to the Debye 
type formula when the constant field 
is vanishing, whereas at a high value 
of the constant field the term involv- 
ing @)+©@ can be neglected as com- 
pared with that involving w,—, and 
the main feature is described by 
(2-11) to (2-13). The formulae 
(2-18) and ~(2-19) satisfy the 
Kramers-Kronig relation when the 
saturation factor s is neglected, but 
with s they do not satisfy the rela- 
tion owing to the loss of linearity 


upon saturation. 


Po F 


F/%q 


Fig. 3. Dependence of the transverse relaxation upon 
the degree of saturation. Case (A) in the local field 
model. (logarithmic scale) 
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§2.B. The case of rigid lattice. (o)>4,) 


When the external system does not actually fluctuate over many periods of the 
relative precession due to the distribution of local field, there is no assurance in general 
that we can draw any substantial information about the time variation of density matrix 
out of its short time behaviour. However, it does yield valuable information in a special 
case in which the origin of the width is due to many perturbers which have regular 
static arrangement.* A Gaussian shape of distribution is expected in this case as a result 
of the central limit theorem, therefore one can reproduce the whole line shape once he 
has the value of the adiabatic second moment. Being aware of this restriction, we here 
limit ourselves to this special case, then the case “=O belongs to the situation (B), and 


we have 


re eg (2221) 


which determines the main feature of the time variation, because J%"”<o, for U~O 


according to (1-32). The shape of the absorption is given by 
1 2 (@—ay)? 
fo Car x) Can Ke (2-22) 


\ 27 Cw? 


in this limit, and we cannot define a single relaxation time. On the other hand we 
know that the situation must be changed into (A) in the limit of extremely strong 


radiofrequency field, where we have 


Or = o?( by ). (2-23) 
: o,f +do 
At this point we try to interpolate between the two limits. In order to observe the 
qualitative behaviour we may replace the Gaussian limit by a corresponding Lorentzian 
line which has an equivalent half-value width. An example of the desired interpolation 
is given by 
Pp —o,' 1—s,}, (2-24) 


where 


= exp( —— 28%) (2525) 


represents the saturation factor. 0! is the half-value width in the Gaussian limit, and 
oc,’ is defined by the relation 

Ty =F Fs (2-26) 
where 


G_! =1.175 op. (2-27) 


The point of introducing the above sort of transcription lies in the fact that in this way 


we may use the Bloch type equation and its solution formally even for the case of rigid 


* When the perturbers are located irregularly, or at random, we cannot expect a Gaussian shape of 


92) 


distribution, even if the arrangement is static. 
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lattice. However, the transverse relaxations are now dependent on the power level of the 
radiofrequency, 1. e. 


2 Oo. ‘do | 1° O1 2-28) 
0,= y= | +o: {1 exp( bebo? La Cer ( 


although the longitudinal relaxation does not depend on the saturation level. Consequently, 
the behaviour of the line shape is now different from the simple saturational broadening. 


First we look into the case of the exact resonance for which the transverse relaxation is 


given by 
= Dy= 04 | il exp( ToGo | + orbs 4 
By” +0; b+ oy 
=o) (1-5) +o,*=o'(1—ps,), (2295 
where 
GF ae (2-30) 
by +0 
o’ =o,'+0o,*, (2-31) 
p =o, fo’, (2°32) 


In contrast to the case treated in the foregoing paragraph now the effect of saturation 


manifests itself as soon as w, becomes 


" 1/2 
O,> (a dy) fs (2: 33) 
The main difference lies in the fact that the forced-nutational modulation tends to prolong 
the lifetime of the spin state and induce the narrowing of resonance at least in the 


early stage of the saturation. In the case of the exact resonance @,,=0O and the steady 


state solution is given by 


1, Dispersion derivative (x-component) 


ln bw 1 | 
“ad air (ee | 0,(0,+02/0.) 
_ bol I+1)o, 1 
3kI a? (1—ps,) A—ps,+02/o' @.) 


=¢ 7) F (1—ps,) at 'D.) +, (2-34) 


2. Absorption (y-component) 


2 1 
I= Td+1)e oa 
Ls ( a : 0, +0,2/®, 
_ bol (I+1)o, i. | 
3kT 0" 1—ps,+ 07/0’ @, 
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= (f)° 1 | 
(h) 1—ps,+o,2/o' @, Wee (2-35) 


3. zpolarization (z-component) 
ite “e _1(1+1) | md 
1+a//®, 9, 


— boI I+1) | 1 
3kT 1+0,/ 9,0! (1—ps,) 


1 
ul +0,7/ —, cay (1 Z 05,) 


= (I.)° (2-36) 
where we denoted the solution below saturation by ( )°. The behaviour of this steady 
state solution is somewhat different according to the relation between d, and @.. The 
detailed characteristics are shown schematically in Figure 4, where we adopted the log- 
log scale to make the situation clearer. The results of the foregoing section are also 
given in broken lines for comparison. The following facts are to be noted. (1). The 
dispersion derivative survives the absorption upon increasing the intensity of the radio- 
frequency field. (2) For the case in which @#,>¢, the saturation of the z-polarization 
appears earlier than expected from the Bloch equation. 

To obtain the exact half-value width we must treat (2-35) accurately, however we 
may take ,.=+0 if we are concerned mainly with the asymptotic behaviour. In this 
approximation the half-value width 4). is given by 


dy= a! | 1—ps)(4 = diab an W (2-37) 


the behaviour of which is shown by the chained line in Figure 4(a). In addition, we 


oe: 


by which the dispersion derivative at exact resonance is directly related to the half-value 
width. In fact the survival of the dispersion derivative corresponds to the saturational 


narrowing. When the radiofrequency field becomes large enough to satisfy the condition 


w,>0![ 0,/0,*}", (2-39) 


have a simple relation 


a Gin)” ; (2-38) 


then there occurs the ordinary saturational broadening due to the life-limiting effect of 
the nutational modulation. Correspondingly the dispersion derivative at exact resonance 


begins to decrease in this region. 
In the above treatment we assumed that ¢, and 9%, are entirely independent of each 


other. However, when a single mechanism is responsible for both the transverse and the 


longitudinal relaxation, we have 


@.~ perm Fv Ou (2-40) 


2 
Oy 
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Fig. 4. Steady state solution as a function of the degree of saturation. 
Case (B) in the local field model. (logarithmic scale) 


A General Theory of Magnetic Resonance Saturation 557 


owing to the condition w,>o,>4¢,, and 


~, ~~ o.." Za 
—*.=_—# <1, (2-41) 
By Oe 
because g, is of the same order of magnitude as g). (2-41) implies that the situation 


belongs to Case 1 in Figure 4. 

It is possible to characterize the steady state solution by a canonical distribution in 
an appropriately chosen system of coordinates, however it should be borne in mind that 
@, is now dependent on the power level of radiofrequency in contrast to the situation 
(A). In the limit of the extreme saturation the situation can be described by a canonical 


distribution in the rotating system as was anticipated by Redfield.” 


§ 2. C. The case in which two types of relaxation mechanism are existent. 

There are many examples of nuclear resonance in solids in which the line shape is 
nearly Gaussian and the width can be explained by calculating the adiabatic second mo- 
ment due to the dipole-dipole interaction between nuclei. Suppose there is only one 
mechanistn of relaxation in this case, then the corresponding lattice relaxation should be 
very small and the resonance should be saturated already at a very low power level. In 
actual fact, however,- we have a rather strong steady absorption without the effect of 
saturation. This indicates the fact that there exists a second mechanism for the lattice 
relaxation. For example, in the case of nuclear resonance in metals the width is usually 
determined by the dipole-dipole interaction between nuclei, but the spin-lattice relaxation 
arises from the contact with the conduction electron. Let us accordingly look into the 
saturation behaviour when there are two types of mechanism for relaxation. 

If we continue to use the Bloch type equation for the whole range as we did in 
section (B), then the relaxation constant Y can be simply added in superposing two 
mechanisms. Of the three possible combinations of situation a pure Bloch equation is 
obtained in the case (A) +(A). The result is not essentially different from the simple 
Bloch equation, except for the case in which w, = 4, or =, which is scarcely realized. 
In the case (B)+(B) the lattice relaxation should be so small that it must be difficult 
to obtain a steady absorption. In view of this situation we treat here only the case 
(A) + (B) in some detail. So far as the spin-lattice relaxation is concerned, the effect 
of the process (B) can be neglected, therefore it is determined by the process (A). The 
spin-spin relaxation is obtained by adding up the contribution of both types, and is given 


by 
P =D, = 9, = Voq (1 —5,) + Pn (1—5), 


= 0! (1a Sa— (n>) =O (195), (2-42) 

where 
oc = Dy + D,,, (2-43) 
Ca = Poq/o", (2-44) 


=O e/a, (245) 
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Fig. 5. Steady state solution as a function of the degree of saturation: Case (A) +(B) in the local 
field model. (logarithmic scale) 
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and 
DP ——Wy 4 - =— On" 
a OGY side — lian Saar? (2-46) 
boat Dae 
TZ \ 
Bet gly oO 
0,,=c,, ss Seep( canbe). (2-47) 
bor +05 


Then the steady state solution is given again formally by the equations (2-34) to (2-36) 
in the foregoing section. The asymptotic behaviour of the half-value width 4). is given 


by 


2 1/2 
Aine! 1G —p)(1— ps0 )h (2-48) 
o 2 


where we assumed #,.=0. As it is rather rare to have the situation 0: >a. We may 
~~ > . . . . . . . 
safely assume 5, —~0, i.e. (5 ~/,5,. The behaviour of various quantities in this case is 


shown in Figure 5 schematically. The range of saturation of 7" is given by 
wg o’ Oi)? (2-49) 
Whereas the range of saturation of 7’, which corresponds to saturational broadening, is 
given by 
oo! (D,/ Vx)”. (2-50) 
In the case of nuclear resonance in metals the relaxation due to conduction electron is 


nearly isotropic, i. e. 


C=O, —V,,, (225.9) 
then (2-50) is written as 
w, = 0". (2552) 


These criterions are exactly the same as that proposed by Redfield’? in a heuristic 
argument. The situation in the present case is characterized by the fact that 
a (P./Pr,)'" » (o'@.)'"". If in addition there exists a condition 


CD, Cpe. (case 2yinFig. 5); (253) 
the saturational narrowing occurs for the range 
o! (,/Drg)'? > 0, > (0'D.)"", (2-54) 


By using (2-49) and (2-52) we can estimate the two kinds of relaxation time by 
looking at the asymptotes in the logarithmic plot. For example we obtained the results 
shown in Table 4 (a) by analizing the experimental data on AI” and Cu™ due to 
Redfield.” Here we should be careful about the correspondence between two kinds of 


phase unit 
w=27y and T=2cT. (25155) 
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In comparing our result with Redfield’s which is shown in Table 4 (b) we conclude 
that there is a factor 27 difference between the units of y(%) and T,. It should be 
noted that our results are consistent with the value T,=2.43X10~‘ sec/cycle which 
corresponds to the maximum slope width 4JH,,,.=6.2 gauss observed by Sugawara.’” 
The appearance of saturational narrowing before that of saturational broadening is 
qualitatively consistent with the situation found by Abell and Knight,” Redfield,'” 
Holcomb,'” and Sugawara." After fixing the values of #, and o’ we may determine 
the value of gj, in such a way as to reproduce the behaviour of (dy'/dH)) s=0 in the 


intermediate region. In the above example this reproduction is obtained by adopting 
by =O. (2-56) 


The results are shown in Figure 5. In principle it is possible to do a more detailed 
analysis by comparing the formula for the line width (2-48) with the observed data 
on saturational narrowing. The relation (2-56) is rather remarkable, however there is 
no way of explaining it here, as we have treated do» and WM, as entirely independent of 
each other. In order to obtain this kind of explanation we have to take into account 
the explicit form of interaction responsible for the relaxation, which we will do in the 


next section. 


Table 4 (a). Nuclear magnetic relaxation times of Al?? and Cu® as determined from saturation 
data. (cf. Reference 14) 


AP? Cus 

(* gauss 1.109, k.c. | 1.128; k.c. 

1 k.c. (kilocycle) 0.901, gauss 0.886; gauss 

v=o’ at Hy= 3.8 gauss 3.2 gauss 
y= AND 3 kanGs 3.61lo kc. 

i (6) == 2.372, X 1074 sec/cycle | 2.769, X 1074 sec/cycle 
TC) Ts 3.775, X 10-* sec/radian 4.407 X 10-5 sec/radian 
vy =9’ O. at Hhy= 0.186 gauss 0.22 gauss “seo 

1= 0.2063 k. c. 0.248; k.c. 

= | 4.258) X10! (c)? | 6.1633 X 104 (c)? 
0. = oi | 10.10 cycle 17.07 cycle 

ae ee 9.901 X 10° sec/cycle 5.858 X 10~? sec/cycle 

i= 1(205) ales 5.612 X10-* sec/radian 3.605 X 1075 sec/radian 


a a I WET ARIST TIRE STAT 


| Al? Cus 
g(v) sec | 2.12-+40.2 x 1074 2.28-40.2X 10-4 y ; 
T, sec (Redfield) 4.1+40.8 x 1073 3.0+0.6 X 10-3 
T, sec (Theory) | 5.06 x 10-3 2.26 X 1078 
AH/Hp | 0.237 X 1072 0.161 Xx 10-2 
(m*/m) v9 Py | 250 260 


a re ee ee ee eee 
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aves i TAP if 
‘ : ag 2.37 x 10-4 sec /cycle i 


T, =9.90 10? sec/cycle 
| Theory— : assuming os = iat 


Experiment | * ad 0 
é i i) ; ' (Redfield) : 
dHy/ ,=0 \dHy/ 4-0 : 
y=0 : ; 
lone aania as 
and 
(2) n=] (X”) a=o 
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| 
10-! 
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ie Fi; (gauss) 
Fig. 6. (a). Nuclear magnetic dispersion and absorption as functions of the 
degree of saturation in metallic aluminium. Theoretical curves are based on the 
local field model and an assumption ¢o,=@.. Experimental data were taken 
from Redfield (Reference 14). 
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Fig. 6 (b). Nuclear magnetic dispersion and absorption as functions of the 
degree of saturation in metallic copper. Theoretical curves are based on the 
local field model and an assumption ¢o,=@-.. Experimental data were taken 


from Redfield (Reference 14). 


§ 3. Relaxation in an interacting spin assembly 


The treatment described in § 2 cannot directly be applied to the case in which the 
relaxation is due to the interaction between spins of the same kind, for the effect of the 


quantum mechanical resonance cannot be taken into account in the local field picture. 
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In this paragraph, therefore, we develop the theory which includes the explicit form of 
the interaction from the outset. The general scheme, developed in $1, may be used 


also in this case, however the form of the interaction now becomes 


Gea Sy he Le Fs (\4.+4|=0, 1, 2) (3-2) 
S$ £ pls fy 


in terms of the single spin operators [,4s, etc., and after a substitution which is specified 


in Table 5 the treatment goes quite similar to that which was given in § 2. 


Table 5. Correspondence between the local 
field case and the case of interacting spin 


assembly. 
Local field model | Interacting spin assembly 
| Ui, 
ad | (Hs, i») 
v (Ys, Y2) 
Oy = — OR Oy = —O (Ms + Bp) 
@,=— av Oy = — (Ws Vs + Wp V2) 
4 (As, 42) 
@, (@1 5, 42) 
6 (Os, 92) 
duv Cyn Ca Vs 
Ov | O, Hs s> Hit 


If we take the magnetic dipole-dipole interaction as an example, then the interaction 
G is written in a form 


° CE (stk 3 =2) 
whete #=/4,+/4, and 


Vio=—h LLG teal, L*); (3-3) 
{st} +1 he i = i= hs (3 = 4) 
{st} y=ie ihe (3 . 5) 
M i“ 
Ne an ee (3 cos? @,,—1) =, ,F), (3-6) 
altel oo : ; ‘ 
ip ») c08 Hy sin @,, ectioee = pu, ——— Fy, (3-7) 
wo | Pee Oe \ ai ; 3 
lier ai ( 4 )sin By en2ivae =p.14(— ~~) Fy. (3 “ 8) 


In (3-6), (3-7) and (3-8) #, and , stand for the magnetic moments and not for 


quantum numbers. Suppose, in addition, we have only one species of spins which 
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participates in the process of relaxation, then t=s, 0,=0,=0, and the transformation 
formula corresponding to (14) becomes 


a= Bin {shy (3-9) 
i.e. explicitly 
"wielded | Stee S08 oes ic) © 3es 3s" ene ier rc 
Hid... a2 4 4 8 8 | 
(0h, | | 20 Rebs DS se) 850 || oy, 
Zz: eZ, 2 | 
54}; = es ele—1) peSeeechCad sh is (c <1) ste 1)) a 
| 2 2 2 2 
yt 
2% pes. 2 — Nz | | 
aR) sais s(c+1) iicoe 9! (=<) (<=) {st}, 
| 2 2 2 2 
| 
~ | | ae =Ga 2 2 
ae ae s(c—1) s(c+1) (<4 ) (ey ists 
ie | 2 2 2 2 ine | 


(3-10) 


where c=cos# and s=sin@, and v is the number of the quantum jump in the tilted 
system of coordinates in the rotating frame. The direction of the resulting field is 
chosen as the z-axis in this frame, and @ is the angle between this axis and the original 
zaxis in the static frame. As we did in the last section, now we try to find an ap- 
proximate differential equation which is obeyed by the expectation value of an operator Q”, 
which in our case will be chosen as the resultant spin vector I. 


The following commutation relations are useful in deriving the differential equation 


Table 6 (a). The values of coefficients Cy and K,. 


[L.(0) +100), {sth]=r sth, (3-11) 
[L(+) +h(+), {tha Gist, (3-12) 
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Table 7. Relaxation constants (the quantities in the first row) expressed as linear 
tions c=cos @ and s=sin0, where 0 is the angle between z and z’-axis. (The case 


Mates | eee Eee age (41) 2-1) $4 (C—1) @c$1)| 4 -s*C+1) 
0, i) 96-c*s* & 36+ c*s" 
- Gc?—1) + (s°+1) de | +(2c?+4c—1) - (2c? —4c—1) -(c+4) 
aoe 3Co— ll)! ie Rules %o-s? ge Ma (c+1) (2c—1)|%4-(C—1) ctl)! % -s?(c +1) 
9, 9 %4-c*s* ah GREE 
“(2c"—1) + (2c?—1) | + (8c? +c—4) - (8c? —c—4) - (4c+1) 
| 14-(c+1)? 14-(c—1)? 
0. | Was pac fiers = 2(¢44)2 
z | 72 °C S | -(2c—1)? | -(2c+1)?2 % -s*(c+1) 
0,* 33; | Wy «s(c+1) 1% -s(c—1) I «s(c+1) 
|  +(2c—1)? -(2c+1)* - (c7—c—2) 
0, ¥% -s(c+1) ¥% -s(c—1) s(c+1) 
E(2e— 1) = ei(2er=d) = - (c2—c—2) 
o,* $4 F2- Ct) 3 Y% -(c—1)? : f 
3c*s lb <2e—1)2 -(2c+1)? Voss (eal j= 
= | 16-(c+1)? 146-(c—1)? 
0, | é (2c—1)? a Ss s*(c+1)? 
WA 94 aU 2 9 
O,,| 2228 46 °Cs O25 ves os ly -s(c+1)* 1% -s(c—1)? W, aelede dye 
2 Geo | -ae-1) 4 cs i: cs ed) forest 4 -s(c+1) 
O 2% Nac | 14 -s(c+1) 14 -s(c—1) 14 -s(c+1)? 
a | + (2c—1)? -(2c+1)? -(c—2) 


em | | pe A$ o”710 O71 | oO” o”72 
0,* 3cs z | 44-s(c4+1) 16-s(c—1) Vasile 152 
. + (2c?—1) + (2c—1) (4c4+1)) -(2c+1) (4c—1) + (2c—1) 
tej WAS 9 sess 
6, aS eed ¥%-s(c+1) tos sc) | 
y -(22—1) | - (22-1) (cel) Ger ly, Cer ide ty) ee? 
Oxy Mgrcs? | Mocs? | gagr 4° CHI) (e~1)|4- C1) (Bc+1)| Y- S241) 
| + (4c2—c—2) - (4c2+c—2) -(2c—1) 
0,» | %e cs? Go + cs? Boag | 4° (+1) (2c—1))4 - (C—1) (2c +1)} 14-8241) 
| - (22 —2c—1) + (2c? +2c—1) “(E=2)= 
0, | 46 Cs, 960-33 36» cs* | 2+ s(c+1)* ¥-s(c—1)? | —., 
+ (2c—1) -(2c+1) V4 -s(c+1)8 
0., 36-8 14-s(c+1) Y%-s(c—1) (2e+1)| Y- 2 
y *(2e?—1) | +(2c—1) 44c+1)|_ - (4c—1) oe 
(VES aha {st} J=C, {st} 1, (3-13) 
CAsthy 15th yo KL? (4-1)? (3-14) 


where the values of C, and K, are given in Table 6 (a). In general the form of 


ma ; 
st st i 1 i 
A cae oe ais IN and the resulting equation does not become linear in regs 
e condition for having a resultant differential equation linear in Q” is given by 


(a) bwy<kT (Low frequency condition) , (3-15) 


combinations of O¥¥=@/2» + ;Q//H», 


of interacting spin assembly.) 
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The coefhcients are tabulated using the abbrevia- 


The bar indicates a minus sign. 
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a 


on. 0/20 Oo” O72 | 0/2 0/22 
4 -s*(c—1) 14+ s2(c+1) Uy wg? 
Sas eis? ee hi | 74> s"(c—1) ¥a*{e+1)5 —— 
-(c—4) eine * @c—1) » Qe# 1) : an y+ (c—1)8(c +2) 
14-s*(c—1) ow 14-s?(c+1) ore 1 | Yu 9 
Mite 3p 84. s%(2s2=1) | v4 s°(c—1) | %-(c+1)? ey oy 
Sigel eset) mae) en Cc ot 9 es (3 
yas et) pes! ACE ANG s(c—1)? | +(e $1)! 14 (e—1)3 
eo Is(e—= 1) Id a(ced) 5 s(c—1) 
-(C+e—2) -@e+e=1) A a ce ag) ea aa 
s(c—1) ¥6-s(c+1) ¥-s(c—1) | | a 
- (2-+c—2) C@btady | se —c21) | 2 ser De a seal" 
| 
at st(e= 1) 3s! 2s°(c+1)* 2=s*(c—1)? i eh 1+ (c—1)4 
| 
s*(c—1)? s*(c+1)? s(e—1)? | %-(e+1)4 ~— | 4% E— I) 
: ye = 8 a. 238 14+s(c+1)? 14-s(c—1 2 | | 
a-s\e=") Sd :@c—D) ea | %-s(c+1)8 esris(caal)e 
Ar Cs Se TEL T TTT ee aT 
- (C42) 72° CS “(Ge< 1) . @c+1) [esarrs\(Cae de 4-s(c—1)8 


a aoa. eee 
EEE anne 


o”2 


? = (—1)! 
+ (2c+1) 


s(c—1)2(2e+1) | 


Wa -s7(c—1) 
-(2c+1) 


14-s"(c—1) 
-(c+2) 


14-s(c—1)3 


%-+s(c—1)? 
+ (2c+1) 


34-'s° (2c? =1) 


%4-s(c+1)* 


O77) | 


O72 


Q//22 


O72 


s(c+1)2(2c—1) 


14. s(c+1)? 
+ (2c—1) 


4-s*(c+1) 

-(4c+1) 
14-s*(c+1) 
+ (2c—1) 


- (2c—1) 
¥-s(c+1)? 


+ (2c—1) 


s(c—1)?(2c+1) 
¥-s(c—1)? 
+ (2c+1) 


14-s*(c—1) 
- (4c—1) 


-s*(c—1) 
- (2c+1) 
1%4+s(c—1)? 
*(2c+1) 
14+ s(c—1)* 
+ (2c+1) 


16+ s(c+1)8 


14-s(c+1)° 


%- (c+1)8 
+ (2c—1) 


Mee (C+)9@—D 


¥y-s(c+1)3 


Wars (Catad) 


| Y-s(—1)8 


“Ws! 


Hs (e=1)8 
+ (2c+1) 


Wy» (e—1)3(e+2) 
| %-s(c—1)3 


| t4-s(c—1)® 


SN (nc nn EBON 


and 


(9) 


f=1/2, 


(3-16) 


which is severer than in the case of the local field model in as much as we have the 


second restriction. If we confine ourselves to this special case, we are allowed to use the 


commutation 


relations 


[sha {sth y= {(T,(v+y) +h.(e+)} 
[4st}_., {sth v= da LUM) FL e+4)} 


(3-17) 
(3-18) 
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where the numerical values of the coefficient d,,, are given in Table 6 (b). Retaining 


the terms only up to the first order in Bbw, we have 


SVT An OHO, {9} Asbo] 
Sal Mp eit 


— Pb (peo —V'G) C58} sO, £58" D)o| (3-19) 


as the third term in (1-24), where ( ), indicates the operation of taking a simple 
trace assuming the spin density as unity. The resulting equations are linear in Q” and 
are written in the same form as (2-4) in the previous section, however the definition 
of the relaxation tensor is now different. The detailed results are given in Table 7, 
where the relaxation constants are expressed in terms of the parameters DY SO ie 
which were defined in (1-26). In particular the condition (1-32) holds when the 
concept of resonance is established (i.e. w)>o,'), and the expressions become simplified 


as given in Table 8, where /*” should be read as an abbreviation for >} Pe. In this 
siz) 
case the restoring force is found again proportional to the deviation of the polarization 


Table 8. Relaxation constants (the quantities in the first row) expressed as linear combinations of 


02" = 0/+"+;0/¥", using the same notations as in ae 7. (Interacting spin assembly under the 
ng s & sp y 
condition 0°=O1=O1=0), and O° =O =O07=0"=0"=C*) 
0’ 0”) ov” 0” | 0” } 0” 
| i} | 
= (js = | is 
mea ‘ : | ae ayes 7 
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from what is expected in the canonical distribution under the instantaneous total field. 
The longitudinal relaxation @,=T,~' does not depend on the deviation from resonance, 
whereas the transverse relaxations @, and @, do depend on it, and moreover M, is not 
equal to Y, in general. This situation is markedly different from what we found in 
case of the local field model. @,, and @,, stand for the shift due to the non-adiabatic 
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effect of the second order perturbation. In the .special case in which Wy > b> 1, OF 
W>W,>¢, holds, the real part of @*” is much greater than the imaginary part, and we 
find that the differential equation for (Q”) is reduced to the form of (2-6). Although 
@” and @ do not depend on time, 0”, 0! and PD’ do depend on it according to 
(1-26), so that it is not simple to solve (2-6) in general. In this situation we try 
to find a simplification of the equation (2-6) in two extreme cases which are discrimi- 


nated according to the effect of the semi-adiabatic perturbation. 


§3.A. The case of rapidly fluctuating lattice (a) <d,) 

When the external system fluctuates more rapidly than the relative precession due 
to the distribution of the local field, it belongs to the situation (A), and the simplified 
equation (2-6) holds with time independent values of relaxation constants which are 
defined including both adiabatic and non-adiabatic effects. The only difference lies in the 
fact that here the parameter » can assume five values 0, +1, +2 in contrast to three 
values 0, +1 in the previous section. In the case in which ¢,>@ the relaxation times 
do not depend on the power level and are given by 

0,,=0,=T, 1 = 2,0" +30" 4 pr, (3-20) 
0,=T, = DO +40". (321) 


When ¢,>«, in addition, we have 0:0": 0? =8: 3:3, owing to (1-28), (1-32), 
(2-6), (3-3) and (3-8), and consequently 


0,=0,=9, , (3-22) 


which is an indication of the isotropic relaxation. All the qualitative discussions go 
similar to the case of the local field model, and the steady state soluton is written in the 
form of (2-11) to (2-13). @,, vanishes for the case of exact resonance, or for the 
case in which ¢,>@ owing to the fact that D°=@=’. In this case the shape of 
the absorption becomes completely Lorentzian, and it reduces to a Debye type relaxation 
formula in the limit of vanishing static field. The steady state solution can be described 
by ‘fa canonical distribution in an appropriately chosen system of coordinates”’, and the 
classification and the explanation embodied in Table 3 and Figure 2 apply also here. 
If, on the other hand, w, becomes greater than gy, i.e. the saturation goes to the ex- 
treme so as to overcome the external fluctuation, the transverse relaxation becomes 
dependent on the power level according to the formulae 
4c’s* s'( Zirh"): | 
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although the value of %, does not. At exact resonance these formulae become 


5 on are Stes 
ya a fFnot quinnuplislenansBibe acts Huis) 
BZ. 1+ (2,7)? 2 “It (a ape 1+ (2 7;) 
oe Ga is 
QP, = 2 Gihty [lsh apa bt 3 + t__ + — sa FT Sy (3-26) 
unas 2 1+ (20,7)? Doom Ve Chae 1+ (20,)7;) 


Again it should be noted that the limiting values are different for P, and %,. i 
limiting value is one half of the unsaturated value for Y,, whereas for P, it is of the 


same order as the longitudinal relaxation. The situation is shown in Figure 7. 


Fig. 7. Dependence of the transverse relaxation upon the degree of saturation. Case (A) 
in an interacting spin assembly. (logarithmic scale) 


§3.B. The case of rigid lattice. (7)>¢y) 

This is the case in which the external system does not fluctuate over many periods 
of relative precession due to the distribution of the local field. In this case we have to 
treat the system more dynamically in order to have complete information about the time 
variation of (Q”). However, let us again confine ourselves to the case of Gaussian shape 
absorption which is expected under a certain physical condition described in §2.B. In 
order to obtain a qualitative insight we again replace the Gaussian line by a Lorentzian 
one with an equal separation between half-maximums, and concentrate our attention on 
the change of this width upon saturation. Then, we may use the Bloch type equation 
(2-6) and its solutions (2-11) to (2-13) also here. When compared with the situa- 
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tion (A) the main difference lies in the fact that the transverse relaxations, Y, and ,, 
are now dependent on the power level of the rotating field, i.e. 


uv 
om) do oo” do 


/ 9 ( 
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ne ee ie Ger—1) +4es*(1—e O° +5") +8°(2—c°) (l—e G+ (2a)? ) 
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although the longitudinal relaxation Y, is not. At exact resonance we have 
9 ___ a0” bo 2 2 
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Z 
where we used the abbreviations 
Co "9 
s=sexp|——, 72 _| (3-31) 
d+ (20,)? 
Cc, == 23 aes o/*= 2. = FD ’ Oe 7 os'bs : (2-32) 
2 2 2 2 
16 2 df+a, dy” + (2) 
and o”’ and / are defined by 
| o/ =0,*+0,*+0,*, (3-33) 
p=o,*/o'. (3-34) 


In general, terms involving o, and o, are of the order of the longitudinal relaxation ~, 
and are much smaller than those involving o,, which determine the main feature of 


relaxation in the case of negligible saturation. The effect of saturation becomes tangible 


when 
o> (4! b)"”, (3-35) 


which is contrasted with the condition w,—> 4, in the situation (A). The behaviour of 
the transverse relaxations is shown in Figure 8, and it involves some significant difference 
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Fig. 8. Steady state solution as a function of the degree of saturation. 
Case (B) in an interacting spin assembly. (logarithmic scale) 
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as compared with the local field model. In @, the term involving o, declines to nought 
and those involving o, and o, survive upon saturation, which are of the same order, but 


not exactly the same as the longitudinal relaxation @, except in the case of complete 
isotropy, for @. is given by 


0.= 710, x 405°, : 
deta? | $24 2a)? 
On the other hand in , the term involving o, declines only to one half of the original 
value upon saturation, and remains of the same order of magnitude. Redfield anticipated 
this situation in a heuristic manner, but his quantitative expectation should be corrected 
according to our results obtained here. Now we look into the steady state solution for 


the case of exact resonance, which is given by 


(3-36) 


/ 1. Dispersion derivative. (x-component) 


| ad, _ bw a, {= Se ee : 
| dd 4kT o,*? \ (1—ps) (1—4 0 +0,7/0,* @,) 


“( 


2. Absorption. (y-component) 


, ae 2 St 
) Seas (1—495,+02/o,* @,) ) : 
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pie bo a, 1 | 
ds Ak, ty” 1—$p5+//o,*@, 


( 1 | 
Set Taye : 3-38) 
; \ 1—3p5,+0//o,* @, 


\ 3. zpolarization. (z-component) 


_ bo | 1 | 
“ 4kT \1+02/0,0,* (1—3 0%) 


1 
= Us | je Desert Tan be eon \. (3-39) 
su 1+, /@, 0% (1—$ ps) 

The behaviour of this solution is shown in Figure 8, which is largely similar to the 
case of Figure 4, except the fact that we have an asymptotic slope —2 instead of —4 


for the value of polarization plotted in logarithmic scale. Here, too, we have an asymptotic 


relation 


=1/2 
Aij2.~ dy ) (3 -40) 
dH, 


between the half-value width and the dispersion derivative. When ¢, and @, are not 
independent and are governed by single mechanism, the case (2) in Figure 8 is not 
realized actually. The steady state solution is again described by “a canonical distribu- 


i i i 2 e aware o 
tion in an appropriately chosen system of coordinates”, however we must be awa f 
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the fact that the definition of the relaxation constants D,, D,, DP. is now different. For 
a sufficiently high power level it is clear that the situation is described by a canonical 


ensemble in the precessing frame. 


§3.C. The case in which two different types of mechanism are existent. 
In section 2,C we have already treated the case in which the line width (spin-relaxation) 
and the lattice relaxation are determined by completely different mechanisms. The argument 
in this section runs largely parallel to that given there, however the largest difference 
lies in the fact that here we cannot simply superpose the effect of two mechanisms for 
the relaxation. Again the case (A) +(B) will be taken up as an example. Let us 
assume for simplicity that the process (A) is of local field type and isotropic, and the 
process (B) is characterized by the spin-spin interaction. The nuclear magnetic relaxation 
in metals belongs to this case, where the process (A) is embodied by the Fermi interac- 
tion of nuclei with the conduction electrons and is actually isotropic as was shown by 


23) 


Korringa. On the other hand the process (B) in this case is given by the spin-spin 
interaction between nuclei which are situated almost rigidly in the lattice, and the reso- 
nance line width is usually determined by this process. 

If we concentrate our attention on a single spin, at first it seems enough to super- 
pose the effect of two mechanisms, however in an interacting spin assembly there exists 
a multiple process in which the excitation hops from one spin to another by the reso- 
nance interaction in the process (B) and then relaxes to the lattice by the process (A). 
In order to take complete account of multiple processes we should retain the effect of 
the perturbation higher in order than the fourth. Although the effect of some interplay 
is expected already in the second and the third order terms, it can be neglected when 
the first order shift is small. Let us then concentrate our attention on a representative 
term in the fourth order which is given by 


Lets SLD ps. Pa apap apap IpIPIAPS MHA oh 


A1 A2 As Aa WI P2 Ms Pa VW V2 va v4 


t e t2 t3 2 i 
x ae |ade| de, | dt,e! (@d1 + Wua + Ovi) ty +7 (WAs+ Ou2+ Wye) to +21(@Ars+ Ou3+ ys) tsti(wa,+ Ou rt Ov,) ty 
0 


X (Ls 1) Fe A) Te He) Fed (Ao) [Ta (Ys) FA) Ee) F(a), 07* Pel] aos (3-41) 


where the suffixes a and 6 indicate those quantities involved in the processes (A) and (B) 
respectively, and ¢ ),,, implies the process of taking the trace after multiplying the 
canonical distribution with respect to the corresponding lattice degree of freedom. The 
following simplifications result from the conditions characterizing our example. 

i) 4,+4,=0 and /,+7,=0 from the independence of two lattice degrees of freedom 
and the definition of trace. ii) #,=/,=0 and ),=@),=0, consequently 


FPOE HG) i= CE Py (3-42) 


because the lattice in the process (B). is rigid with respect to the precession. iii) Neg- 
lecting satellite contribution, we have /+/4,=0. Let us define a correlation function by 
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(FP) Fi (4) SFP) FPG) elvale—, (3-43) 
and further assume a simple exponential decay of it as 
CFs (t) re (t;) » = “ |F#|?) e— Pualts—ts| = (3 : 44) 


Using the above simplifications, we can write down the contribution of the term 


given by (3-41) to the differential equation which governs the expectation value of OF: 
This is 


d i 
aab ()\T __ /,—10 
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where #¢;/==t—t, and t=4,)—t'=t—b. 


iv) By making use of the fact that the process (A) is isotropic, that is 
bp =Tt, > Max (|F,"|, @,, o,), we have 


tu 
ja a= 7) elWyp2T —iWyo te’ —10v5 tof CF# 2 e Pust 
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> tf CF #7?) T,.-+ constant. (3-46) 


be this term with the second order effect 4)” of the process (B), we find 


S (d+ Se) = SS Ao, Ana FSI) | deleiomt oe) Ee), VD 
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where the part embraced in the curly bracket can be compared with the contribution of 


the isolated process (A) 
(4, + 43") r= = ty aps Di4uave Airave < EM Tue We (¥5) Ue (Ys), Q" 1) a (3-48) 
2 v2 vs 


Let us bear in mind that (3-48) is an approximate initial stage solution of the dif- 


ferential equation 


Sf) B= — DS erates VFS) Falla) [ele2), QI). G49) 


(42 v2 


If we choose the spin angular momentum I as Q”, (3-49) can be written as 


d 
ig TG OB (3-50) 
dt ), ( ) 
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after augmenting the equilibrium polarization in the instantaneous system and taking the 
isotropy condition into account. Suppose we have the conditions [=1/2 and bw, <kT, 
then [I,(¥,)[,(¥,), I]] can be expressed simply by a linear combination of the components 
of vector I. In this case the part in the curly bracket of (3-47) is essentially the 
same as (3°48). Using then the solution of (3-49) as a more complete expression, 


the differential equation corresponding to (3-47) is simplified to 
+) Oe ArmAw. Als i ls Yards > QT) | del e~ Gon Fone, (3-51) 
b210 Vi va 0 


This is nothing but an analogue of equation (1-24) involving %’” which is defined by 
(1-29), except that ¢, is replaced by @, here. In other words g, is no more an in- 
dependent parameter, but is specified by the process (A) as 


G.=.. (3%52) 


We now proceed to show that the terms which have not been taken up have only 
a negligible contribution. For example the effect of the term ay" is masked by the 
process (A) itself. Terms of the type J{”” and di” generally oscillate and give satel- 
lites only. Terms like Jj” and J'"“" are negligible when the first order shift is small, 
and those like yi“ and y'””” have already been taken into account when the equation 
was written in a differential form. The relation (3-52) was found empirically in the 
previous section, whereas it has been derived theoretically here. Another difference from 
the. local field model lies in the fact that @.74@,. For the case in which the line 
width is determined by the process (B) and the lattice relaxation is determined by the 
process (A) we may define 


o! =, + Dry, | (3-53) 
ps aSa+ r55= (Ora/O’) 52+ (Oxe/0") 55, (3-54) 
\ pl! past p= (Gai/0") se (On,/20") 5, (3-55) 

and with them write 
P= Doq(1—5q) + Py (1 —5,) =o’ (1—ps), (3-56) 
pe ®,,(1—s,) + Px (1—¥s) =0' (1—p's/). (3-57) 


By using these notations we now have the steady state solutions at exact resonance in 


the following forms. 


1. Dispersion (x-component) 


dI, bo (Oe 
t= I(I[+1 D | Os tate 
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dd -3kT 
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2. Absorption (y-component) 
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1 bold+ da, [Ca gibt nah ibd on ides aes “r) 


3kT Q. 3kT o! ‘DP, 
(3-59) 
3. zpolarization (z-component) 
p= bold+1) [0+ ve Jae dels by (a+- Cio ) 
3kT ru, 3kT 0,0’ (1—p's’) 


(3-60) 
The behaviour of these steady state solutions with respect to the saturation level is 
largely the same as that given in § 2.C and Figure 5. In fact qualitatively it gives 
the proper way of describing the experimental results obtained by Redfield,"? Holcomb,’ 
and Sugawara,” i.e. (1) the dispersion mode survives the absorption upon increasing 
the power level, (2) the line width is directly related to the dispersion derivative at 


resonance by 
ESA CLA E lah Ge (3-61) 


When we compare the results with experimental data a further simplification is 
allowed by the condition s5,<1, consequently ’s’=39,5,. The observed characteristics 
are closer to Case 2 in Figure 5, although the condition ¢,~@, suggests a situation 
somewhere between cases 1 and 2. 

Again it is possible to describe the steady state solution by using a simple canonical 
distribution in an appropriately chosen system of coordinates and the criterion for the 
individual case is given in Table 3. In our special example we have the situation @,, 


=: @, and s,=+0, therefore 


P= D+ V,(1—4 So) =o (1—4 p55); (3-62) 
where 

o/ = D+ Px, a= D,/o'" A= Py/o', (3 . 63) 
and 

exp, — 75 D./{ D2 + (20,)*} |. (3-64) 
The two critical frequencies in Table 3 now become | 

vo = @,? /9,= (o'/a) (1—4 45)", (3-65) 

and : 

w,** = (9, 9,)'"=0'[p,(1—E Pr 5) de (3-66) 


so that. w,* and w,** are reduced to 1/4 and 1/\/2 respectively, but they are not 
changed in the order of magnitude. Consequently, the criterions for the validity of the 


canonical distribution in the rotating frame are : 
i) When 0, %.>0” 
v,> (a, %)'”. (3-67) 
ii) When (07/@.) >a,>(0'@,)'", 
0, > (o,0' @,)'”. (3-68) 
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In this way Redfield’s anticipation’? has been given quantitative criteria. The powet 


level at which the saturational narrowing appears is estimated to be 
(0,*)’=o'@, (3-69) 
according to (2:49), while the lattice relaxation . for the metallic nucleus is given by 


@,=1/T,= (QakT-/400,7) KERR) Dow (3-70) 


after Korringa.”” Therefore, we obtain the relation 


(w,*)* 0c T (absolute temperature). (3-71) 


This relation coincides with the characteristic behaviour of nuclear resonance in metallic 
copper at low temperatures which is observed by Sugawara.’ Concerning the absorption 
and dispersion derivative at exact resonance more quantitative comparisons are given in 
Figure 9. In the limiting cases of very low and high power levels the agreements of 
theory with experiment are satisfactory, however they do not really coincide in the inter- 
mediate region. The cause of this discrepancy may be traced back to several points. 

i) We have already mentioned that the Bloch type equation holds rigorously for 
the case of I=1/2 only, whereas in the examples taken up for comparison I happens to 
be 3/2 for both Cu and Al”. Therefore, the linear theory cannot be applied in an 
exact sense, although it can describe the overall characteristics. 

ii) The interpolation formula (2-24) connecting the Lorentzian limit to the 
Gaussian is, in a sense, a matter of convenience and is not actually established, although 
they give proper quantitative description in both limits. Point ii) may and should be 
improved mathematically, however point i) cannot be improved in a simple manner. It 


AR? 
' liza -37 X10-* sec /cycle 
‘  |F,=9.90x10- ® sec /cycle 
Theory— : assuming doe =T1 
Experiment (Redfield) | 


ai / ple 
dz ) ie di. =H , ' aria ae 
dHy/ y=0! \ dHo/ a=0 ae * je 
iy=0 , (% )a=o 
; x ' ' 
and en . 
i ‘ 
(2) a=ol 4”) a=o : \ : 
M=0 rs i 
i 
: ‘ 
Fh Pa ee eee ee yo SN eae ee 
10-2 1 10 
Fig. 9 (a). Nuclear magnetic dispersion and absorption as functions of the 


degree of saturation in metallic aluminium. 
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Fig. 9 (b). Nuclear magnetic dispersion and absorption as functions of the 
degree of saturation in metallic copper. Theoretical curves are based on the 
formulae for an interacting spin assembly. Experimental. data were taken from 


Redfield (Reference 14). 


should be pointed out that the local field model holds even for spins of [41/2 with 


its due reservation as was shown in the previous section. 


§ 4. Discussion and summary 


When we use the word “ relaxation” it seems customary to anticipate an underlying 
linear process (simply Markoffian process), however in actual relaxation processes, we 
cannot neglect the role which is played by the non-Markofhan process. One of the aims 
of this paper is to show systematically that exactly such a process is involved as a limit- 
ing case in magnetic resonance saturation, i.e. the case called ‘‘ anomalous saturation”, 
in which the observed characteristics do not obey the phenomenological equation of 
Bloch. 

The situation is similar to that in the case of “ motional narrowing”, which we 
shall discuss briefly at this point. When the motional frequency is greater than the 
frequency of the relative precession, which is caused by the distribution of the local field 
due to the interaction of the spin with its surrounding, the relative precession becomes 
moderated by the motion and is observed as an incoherent Markoffian process. This 
situation is characterised by the Lorentzian shape of the resonance line. When the 
motional frequency becomes greater than the frequency of the absolute precession, the 
behaviour of relaxation becomes essentially isotropic, 1. e. f= Ty } 

Under an application of a strong radiofrequency field a “forced nutation”’, i.e. 
the precession in the precessing system of coordinate, should be added to the above 


situation. The resulting behaviour is markedly different according to whether the 
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motional modulation is predominant (Situation (A)) or not (Situation (B)). 

Situation (A). In order to modify the relaxation behaviour in this case appreciably we 
must raise the power level until the nutational frequency becomes greater than the motional, 
for the local field is already moderated by the motional effect. In usual examples the relaxa- 
tion constant, which is given by (relative precessional frequency) °/motional frequency, does 
not change upon saturation, so that once we find the behaviour of the free induction, 
we can deduce the saturation characteristics by simply feeding the radiofrequency field 
into the phenomenological equation. The above-mentioned modification of the relaxation 
constant at the extreme saturation has independently been treated by Bloch,” however his 
ascription of Redfield’s observation to this case seems to the present author unjustified. 
It should rather be included in the case below. 

Situation (B). In contrast to situation (A) the motional narrowing is not yet 
tangible and a coherent local field is observed in the absence of saturation. Therefore 
the forced nutation itself plays the role of modulator above a certain critical frequency, 
i.e. [ (relative precessional frequency) X (motional frequency) |'”, and does disturb the 
coherence. In this way there appears “‘saturational (or forced nutational) narrowing ” 
which is analogous to “ motional narrowing”, and the line shape becomes Lorentzian 
upon saturation irrespective of the shape of the unsaturated line. In other words the 
relaxation constants, in particular the transverse relaxation constants, do depend on the 
saturation level under experimentally attainable conditions. It has also been found that 
in this case dispersion survives the absorption until the nutational frequency becomes 
comparable with the relative precessional frequency. This phenomenon is closely related 
to “‘saturational narrowing”. All of these characteristics are found in the phenomenon 
of so-called anomalous saturation, of which several examples have been observed by 
Redfield,’” Sugawara” and Holcomb." 

In the static frame of reference the forced nutation due to radiofrequency field 
corresponds to the repetition of forced emission and absorption and has an effect of 
limiting the lifetime of spin levels. This causes the so-called “ saturational broadening ” 
which exists in the extremely high power region in both situations, (A) and (B). 

When there are two different kinds of spin system interacting with each other, again 
the saturation behaviour is classified into two markedly different cases according to a 
similar criterion. The situation corresponding to Case A leads to a generalized Over- 
hauser polarization effect,” while the situation corresponding to Case B leads to the 
phenomenon of saturational narrowing.” The details will be given in a separate paper. 

Concerning the improvement of the present treatment we have already mentioned 
two points at the end of the previous section. Side by side it is highly desirable to 
investigate experimentally the relation between the dispersion and the line width. The 
case of very low constant field has been consciously excluded from our treatment, which 
therefore should be treated separately. The old problem of pure spin-spin relaxation™ 
belongs to this case, and seems to be another example of the non-Markoffian process. As 


the validity of the usual perturbational concept is dubious, we must be extremely careful 
in the treatment of this case. 
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There are several other examples of anomaly in the behaviour of magnetic resonance 
saturation, e.g. the case of ferromagnetic resonance™—” and also the case of nuclear 
resonance in high polymer substances.) For the latter case the reported evidence does 
not seem to be enough to prove that it is a saturational effect. If it is, we should 
learn much more experimentally about the specific saturation behaviour. The case of 
ferromagnetic resonance is outside the scope of the present treatment, which is based 
essentially on paramagnetic assumption, and has been treated recently from a different 
point of view.” Tt should be remarked, however, that common to all cases anomalous 
saturation occurs when the situation lies outside the range of validity of the linear 
stochastic phenomenology. In this situation we cannot identify the width of resonance 
with the inverse time of spin-relaxation in general, and we should be rather careful in 
interpreting the experimental data. In other words, it is not enough to calculate the 
value of the relaxation time supposing that it exists, but the proper form of the macro- 
scopic equation™ obeyed by the system under consideration should first be derived from 
the microscopic standpoint. The calculation of the conventional relaxation time, then, 
may or may not be meaningful according to the answer to the first and more fundamental 
question. 
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* For instance there seems to be little theoretical justification of Landau-Lifschitz’s*”) equation based on 


microscopic consideration. 


580 K. Tomita 


References 


1) F. Bloch, Phys. Rev. 70 (1946), 460. 

2) J. H. Van Vleck, Phys. Rev. 74 (1948), 1168. 

3) N. Bloembergen, E. M. Purcel and P. V. Pound, Phys. Rev. 69 (1946), 37. 
4) R. K. Wangsness and F. Bloch, Phys. Rev. 89 (1953), 728. 

5) R. Kubo and K. Tomita, J. Phys. Soc. Japan 9 (1954), 888. 

6) F. Bloch, Phys. Rev. 102 (1956), 104. 

7) A. G. Redfield, I B M Journal, 1 (1957), 19. 

8) F. Bloch, Phys. Rev. 105 (1957), 1206. 

9) M. A. Garstens, Phys. Rev. 93 (1954), 1228. 

10) R. S. Codrington, J. D. Olds, and H. C. Torrey, Phys. Rev. 95 (1954), 607. 
11) M. A. Garstens, L. S. Singer and A. H. Ryan, Phys. Rev. 96 (1954), 53. 
12) R. K. Wangsness, Phys. Rev. 98 (1955), 927. 

13) M. A. Garstens and J. I. Kaplan, Phys. Rev. 99 (1955), 459. 

14) A. G. Redfield, Phys. Rev. 98 (1955), 1787. 

15) D. F. Abell and W. D. Knight, Phys. Rev. 91 (1953), 216; ibid 93 (1954), 940. 
16) T. Sugawara, private communication. 

17) D. F. Holcomb, Bull. A. P.S. Ser. II, Vol. 2, No. 3, p. 129. 

18) A. Overhauser, Phys. Rev. 91 (1953), 476; 92 (1954), 411. 


19) T. Kanda, Y. Masuda and Y. Saito, private communication. 

20) J. H. Van Vleck and V. F. Weisskopf, Rev. Mod. Phys. 17 (1945), 227. 
21) R. Karplus and J. Schwinger, Phys. Rev. 73 (1948), 1020. 

22) C. Kittel and E. Abraham, Phys. Rev. 90 (1953), 238. 

23) J. Korringa, Physica XVI (1950), 601. 

24) C. J. Gorter, Progress in Low Temperature Physics, I (1957), Amsterdam. 
25) N. Bloembergen and R. W. Damon, Phys. Rev. 85 (1952), 699 L. 

26) R. W. Damon, Rev. Mod. Phys. 25 (1953), 233. 


27) N. Bloembergen and S. Wang, Phys. Rev. 93 (1954), 72. 

28) J. G. Powles, J. Polymer Science 22 (1956), 79. 

29) A. Odajima, private communication. 

30) A. M. Clogston, H. Suhl, L.R. Walker and P. W. Anderson, J. Phys. Chem. Solids 1 (1956), 
129. 

31) H. Suhl, J. Phys. Chem. Solids 1 (1957), 209. 

32) L. Landau & E. Lifschitz, Phys. Z. USSR 8 (1935), 153. 

33) FF. Bloch and A. Siegert, Phys. Rev. 57 (1940), 522. 


581 


Letters to the Editor 


The opinions expressed in these columns do not necessarily reflect those of the Board of Editors. 
Communications should be submitted in duplicate and should be held to within 100 lines (pica type) on 
standard size letter paper (approx. 21X30cm.), so that each letter will be arranged into two pages when 
printed. Do not forget to count in enough space for formulas, figures or tables. 


Note on the Strange Particle Effects 
in S-wave Pion-Nucleon 
Scattering 


Kiyoshi Nakayama 


Department of Physics, Tohoku University, 
Sendai 


February 14, 1958 


usual 7Z-meson theory 


Although _ the 
has achieved considerable success in repro- 
ducing the large P-wave phase shifts in 
pion-nucleon scattering, it has not been 
able to explain the observed S-wave phase 


shifts. 


investigate the strange particle effects in 


The purpose of this paper is to 


S-wave pion-nucleon scattering. 


If we confine our considerations within the 


—_ 
= 


lowest order strange particle effects, = par- 
ticle does not take part in. The interaction 
scheme that will be used here corresponds 


to the interaction Hamiltonian density : 


B "Ss a B We 
N 2 N N 
(a) 
ey ee a P S AN 
N N WY) AY: 
(c) 


Bigs, Ls 


H,=i9 byistePn Go 
Hi Psi LP aPat fon Pra Pa 
+f, yi sPrxbethelytePrabx 
+ hic. (1) 
where 
(1e) 9 = (1) ijn Ona (2) 


and (i, j, k) 


€;jx ate cyclic. 


in the three index symbol 

The lowest order strange 
particle effects for pion-nucleon scattering 
are given graphically by (a) —(d) in Fig. 
In Fig. 1, the 


broad line denotes either A or 5, and 


1 and their crossed terms. 


a-line the @,-meson. wee 

Using eq. (2), it is easy to derive 
the iso-spin factors for these processes. 
Apart from the numerical factor, (a), (b) 
type processes are expected to have the 
iso-spin factor of the form 7,7;, while the 
iso-spin factors of (d) type processes are 


for various (Y,, Y>, Y;)-combinations as 


follows : 
=a CPB OA 
seis things SAD SiQaieept ow 
>) >) 4 Tz T.— Ou 


g A, ar > Te T2—as 
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Our interaction scheme in addition to the 
above iso-spin dependence makes us infer 
that, if there exist some remarkable features 
which do not appear in the case of the 
usual Z-meson theory, they are included 
Thus our 


analysis has been done for the second 


mainly in (d) type processes. 


order terms and (d) type terms, and it 
has been investigated how these processes 
affect S-wave pion-nucleon scattering. 

The effective potential for the 7-meson 
is determined by the canonical trans- 
formation. This is then inserted in the 
relativistic Klein-Gordon equation for the 
z-meson, and the scattering in this potential 
is calculated exactly. This procedure is 
the “ potential approximation ”, which was 
first proposed by S. F. Edwards and P. T. 
Matthews”. 


completely parallel to their argument. 


Other detailed procedures are 


(In the course of numerical calculation, 
we neglect the baryon recoil.) Thus, after 
the lengthy and tedious calculations, we 
can get the S-wave phase shifts for pion- 
nucleon scattering at the low energy limit 


as follows : 


tan 0, ~ +0.04 (k/p) 
G) 
tan 0,—~ —0.30 (k/f.) 
for g?/4n=9,3/4x=gyt/42~10 and f2/42 
=fy/4=~1. This result shows the strong 
iso-spin splitting, but drastically contradicts 
the experimental data (tan 0, = + 0.16(k/y2), 
tan 0;=—0.11(k/z)). As regards the 
various coupling constants, we cannot find 
the values fit for the experimental data as 
long as we keep g?/472>10 and (others) 
<S9/47. Under the same condition, we 
can hardly get the result which is better 
than eq. (3) 7 


As there ate other contributions from 


all sorts of the fourth order effect, some 
change has to be expected for the values 
ofpeq. (3)s 


scheme, it is reasonable to infer that the 


But, under our interaction 


contributions from some of (d) type graphs 
are fairly large, even if the inclusion of 
other terms is done. So the  iso-spin 
splitting due to the strange particle effects 
can be expected for the S-wave phase shifts, 
as long as our H,, eq. (1), is adopted. 
It is also noted that there are some 
evidences” which show our interaction 


Recently J. S. 


Langer” has investigated the similar effects. 


scheme is inadequate. 
It must be also noted that his results 
depend on the use of different interaction 


scheme and the neglect of /-particle. 


1) S. F. Edwards and P. T. Matthews, Phil. Mag. 
2 (1957), 176. 

2) S. Miyachi, Prog. Theor. Phys. 17 (1957), 
Syl) Ie. 
K. Igi, Soryushironkenkyu 16 (1957), 361. 

3) J. S. Langer, Nuovo Cimento 6 (1957), 674. 


On the Lateral Distribution of the 
Electron Component in Extensive 
Air Showers 


Akira Ueda and Naofumi Ogita 


Research Institute for Fundamental Physics 
Kyoto University, Kyoto 
Department of Physics, Kinki University, 
Osaka 


March 1, 1958 


Recent experiments using the apparatus 
of large span have made it possible to 


Arbitrary unit 
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measure the lateral 


distribution of the 
electron component in each air shower.” 
The result shows that the shape of the 
lateral distribution is practically independent 
of shower sizes and altitudes at which 
observations were made, i. e., mountain 
elevations and sea level, and is in agreement 
with the Nishimura-Kamata (N-K) function” 
of: age=<1.3. . It has, 


considered that the high-energy nucleonic 


therefore, been 


component passing along the shower axis 


continues to supply its energy uniformly 
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to the soft. component as the shower develops 
towards lower altitudes. Thus the following 
speculation has prevailed: The rate of ener- 
gy supplied to the latter does not strongly 
depend on the amount ‘of energy carried 
by high-energy nuclear active particles, and 
the altitude variations of shower sizes are 
similar to each other at lower altitudes 
irrespective of energy of high-energy nuclear 


active particles. 
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On the other hand, the altitude variation 
of shower sizes should be governed by the 
rate of the energy supplied to the soft 
component, because its rate is intimately 
related to the inelasticity at high-energy 
nuclear collisions. Actually we have shown 
in our previous paper” (quoted as I here) 
that even for the fixed value of inelasticity 
the altitude variation of shower sizes is 
affected strongly by the energy of the 
primary particle. It is, therefore, necessary 
to test quantitatively how much the ine- 
lasticity affects the lateral distribution of 
the electron component. This is the aim 
of this short note. 

The model of high-energy nuclear col- 
lisions used here is the same as described 
in I. The calculation was made under an 
assumption that the lateral spread of 
electrons is only due to multiple Coulomb 
scattering of electrons and the effects of 
the angular spreads of nuclear active particles 
and two-photon-decay of neutral pions are 
As the structure function an 
approximate formula of the N-K function 


derived by Nishimura’) was used; this 


negligible. 


formula coincides with numerically values 
of the N-K function for s=0.6, 1, 1.4 
and 2 within errors of several percents. 
The calculation was made by the same 
procedure as in I, for primary energies of 
10°Mc? and 10°Mc, where Mc? is the rest 
energy of the nucleon. 

The results are shown in figures. 5 on 
each curve is the shower age of the N-K 
function which gives the best fit to each 
calculated lateral distribution and 7 is the 
inelasticity. In the dashed parts of the 
cutves there are some errors, because of 
the following reason. The shower age in 
the three dimensional cascade theory de- 


pends not only on the primary energy E 


but also on the distance from the shower 
axis as a function of (Er/&,r,), where €, 
is the critical energy in air and r, is the 
Moliere unit. Accordingly, the smaller 
r/r, gets, the more showers initiated by 
individual neutral pions are found to have 
ages larger than two. The approximate 
formula is no longer applied to the case 


For 1/1, 5-107? the 


number of such showers becomes considera- 


of such an age. 


ble, the contribution of such showers to 
the density of electrons is not large. For 
such a region, however, it becomes meaning- 
less to evaluate the density more accurately, 


because of the neglect of the angular spreads 
as stated above. 

It is interesting that the lateral distri- 
bution is insensitive to the value of the 
inelasticity and also to the primary energy. 
This fact contrasts with the fact that the 
altitude variation of shower sizes depends 
strongly both on the inelasticity and on 
the primary energy. Therefore, we see 
that the experimental result as stated above 
is not much related to the rate of the 
energy supply as has been considered, that 
is, to the character of high-energy nuclear 
collisions. Considering more finely, the 
ages at sea level are slightly larger than 
those at mountain altitude and also slightly 
smaller than the experimental one except 
How- 
ever, this slight discrepancy will be removed 
automatically, if we have a model which 
can explain the altitude dependence of the 
electron component. 


for the cases of 7=1 at sea level. 


The authors would like to express their 
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for helpful discussions, One of the authors 
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A Possible Size Effect on the Plasma 
Oscillation of Electrons 
in Solids 


Yoshi H. Ichikawa 


Department of Physics, Tohoku 
University, Sendai 


March 3, 1958 


In recent years,’ many experimental 
investigations have been catrried out on 
the excitation of electron plasma oscillation 
in solids. Analyses of these experiments 
gave substantial support for Bohm-Pines’ 
plasma _ theory of electron interaction in 
solids.” 

The purpose of the present note is to 
point out possible manifestation of the 
plasma oscillation of electrons in solids. 
According to the theory, the frequency 
of the plasma oscillation is determined by 


the following relation, 
bw=bo,4+ (T) /bo,: (b?k?/m), (1) 


neglecting higher order terms of k. In 
eqs.sCL), (T) is the average kinetic energy 


of valence electrons and w, is the well- 


known plasma frequency (47 e?n/m)'” with 
the electron density n. 

We call one’s attention to the fact that 
the wave number & of the plasma oscillation 
is equal to momentum transfer to a valence 
electron from external perturbation which 
excites the plasma oscillation of valence 
electrons. Thus, in the case of electron 
bombardment, the & term could account 
for the angular dependence ofthe eigen 
energy losses accompanied by the excitation 
of the plasma oscillation.” 

As another possible manifestation of the 
effect of k term, we will discuss an ob- 
setvable effect of it for a finite size crystal. 
For a finite size crystal of linear dimension 
d, it is possible to have only a stationary 
wave with maximum wave length given by 
Jnax 2 2d. In other words, it gives minimum 


limit of the wave number k as 
henin = 20) Aran 
Putting this into eq. (1), we get 
bo =bw, + (T)/bw,: (7b? /md*). (2) 


Watanabe has tried to observe such 
finite size effect for Al.” 
of Al, the contribution of the second term 


For the case 


of eq. (2) is evaluated as, assuming the 


valence electrons are free, 


38/D? V (2) 
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where D is measured in the unit of 
angstroms. Fig. 1 shows the comparison 
of the experimental and theoretical results. 
According to the above estimation, the 
observable effect is expected to show up 
itself for rather small grain size less than 
50 A, contrary to the experimental data. 
Contibution of the surface energy to the 
average kinetic energy (7) is estimated 
according to Swiatecky’s theory.” The 
correction is in right direction, but the 
amount of it is extremely small so that 
it fails to explain the discrepancy in the 
data. 

To get conclusive results for the effect, 
it is necessary to advance the experimental 
techniques to achieve higher energy res- 
olution, as well as to use more tiny crystal 
grain. 

It is a great pleasure to thank Dr. 
Watanabe for his kindness to inform us 


of his experimental data. 
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Hyperon Decays and Characteristics 
of Interactions between Elementary 
Particles 


Yukio Taguchi and Rokuo Kawabe 


Department of Physics, Kyushu 
University, Fukuoka 


February 26, 1958 


The weak interactions describing decays 


of elementary particles have some regularity 
and universality. At first, as is well known, 
the Fermi type weak fermion interaction 
with the same universal coupling constants 
for parity conserving and non-conserving 
terms has explained successfully the nuclear 
f-decay and 7-p-e decay. As for the pion 
and K-meson decays, it also seems that the 
universal weak boson fermion interaction 
of gradient type with the same amount of 
even and odd parts is more desirable than 
the direct type coupling ; e.g. R,=W (m7 
e+v)/W (x>p+¥) =5.5 for direct coup- 
ling, while R,=1.3%107* for gradient 
coupling,” and similar ratio of K» to Ky» 
mode is 1.1 and 2.5X10~° for direct and 
The latters 


in both cases are not inconsistent with 


2)3) 


gradient coupling, respectively. 
experiments. As for the hyperon decays, 
moreover, recent observations on the angular 
asymmetries have appeared to emphasize a 
similar tendency. We write the interaction 


Hamiltonian for the hyperon decays : 


HG, Va Nbr +9’ Pats l Pn +h.c., (1) 


and 
A, me 19> Pa Vu gy Ou bx 
+19! Pat s1u $1 Ou Gn +hec. 5 (2) 


here suffices a and b refer respectively to 
a parent and daughter particle with spin 
1/2. In what follows, quantities with 
sufhx 1 and 2 correspond to the interaction 
(1) and (2), individually. Let @ be the 
angle between the direction of polarization 
of the hyperon and the momentum of the 
decay pion in the c.m.s. of the hyperon. 
The decay distribution function for @ in 
the case of (1) and (2) are given by 


W (0) d2 
=A, {(\9;|?/47) + (B;/2)? (\9s'[?/4z) } 
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xX (1+4;Pcos 0)d2/42 (i=1, 2), (3) and 
where P denotes the degree of polarization A,= (1/4) (1/m,)*{ (mg mn)? 
of the hyperons (jPi=1); 9 2) 1/2 
YP — m2} { (my—m,)?— m3} . 


a,=B; Re (9:*94!) /L 94? + (B,/2)*\9:' |" 
(4) A,= A, (m,—m»)*, 
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B,=2{(m,-+m,)?—m,}~"" 


1/2 
2 


B= B, (m, =F m) 7. (ny= Mp) « (5) 


Xx { (m,—m,)*—m,} 


Calculated results are presented in the 
tables and figures. The last columns in 
these tables are obtained from comparing 
(W,,(@)d2 with the observed lifetimes and 
exhibit that we may suppose the univer- 
sality of coupling constants in the hyperon 
decay interactions. Large anisotropies 
have been observed in A’ and S}* decays, 
though not in >) decay. For experi- 
mental values of aP~0.5 for the A’ decay 
and ~—0.37 for the >}* decay,” ine- 


qualities derived from (4) : 


be ~  B,Re(9;*9,') 
ep) a) Pp 
\oel?-+ (B,/2)?\9."|? 


B\9\\ 9s" | 
) 19+ (B/2)7\9¢ 7? 
— B,\9:|/\9:' | 
(\96l?/|9./ |?) + (B,/2)?” 


(i=1, 2) 


(6) 


are not satisfied with the interaction (1), 
but consistent with the interaction (2), 
under the assumption |g7;|~|g;,’|, which 
has been also assumed for the weak fermion 
interaction (see the figures). The final 
state interaction would not change our 
conclusion essentially. 

From above, we might expect that all 
the decay interactions not conserving parity 
come within the category of the second 
kind interactions (in which the coupling 
constants have dimension of positive power 
The classi- 
fication into the first and the second kind 


interactions according to the dimensional 


of length in natural units). 


character of the coupling constants was 


proposed by Heisenberg” and disdussed by 
Umezawa” in connection with the renor- 
malization procedure. It is interesting to 
note that various substantial contents of 
this classification are now illuminated by 
recent experimental development on decay 
and scattering phenomena. Some comment 
on the expectation that the strong inter- 
actions conserving parity belong to the first 
kind interactions will be discussed in some 
other place. 

The authors express their cordial thanks 
to Prof. T. Eguchi, Prof. S. Hori, Dr. 
Y. Ohnuki, Dr. S. Nagata and the mem- 
bers of Kyusyu University for helpful 


discussions. 


Table I 


decay scheme 4A, By, {\91|?+ (By/2)?| 9) |?}/4x 


A9>P+n7 2.61073 0.11 1s KOR 
St5P4+7° 47 7 0.20 3 a7 
STO N+nt 4.5 7% 0.20 32 
>> N+27 46 4% 0.20 14 4 


S- 2M+7- 36 4 0.39 


Table II 
decay scheme A:/m.2 Ba Uge)?+ Belz os 
mz" /4x 
A9->P+ 77 4.21073 1.2 8.6 X 10-15 
SVP+7° 16.6 47 ile 8.7 4% 
SYON+n* 14.4 4 674 10.1 +7 
SP oN+e 156 7 40 4 


E>A+n- 7.2 4 
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The Spirality of the Decay Product 
Kanji Fujii and Kenzo Iwata 


Department of Physics, 
Hokkaido University, Sapporo 


March 1, 1958 


It can be shown that the spiralities of 
the decay products have simple regularity. 
This stems from our previously mentioned 
standpoint” and one additional assumption 
that the all weak interactions must be 
universally V-A coupling.* Then our 


interaction Hamiltonians for weak processes 


are restricted to (1). 


* From our standpoint which postulates the I/’5T 
invariance for interactions, the mixing of V—A and 
S—T-—P type is forbidden except V). The order 
of four fermion fields is taken so as to allow such 
separation. The assumption that (Ap) (p n) and 
(An) (p p) are of the same form necessarily leads 
to that A—% interaction is of V—A type. 


i) foie! Pa) Go A F7s) 1 ¢u) +H.C. 
ii) fe. 1FET TP.) ie! Gy) +H.C. 
iii) f (Pp 7p’ Pn) (Pu 1 F 7s) 7H) + H.C. 
| hw . (1) 
iv) tO» eal - i) jen) (Pucor e) Oe is) rpPv) 


+ H.C. 
vy) fx Fs). %p) Gri e' Ya) +H.C., 
where 7,/=7, Of 757, %- and 4, are anni- 
hilation operators of e~ and /4~ respectively. 
For simplicity, p and n fields are transformed 
simultaneously under the individual 7, 
transformation (abbreviated as I/’;T).” 
From the postulation of I/’,T invariance, 
the phases (defined in reference 1) ) satisfy 
(2). (4’(6# a) is the change of phase 
of ‘a’-field ¢, when $,—> 797'75%r) 
i) qe hy = a: 

ne oy Sok Land ai py 
(for all particles a except e and »), 
ii) qe Qu= +1, 

He. = +1 and He Ne 1, 
(for all particles a except e and /4), 


we 


iii) f*nt=+1, 
netg’=+1 and nf*y"*=1 (2) 
(for all particles a except // and »), 
iv) DAN Os" 
es for a=, A, 2 and », 
| and = “for ae) 
+1 for all a’s, 
=} —1 for a= and. A, 


and +1 for other a’s, 


1 for. ¢=— and », 


‘ and +1 for other a’s, 
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(for all particles a except A and ‘). 


Double signs are of the same order as in 
le 

Now, it is well established that in 
f-transitions the polarization is nearly 
—(+)w/c for e(e*).” Then the only 
allowable choice is the upper sign for i). 
Admitting this choice, other signs are 
automatically settled, e.g., 7.°*,=1 of 
i) and 7,°*7,’=1 of iii) demand 7.*7,/°=1. 
In this way we can find a simple law for 


the phases of leptons. 


| 
Niep.a%iep.2—= +1, for all particles a | 


2’) 
The upper signs of ii) and iii) are allowed 
byo2)s 

The restricted Hamiltonian, 
ii’) fG¢ == 09) Vp Pu) (fy Tp Pv) +H.C., 


can predict the e* emitted by 4" is right- 


handed. Furthermore, 
iii’) f ots’ Pn) Gp A—7s) 759.) +HC,, 


predicts the spirality of #* meson produced 
by z* decay to be left-handed.* Then 
the e* must be emitted by /* preferentially 
backward to the direction of its motion. 
This is consistent with the experiment. 
The predicted behavior of 7*—ps*—et 
chain is illustrated in Fig. 1. 

By (2’) and yx*7g=1 (for all a’s except 


* The matrix element for z~-decay is assumed to 
be written as 


~A (dy (p) - 1-45) roby (9) kon (AD 
-O'(p+q—h).® 


of v), iv) is restricted as 


A and %N) 


follows. 
iv’) f(G,1 Fr) 7a) 
(Gyuccrayk =F Tod tLe 


From iv’), we predict 
the similar behavior 
between K* —ps* —e™ 
and * — p+ —e* 
chains. This is con- 
sistent with the ex- 
| periment.” 

Finally we briefly 
note the reason why 
we choose the V—A 
coupling as the uni- 
versal interaction of 
an weak processes. As 

ep we shall show in a 
later issue, if we choose S—T—P coupling 
for (-decay, it is impossible to determine 
the phases consistently with experimental 


facts. There are many other reasons pre- 


ferring to take up V—A coupling. As is 
well known, the asymmetry coefficient in 
polarized A decay is large.®’ This fact 


necessarily requires to chose V-A coupling 
as far as we assume the [/',T invariance. 
Furthermore, the derivative coupling is 
rather better to suppress the rate of (decay 
of a boson than that of the direct coupling. 
In view of these facts, the universality of 
V—A coupling for weak interactions and 
our standpoint are very natural. 

The details of this letter will be published 


in a later issue of this journal. 


1) K. Fujii and K. Iwata, Prog. Theor. Phys. 18 
(1957), 666; 19 (1958), 475. 

2) Rehovoth Conference on Nuclear Structure 
(1957). 
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3) For example, R. L. Garwin, I].°M. Lederman 
and M. Weinrich, Phys. Rev. 105 (1957), 1415. 

4) H. Miyazawa and R. Oehme, Phys. Rev. 99 
(1955), 315; S. Furuichi, et al, Prog. Theor. 
Phys. 17 (1957), 89. 

5) C. A. Coombes, et al, Phys. Rev. 108 (1957), 
1348. 


6) F. S. Crawford, et al, Phys. Rev. 108 (1957), 
1102; F. Eisler, et al., Phys. Rev. 108 (1957), 
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Reevaluation of the Electric Quadru- 
pole Moment of the Deuteron 


Hajime Narumi, Tadashi Watanabe,* 
and Osamu Nakahara* 


Yukawa Laboratory, Institute for Chemical 
Research, and Physics Department,* 
Kyoto University, Kyoto, Japan 


February 18, 1958 


The most recent experiments by the HD 
beam magnetic resonance method with high 
precision” have given us the following 


nuclear quadrupole coupling constant : 
— CeQuq) it = 224540 +60 c/s, (1) 


which is accurate about 100 times in com- 
parison with former experiments and also 
more precise than the experimental value 
of the pure deuterium molecule”, where 
several well-known constants are included : 
the elementary charge e, the Planck con- 
stant 4, the electric quadrupole moment of 
the deuteron Q., and the electric field 
gradient at the position of the deuteron 
q=(OV/z">o1, which should be averaged 
over the vibrational (v=0) and rotational 


(J=1) quantum states. 


In the present stage the most accurate 
value of the quadrupole moment of the 
deuteron evaluated through the electro- 
magnetic interaction is considered as based 
upon the theoretical calculation of gq ob- 
tained by the use of Newell’s variational 
function,” 

Although an error of 4 percent in the 
dissociation energy given by this electronic 
wave function is as much as about 10. per- 
cent improvement over that by Nordsieck’s 


function,” 


this improvement in the dis- 
sociation energy does not always correspond 


exactly to that in the wave function itself”, 


-and thus even Newell’s function would not 


be good enough for the evaluation of Q, 
in comparison with the accuracy of the 
recent beam experiments. Our final evalua- 
tion of Q, by making use of the James- 
Coolige (11-term) wave function” is now 
in progress, 

In these calculations there are serious 
problems in addition to the problem of 
the above mentioned electronic wave func- 
tion. One is the problem of the average 
over the vibrational and rotational states, 
where some ambiguities are involved in the 
wave function of a non-rigid vibrating 
rotator without exact potential and also in 
the interpolation method for the depen- 
dence of q/(R) on the internuclear distance 
R (q=—2q'/5 for J=1). 

Before making the conclusive calculations 
we attempted to improve these two points 


Thus in 


consideration of the special extension of 


for a preliminary verification. 


the vibrational wave function we refine the 
interpolation of q/(R) by adding a new 
value of q/=0.09304 au. at R=1.6 a.u. 
Then we found the 


following value with some refinement in 


to Newell’s results. 


the vibrating rotator : 


592 Letters to the Editor 


CqyF7=0.1758 a.u., (2) 


instead of Newell’s value of 0.1745 a.u. 
And also in regard to the first excited 


vibrational state we obtained 
(q/) HP = 0.1804 au. (3) 


Our value (2) was equal to the value of 
(q’)p3 in the above approximation, while 
Newell’s value for D. was 0.1749 a.u. 
Such results mean seriousness of the inter- 
polation method mentioned above, including 
the problem of the interpolation function 
(an expansion formula). 

Then taking the average of the two 
nuclear coupling constants of (1) and the 


value of 1/h(eQyq)ii, we obtained 
Qa= (2,721 + 0.016).-10-” cm?,; (4) 


where a probable error of 0.6 percent is 
to be considered barely in the above pro- 
cedure. 

No detailed discussions about the present 
calculations and the related deuteron pro- 
blems can be done untill our conclusive 
evaluation is brought to completion. 

Finally we wish to thank Professor N. 
F, Ramsey for sending his unpublished ex- 
perimental data. 


1) N. F. Ramsey, private communication. 

2) N. F. Ramsey, Molecular Beams (Oxford, 1956), 
238. 

3) G. F. Newell, Phys. Rev. 78 (1950), 711. 

4) A. Nordsieck, Phys. Rev. 58 (1940), 310. 

5) H. Narumi and T. Watanabe, Prog. Rep. 5 
(1955), 32. 

6) H.M. James and A. S. Coolidge, J. Chem. 
Phys. 1 (1933), 825. 


A Covariaut Interpretation of the 

Existence of the Parity Non-Con- 

servation and the New Freedoms 
for Elementary Particles 


Ken-iti Goto 
Osaka University, Osaka 
March 3, 1958 


In the recent investigations of funda- 
mental properties of elementary particles, 
two remarkable discoveries have been made. 
One is the foundation of the concept of 
strength of interactions, performed by Pais, 
Gell-Mann and Nishijima, leading to the 
classification of new particles, even though 
it was attained with a model in an imagi- 
native space and there seems to remain 
some unsettled problems with respect to 
leptons. The other is the discovery of the 
existence of parity non-conserving terms in 
weak interactions, although it is not yet 
explained why such non-conservation occurs 
only in the weak interactions and not in 
the strong interactions ; this was suggested 
theoretically by Lee and Yang and deter- 
mined experimentally by Wu et al. This 
discovery was decisive because the parity 
non-conservation concerns with the ordinary 
space time, while many sorts of non-con- 
servation occur in the former model space. 

These are the most fundamental progress 
made in the recent years, and it seems to 
be one of the most important problems in 
the basic theoretical physics to give a com- 
prehensive explanation to these properties 
of elementary particles. It seems to be 
possible to say that these problems should 
be settled simultaneously, because the non- 


conservation problems may be solved con- 
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currently with the physical nature of inter- 
actions and then it will become possible to 
give a reason why the parity is not con- 
served only in the weak interactions. 

Anyhow the fact is established that the 
fundamental properties of particles cannot 
be derived from the covariance in the 
Minkowski space. In this note we will 
propose a possible covariant interpretation 
of these problems, by assuming a slight 
non-Riemann deviation from the Minkow- 
skian structure of space time. By assuming 
a certain torsional deviation of space time, 
at least in the domain quite near the 
matter, of the magnitude of the order of 
the weak interaction . coefficient, we can 
show that (i) a covariant interaction term 
can exist, approaching to the so-called 
parity non-conserving term in the Minkow- 
ski approximation, and can occur only in 
weak interactions and disappears effectively 
in strong interactions, (ii) two sorts of 
spin like new freedoms can be derived from 
the structure of four dimensional space 
time, without any fictitious space, in the 
same manner as the ordinary spin was 
derived from the Minkowskian space time 
structure. 


Our intention is to introduce a space 
time structure with extra fundamental ten- 
sors yielding fundamental structural quan- 
tity with the transformation character of 
a pseudoscalar. Since the order of magni- 
tude of weak interactions seems to be larger 
than that of the gravitation, the above 
stated properties should be derived even in 
cases with negligible gravitation. So we 
will introduce a slight tortion of the space 
time structure. We assume a space time 


structure with a connection 


Liv= ee +ah,+ 2%, 


where {7} 


is the Christoffel symbole 


(which is not a tensor), a), and Q%,+are 
the symmetric and antisymmetric (with 
respect to #4, ¥) parts (which are tensors) 
of the connection having a magnitude of 
the weak interaction. 

(i) We can construct a tensor anti- 
symmetric with respect to all pairs of 
indices by the covariant differentiation (,0) 


and the antisymmetrization (| |) : 


Quy = hi Dry, vp], 6 


Ovx1™f, (coefficient of weak 
interaction). 


Then the terms having 9;,,, can play an 
effective role only in weak interactions and 
can make the so-called parity non-consetv- 
ing terms, in the Minskowski approximation, 
covariant. The covariancy of O3,,,7°7"7"7? 
makes the terms with §° covariant. The 
terms aé,4,¢, and 64,4, can have the 
same transformation character if 97 is in- 
volved in either a or 6. These give a 
covariant interpretation of Lee-Yang-Wu 
et al’.s experiment and the @—7z puzzle. 
(ii) Though in a Riemannian space we 
have only one fundamental tensor, i.e. Juv, 
we have in our case two extra fundamental 
tensor ar,, Y%,. By these two we can 
construct at least two extra symmetric ten- 
sors of the second rank other than Vous 


for example, aad Anita» are us 
If we have a fundamental tensor A*”, we 
can introduce a spinor, by extending the 
method of Infeld and van der Waerden. 
Aas 


The spin matrices o°°", the spin metric 


matrix €%* and the spin connection Aj, can 


be defind as follows. 
opt orig 


— AAAs 
= Arras 


. . : vis d . . 
GhBgt., + gregh. = ASO, 


ota eo 
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: af rs . : 
see ae Lear ak WW all “iL Ae,o0*} oe : 
ot OG: Aor | 
a3 ar es i we we 
pon 2 ah 4 (OO lot 
‘5 ( Oo” (9A 
AaB “rT nan aoe | » VIL 
na ce ae 
+Lt,A™} a" 


Hence the particles in the assumed space 
can have the ordinary spin and two extra 
new spins corresponding to the metric tensor 
and the two extra tensors constructed by 
the structural tensors. Thus we have given 
a possibility of a covariant interpretation 
of the parity- and the new freedom-pro- 
blems. But the precise structure must be 
determined after all the picture of quantum 
numbers of elementary particles is made 


clearer involving the lepton family. 


Aatinucleon Annihilation and Multi- 
plicity of Emitted Pious 


Zito Koba 


Research Institute for Fundamental Physics, 
Kyoto University, Kyoto 


March 11, 1958 


The large cross section and the high 
multiplicity of emitted pions are the most 
conspicuous features of the nucleon-anti- 
nucleon annihilation experiments’. In 
this note we should like to point out a 
semi-quantitative relation between these two 
facts.” 

Since the pair-annihilation is an exother- 


mic reaction, its cross section at low 


energies* is expected to obey the 1/v—law, 
if there is no resonance-like phenomenon. 
We shall provisionally make use of the 


) : 
, because a pre 


total cross section data’ 
dominant fraction of the latter seems to 
be due to the annihilation process and not 
to the scattering.” 

Cross section 


Kinetic energy of | Total cross 


P in lab. system section times velocity 
(in Gev.) (in mb) th les ser 
0.19 135+16 GIas9 
0.30 104+14 68+9 
0.50 97+4 74+3 
0.70 944-7 7743 


From these figures, it would not be un- 
reasonable to conclude : 


lim o-v7~60~90 mb-c (1) 


v>0 


As is well known, we can derive from 
(1) the rate of annihilation per unit time 
when a nucleon-antinucleon pair is confined 


in a volume V. Putting tentatively 
5 
Mecile = ile (2) 


where a is a numerical constant of the 
order 1, we can estimate the effective time 


of an annihilation process, t, as follows : 


y 


lim o-v 


Vc 


a (1.1~1.6) aX 107™ sec. (3) 


On the other hand, we can derive the 
mean energy, w, of the secondary pions 
from the experimental values of their 
multiplicity, 4.7 + 0.4, and their momentum 


spectrum.” 


o~340~ 440 Mev, (4) 


where @ includes the pion rest energy. 


* Compared with the available energy of the reaction, 
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Now it would be expected and could 
under certain conditions be verified that 
those modes of the pion field, which have 
frequencies of the order 1/7, are most 
likely to be excited during the annihilation 


process.* Thus we have 


t=): a 
7) 
az (1.5~1.9)6X10™ sec., (5) 


where 6 is a numerical constant of the 
order 1. 
Comparing (3) and (5) we get the 


ratio, 
a/b~1~2, (6) 


which appears rather natural. This in- 
dicates that the experimental evidences for 
the cross sections and the mean energy 
of secondary pions are related to each other 
not unreasonably.** 

A more detailed account will appear 
later. 

The author is grateful to Professor G. 
Takeda for his discussions, to Dr. D. Ito 
and Dr. H. Miyazawa for their critical 


comments. 


1) O. Piccioni, Proceedings of the Seventh Rochester 
Conference, X. 


* This way of estimation should generally give a 
lower limit for tr. In our case, however, it could 
be roughly equated to t, because the annihilation 
of the pair and the emission of secondary particles 
are supposedly due to the same kind of strong 
interaction. 

** When we apply this kind of reasoning to the 
case of electron pair annihilation, we have to introduce 
an effective volume ~ (e2/fc)? (é/mc)%, in order to 
obtain the actual energy of the emitted quanta. This 
would indicate that in the case of weaker interactions 
the definition of the volume is ambiguous and this 
approach would not make much sense. 


2) A. K. Ekspong, Proceedings of the Seventh 
Rochester Conference, X. 

3) Cf. also Z. Koba and G. Takeda, Prog. Theor. 
Phys. 19, (1958), 269. 

4) O. Chamberlain, D. V. Keller, R. Mermod, E. 
Segré, H. M. Steiner and T. Ypsilantis, Phys. 
Rev. 108, (1957), 1553. 


Cluster Expansion of the Ground 
State of a Bose Particle System 


Fumiaki Iwamoto 


Department of Physics, Univesity 
of Tokyo, Tokyo 


March 14, 1958 


Recently the properties of a hard-sphere 
Bose gas at low density have been in- 
vestigated by many researchers.” It is 
shown in this note that almost the same 
expression for the ground state energy can 
also be obtained by Jastrow’s variational 
method” if we take account of a part 
of the large cluster terms, which represents 
many-particle correlations caused by the 
mutual transfers of the same momentum 
among themselves. 

In this method the trial function for 
the ground state is assumed to be a product 
of pair functions 

P= Q-*P IT f (14) (1) 

i<j 
Just as was done in the classical theory for 
the partition function of an imperfect gas,” 
logarithm of the normalization integral is 
developed in cluster terms when the particle 


number WN is large: 


No In(¥, &) =D e+ by) Bye" ,2283(2) 
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where / is the density N/@ and (3, the 
irreducible cluster integral of k-+-1 particles. 
As is well known, it is expressed as the 
sum of all terms, each of which corresponds 
to a graph of k+1 points connected by 
at least two lines. We now retain only 
those terms each of which corresponds to 
a closed chain, neglecting all the other 
terms which form polygons with some 
diagonal lines. This is the same approxi- 
mation as was done in the classical theory 


by Montroll and Mayer.” 


mation /3, is written simply as 


In this approxi- 


= (1/2) | Lg (@) F'4q/ 2)’ (3) 


where 


9 (9) ae (fi) —1etdr. (4) 


This closed chain is just the term arising 
from mutual transfers of the same mo- 
After 
(2) we can 
derive the final formula for the energy 


mentum q among k+1 particles. 


performing summation in 


expectation value from the normalization 


integral in a way described in reference”. 


r 


(H)/N= (6? p/2m) | |F@dr 


oe ‘eg ACD al G 
\ ae {9 (q)G(q) 


—R@Q)} 


dq 
(27)? | i ©) 
where 


P(r) =f* (1) ((m/b) V(r) — 2) f(r), 


Gq) =| FQ)evar, 


r 


Kg) =| FOF ign) atedr. 


In the last line f’(r) is the derivative of 


f(r), and j,(gr) is the usual spherical 
Bessel function. 

In order to calculate the ground state 
energy of a hard sphere gas with interaction 
radius a, we assume the pair function to 


be as follows: 


@) , T<id, 
f= (6) 
1 ae tO O yy, ra, 
where // is the variational parameter. This 
particular functional form is suggested from 
the fact that 1—a/r is the exact solution 
of the two-body problem. In this case, 
however, 9¥(q), G(q), and K(q) cannot 
Therefore, 


we expand these functions in powers of a 


be written in a simple form. 


and neglect O(a°) assuming the density 
of the system to be low. Then calculation 
of (5) gives the following energy ex- 


pectation value per particle : 


3 
(H)/N= (2% pab?/m) 1 eae 
87 0 

+(a— 


The minimum value of (7) is found at 


Wer 8z pa . (7) 


> 
UL 
8 p ! 


(H)/N= (27 pab?/m) 


i+ = pee (8) 


The first term in this expression, 2zpab* /m, 
was given by Lenz." The coefficient of 


the second term is 


—af 27 4.324, 
3N 3 


which is slightly larger than the corre- 
sponding value 


128 


LS 7 
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given by other methods.” 
The present method will be useful for 
the treatment of a system with inter- 


action potentials with attractive part. 


1) N. Bogolyubov and N. Zubarev, J. Exp. Theor. 
Phys. U. S. S. R. 28 (1955), 129. 
T. D. Lee, K. Huang, and C. N. Yang, Phys. 
Rev. 106 (1957), 1135. 
K. A. Brueckner and K. Sawada, Phys. Rev. 
106 (1957), 1117; 1128. 
W. B. Riesenfeld and K. M. Watson, Phys. 
Rev. 108 (1957), 518. 
R. Abe, Prog. Theor. Phys. 19 (1958), 1; 57. 

2) R. Jastrow, Phys. Rev. 98 (1955), 1479. 

3) EF. Iwamoto and M. Yamada, Prog. Theor. 
Phys. (1957), 543. 

4) J. E. Mayer and M. G. Mayer, Statistical 
Mechanics (1940). 

5) _E. W. Montroll and J. E. Mayer, J. Chem. 
Phys. 9 (1941), 626. 

6) W. Lenz, Z. Physik 56 (1929), 778. 


Exact Treatment of Bardeen’s 
Theory of Superconductivity 
in the Strong Coupling 
Limit 


Yasushi Wada, Fumihiko Takano and 
Nobuyuki Fukuda 


Department of Physics, Tokyo University 
of Education, Tokyo 


March 15, 1958 


In their recent paper on superconductivity, 
Bardeen, Cooper and Schrieffer” have 
claimed that their theory based on the 
Froehlich interaction necessarily results in 
the energy gap for electronic excitations. 
There the variational method was applied 
making use of the trial function with total 


number of electrons not definite. It seems 
to give reasonable result for the ground 
state energy, but might be entirely mis- 
leading for the excited states, since the 
constant terms with respect to the total 
number have not been treated carefully. 
We will give here an alternative method 
to treat B-C-S’ hamiltonian, and show that 
their finite energy gap follows exactly at 
least in the strong coupling limit. 
Following B-C-S’ notation, 6,, means the 
annihilation operator of an electron pair 
with opposite momenta and _ spins, i. e. 
py ORES las 


of such pairs has the intermediate nature 


The assembly 


between the Fermi and the Bose statistics, 
that is to say, the commutation relations 


are 
[bx:, by |_=0 for kk’, 
and {by bv} .=1. (1) 


As is easily shown, these relations are 


explicitly satisfied with 
bis (opti) ifm Comp: imyyaead (2) 


where o;, is the Pauli spin matrix and my, 
is the angular momentum operator, Then 


B-C-S’ hamiltonian becomes 


H=E,+N(0)w?—>)2€,m4, 
kh 


+ (V—w,)M,—V (M’—M,), (3) 


where E, is the Fermi energy, N(0) the 
density of the Bloch states of one spin 
per unit energy at the Fermi surface, w 
the average phonon frequency, ©; the Bloch 
energy at the Fermi surface, €;, the Bloch 
energy measured relative to w,, V the 


average coupling constant, and M= Pa Te 


Here M. is the constant of motion related 


to the total electron number; solutions 
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with M.=0 correspond to our case. We 
have solved the problem in the strong 
coupling approximation which means that 
x=VN(0) is large compared with unity. 
The energy of the ground state is calculated 
up to fifth order, and that of the first 
excited states up to third order. The 
results are as follows. 


The energy of the 


ground state is 


il 


\X 


and the energy gap for pair excitation 


becomes 
“ipeere eg sp 
£.G.=|2x- 2 40(t) la. (5) 


These values turn out to be identical 
with B-C-S’ result except the last terms of 
E, (constant terms with respect to the 
total number), when the latter is expanded 
It should be 
noted that they have obtained the correct 


in the power series of 1/X. 


energy gap in this approximation though 
the constant terms in the ground state 
have been discarded ; incidentally, the same 
constant terms appear in the excited states. 
We further note that we have also obtained 


electron 


their energy gap for single 
excitations. 

Our description of the system of electron 
pairs in terms of spins associated with each 
pair state may not give any mathematical 
advantage, but provides us with some 
valuable physical pictures about what _ is 
going on in such a system. For instance, 


in order to obtain B-C-S’ ground state 


energy we have only to treat the spin as 
a classical quantity and to minimize the 
hamiltonian, eq. (3). Then all the spins 
are arranged in a plane which contains the 
zaxis and the distribution of their di- 
rectional cosines is described in terms of 
B-C-S’ distribution function h;,. In the 
strong coupling limit treated above, the 
spin-spin interactions are predominant just 


The third term in 


eq. (3) is interpreted as the interaction 


as in ferromagnetism. 


between spins and the external magnetic 
field which varies from spin to spin. It 
seems at first sight that this term may be 
predominant in the weak coupling limit, 
but this is not the case, since however 
weak the coupling may be, the spin-spin 
interactions close to the Fermi surface 
always surpass that interaction with €,~0. 
Thus we may get a finite energy gap also 
in the weak coupling case. 

As a final remark, we want to note that 
we can sum up all the Feynman diagrams 
of B-C-S’ hamiltonian following the techni- 
que of Gell-Mann and Brueckner”, since 
the ladder type approximation is exact in 
this case, but we are encountered with 
the difficulty that the propagator for the 
electron pair has two imaginary poles which 
probably indicates that the adiabatic theo- 


) 


rem” may not hold for this hamiltonian.” 


We would like to express our sincere 
thanks to Professor S. Tomonaga and 


Professor T. Miyazima for stimulating 


discussions throughout this work. 


1) J. Bardeen, L. N. Cooper and J. R. Schrieffer, 
Phys. Rev. 108 (1957), 1173. 

2) M. Gell-Mann and K. A. Brueckner, Phys. Rev. 
106 (1957), 364. 

3) M. Gell-Mann and F. Low, Phys. Rev. 84 
(1951), 350. 

4) This difficulty in B-C-S’ hamiltonian has recently 
been pointed out independently by N. N. Bogol- 


vubov, private communication. 


599 


Progress of Theoretical Physics, Vol. 19, No. 6, June 1958 


Single Particle Transition in Neutron Inelastic 


Scattering by Deformed Nuclei 


Hiroyuki MATSUNOBU 


Department of Physics, Tokyo Metropolitan University, Setagaya, T okyo 


Shiro YOSHIDA 


Institute for Nuclear Study, University of Tokyo, Tanashi-machi, Kitatama-gun, Tokyo 


(Received March 17, 1958) 


The contribution from the direct interaction process to the nucleon inelastic scattering changing 
the intrinsic configuration of the deformed nucleus is investigated. The perturbation calculation, with 
the zero-range two body force, is carried out using waves distorted by the collective surface interaction. 
The resulting cross section is small compared with the cross section for the usual rotational excitation 
and justifies the approximation contained in the latter calculation. 


§1. Tntroduction 


In a series of papers” ~*, the importance of the direct interaction in nuclear reactions 
was emphasized and its approximate treatment was discussed. In the case of nucleon 
inelastic scattering by a deformed nucleus, the incident nucleon interacts with the surface 
rotational motion and excites the target nucleus to higher rotational states. Since the 
interaction takes place at the nuclear surface, it seems to be a good approximation to 
assume a delta-function type interaction. This choice of interaction makes the calculation 
simple, and the collision matrix is obtained in a compact form.” In the calculation, 
only the excited states within the same rotational band as the ground states are taken 
into account explicitly, while the excited states of different intrinsic configuration from 
the ground states are neglected. The effect of the neglected states is considered as small 
in view of the previous calculation” in which the rotational excitation and the particle 
excitation for the same nucleus was compared. However the above calculation of the 
rotational excitation has not yet been justified until the effect of the neglected states is 
estimated. 

In this paper the cross section of the excitation to a state with a different intrinsic 
configuration will be calculated. The method of calculation is similar to that of the 
usual particle excitation” ; the two-body interaction between the nucleons is taken as the 
perturbation to the rotational excitation problem. However, since the nucleus makes the 
rotational motion and the shape of it is deformed, some complexity in the calculation 


will arise. 
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§2. The transition matrix 


The Hamiltonian of the whole system is given by 
H=H,+V (1) 


where Hy, represents the free Hamiltonian, a sum of the kinetic energy of the incident 
nucleon and the Hamiltonian of the target nucleus. V is the interaction between the 
incident nucleon 0 and nucleons i in the nucleus and is written as a sum of two body 


interactions Up; 
A 
V= 21 Vee (2) 
t= 


Instead of treating the interaction V, the potential matrix U® is introduced. It is 


given in the case of the rotational excitation by 


U=U,—U,R6(r—R) SLY», (8, 9) (—)* a0* (3) 
(2 


j= 


The first term of the right-hand side of the above equation is the distorting potential 


and is assumed to be a complex square well with radius R: 


U.=—V, for r<R 
(4) 
=0 eos 
The second term represents the interaction between the incident nucleon and the rotational 
motion of the target nucleus. The polar coordinates of the incident nucleon are r, 0 
and , and @,, is the deformation parameter of the nucleus corresponding to the angular 
momentum 2 and its Z component (lab. coordinate) /. 


The wave function gf describing the direct process satisfies the following integral 
equation, 


I Ppieds eid _ssizzeperj : 
We oO 0 E+xi€é—H, Y oO ( ) 


where E is the energy of the whole system, € is a small positive number insuring the 
outgoing (incoming) wave character of the solution gy *) and a, labels the incident 


channel. The incident wave is 
Dy : a 
Dieser Rao jtes (hee r) X20 (¢) (6) 
which satisfies 
(H,—E) %.,.=0. (7) 


In eq. (6) ka, is the wave number of the incident (outgoing) nucleon in channel aj, 
lag is the relative orbital angular momentum, Jtz(x) is the spherical Bessel function. 
%a(€) represents the wave function containing all variables other than r. 


The integral equation (5) is equivalent to the usual Schrédinger equation and the 
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solution may be written as 


Gye 1 
oP =1 we) 76) (8) 
a 
where ug? (r) is the radial weve function of the channel @; when the entrance channel is 
@. The possible outgoing channels a, for the given entrance channel a, are determined 


from the potential matrix U given in eq. (3). For the component of the spin of the 


target nucleus along the symmetrical axis K, one has the selection rule” 
AR=05 437. (9) 


If one considers the case of the cylindrically symmetric nucleus, JK= +2 is forbidden, 
and the transition is restricted to the same rotational band. Although the rotation- 
particle perturbation mixes two levels with the same spin”, it has no effect on the selection 
rule 4K=0 in the first order because the mixing occurs between the states JK= -+1. 
For the case of the asymmetric nucleus, K is no longer a good quantum number and 
the states with JK=+2 mix each other. Then the transition between states with 
4K= +2 is allowed. 

In the calculation of the direct interaction process through the potential matrix U, 
it is assumed that the effect of the transition forbidden by the selection rule (9) are 
unimportant, and it is calculated under a statistical assumption neglecting the phase relation. 
' We now examine the above assumption by calculating explicitly the transition matrix 
element between the forbidden states through the interaction. According to reference 3 


. . . . 3 
the exact transition matrix elements are written as follows” : 


iM 
Tyg ieee Pro, UGS.) + (95>, V—U) gh? 
bose Eh (Poo, UGaa”) + (Ps, ( )e 
1 
SV a OT ee (Vc ay 10 
oT (Gent 0) Eiie_H ° ) Pag (10) 


where the first term represents the direct process through U, the second is the direct 
process which is not included in the first term, and the third represents the compound 
process. The first and the last terms were already investigated in reference 2, and our 
main interest lies in the second term. Using eq. (8) the second term of eq. (10) is 


expressed as 


2 iM 0 ao 
Tiga | ue (r) Yo, (6) Vue (7) You (6) dr dé. (11) 


§ 3. Calculation of the matrix element 


The evaluation of the matrix element (11) will be given in this section. The 


interaction V is assumed as the simplest zero range interaction 
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Ui = V9 (ToT) 
=Vo Der 10) 21 =)" Cx (0) CE @) (12) 


where 


2k+1 8 (%—"%) (13) 
4 TOT; 


Ur (Yo Te) = 


and 


CPO = Yan Oo 90. (14) 


The wave function of the target nucleus with spin I in the strong coupling ap- 


proximation is represented by 


|IMK2)= sade eee Piel LoD a UK v,) = (-) tip Di eld all (15) 


where M is the Z-component of nuclear spin I, K is its component along a symmetry 
axis, is a sum of components of the nucleon angular momenta, j,, along the symmetry 
axis. Y,, is the wave function of the vibrational motion and D,/, is that of the rotational 
motion, UY; being the Euler angle. 

The particle wave function y, is built up of single particle wave functions which 
are solutions of the deformed potential fixed to the symmetry axes. In the following 
we will consider a simple case where only one nucleon sits outside the core. According 
to Nilsson, the wave function 7, is expressed in terms of the wave function for the 
spherical harmonic oscillator. However, it is more convenient to express it in terms of 
the wave function |j/.2) with definite total angular momentum j, its component 2 and 


PrbiGle coulemeiomentunt ye 
Xo= Di Byoljl2). (16) 
The coefficient By. is obtained from Nilsson’s 4,,, by 
Byu=>)Aua-n (3 9—mmll4 j2), (17) 


where (1$ 2—mm|[4jQ2) is the Clebsch Gordan coefficient. The normalization is 


> Byal? | Aga =1 (18) 
which is different from Nilsson’s. 


By using the wave function and the interaction described above, the matrix element 
may be expressed as 


CIKQ, jos JM|V|T' K'Q", bol = ae io Borer 
x IK 2 jl, jo, JM|S)(—)*C (0) C® (1) | KB" jl, jo', JMY 


X (2R+1) PLL jody sj l jo! by?) (19) 
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where 


es 1 [2 
EGiljolanp gels! me As B50 (7) tjot0 (1) bjrar (1) 156/t6/ (1) ae (20) 
2 


Ujoto(r) and g,(r) are the radial wave functions of the incident nucleon and the nucleon 
outside the core respectively. 


The calculation of the spin-angle part of the matrix element is carried out by using 


Racah’s coefficient W (abcd ; ro a cage 
(IK Q jl, jo, NEID SH eds CO) CRC KR gL fe 
Sais y Ae WA Tjek je of ki (ERD jh C OUP RLM GE GiCM |G, yaw 221) 


In the last equation the second reduced matrix element is given as before by 


CjolollC Pll jo!le’) = (—) 2°22 | jot YD) (2 jo’ + 1) 


2k+1 


yt 


sie “ t 4 (—)tette’- 
x (jojo $—4 jojo’ FO) nail 2 is : (22) 


In calculating the first reduced matrix element, the function C “ written in the 
laboratory coordinate system should be expressed in terms of that in the symmetry axis 


by the irreducible representation of the rotational group DE. The result is 


(IK Qjl\|C | R/V) = / ea (Petar Pais) (jlI|C Ii7’!) 
J 


x [ (UEKI K—RIRIK) (jk 2! Q— 2 j'kj 2) 
(4 (EK), — K—KYPEIOR) (j7h.2', 2 —2'\ j'kj—2)] . (23) 


By putting (21), (22) and (23) into (19) the matrix element may be calculated. 


§ 4. Discussions 


First the effective strength of the nuclear force in a deformed nucleus will be con- 
sidered. If the target nucleus consists of a spherical core and one nucleon moving around 
it, and the single particle is excited from the orbit j’ l’ to jl, then the reduced matrix 
element which should be inserted in (21) is (jl||C™||j/l) instead of eq. (23). So one 


has an extra factor in eq. (23), 
(Lrivs gran) | 2E FL [ WER K—K'PRIK) (j/k. 2! 2 — 2! \j'kj 2) 
2j-1 


4 (=) (RK, —K—KURI-K) (j/k, —2—Qj'kj—@)], (24) 


compared with the spherical case. Its first factor is an overlapping integral of the 
vibrational wave functions and is not greater than unity. Owing to the difficulty of the 


evaluation, its value is assumed as unity. The remaining factor in eq. (24) will be 
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found to be around 1/2 in the example which will be presented later. Thus it may be 
plausible to interpret the factor (24) as a reduction factor by which the strength of 
the nuclear force V, is weakened due to the rotational motion of the nucleus. 

The deformation of the nucleus causes the mixing of the total angular momentum 
of nucleons. Sometimes the deformation of the nuclear shape is different for different 
rotational bands as inferred from the difference of moment of inertia for each rotational 
band. In such a case the matrix element will be further reduced due to the differences 
of shape because the matrix element is considered as a kind of overlapping integral of 
two wave functions. 

In the previous paper”, magnitudes of the transition matrix element through the 
collective and particle interactions were compared in some detail. The transition matrix 
element through the particle excitation does not increase with increase of the number of 
nucleons outside the core but remains rather constant, while that through the rotational 
excitation is proportional to the intrinsic quadrupole moment which becomes very large 
for nuclei far from the closed shells. Thus we may expect that the matrix element for 
the particle excitation in the deformed nucleus is small compared with that for the 
particle excitation in the spherical nucleus: the latter is small compared with the ro- 


ze tational excitation. 
1.96 a In the following a numerical 


example will be presented to 


Zee ) 
1.61 (2 give the magnitude of the cross 


section due to the particle ex- 

: citation in a deformed nucleus. 

| 2 ae aan aaah IY For the target nucleus, *Mg. 
: is chosen because two rotational 
SS ae nee Gamat bands are observed at low energies 
2 in spite of the relatively light 
nucleus. The energy level dia- 

) 


0 SSS gram” at low energy is shown 


5 in Fig. 1. The inelastic scattering 
Fig. 1. The energy level diagram of *°Mg. The energies of neutrons with. incident weer ey 
are expressed in Mev in the left side and spins and 2.5 Mev will be calculated. The 


parities are written in the right side for each ro- 


parameters for the distorting po- 
tational band. 


tential are chosen as 
U,=42 Mev 


(25 
R=1T.455025"" X10 cm ) 


and the shape parameter 
E== 4R/R=0.3 (26) 


is assumed. or the intrinsic motion of the target nucleus the wave function by 
Nilsson” is adopted. In his calculation the energy level 2=5/2* (d;,. for E=0) is 
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higher than the level Q=1/2* (5,5 for €=0) for €=0.3, while in Fig. 1 the order 
of these levels is inverted. We use the value of parameter A,,,, corresponding to €=0.3 
despite its discrepancy about the level order because the level order is expected to change 
even by a small perturbation. The strength of the basic harmonic oscillator well is 
chosen so that the mean square of the nuclear radius may be equal to 3/5 R° where R 
is given by (25). For the strength of the nuclear force 


V,=—182X10~* cm® Mev (27) 


is used. These parameters are same as those used in reference 4). First the cross sections 
for elastic scattering and for inelastic scattering to the 1.61 Mev level are calculated 
assuming rotational excitation and neglecting the residual interaction V. The results are 


for the elastic scattering 
do-,,/d2= (132 P,(#) +108 P, (0) + 34 P, (0) ) mb/sterad 
© .—= 1660 mb. (28) 
and for the inelastic scattering leaving the residual nucleus at the 1.61 Mev level 
do; «1/d2 = (15.6 P, (0) +8.6 P,(@)) mb/sterad 
1 61=196 mb. (29) 


For the inelastic scattering leaving the residual nucleus in the K=1/2 rotational 


band the cross sections are 
Opies oel mb 
Oy 95=5.5 mb (30) 
Oj w= 1:4 mb 


where the suffices to o indicate the excitation energy in Mev of the final nucleus. 

By comparing (29) and (30) it is readily seen that the cross section of inelastic 
scattering changing K of the target nucleus is very small compared with that keeping K 
unchanged, and is almost forbidden through the direct interaction. Although we have 
only one example available, this situation is expected to occur in the general case from 
the argument given in the last section. Thus the approximate calculation of the rotational 
excitation is justified. 

It is interesting to compare the above results with those of the conventional statistical 
theory. Assuming a black nucleus with a nuclear radius R given in (25) and the wave 
number inside the nucleus 110’ cm~! the cross sections are calculated by using the 
formula of Hauser and Feshbach”. For quantum numbers of the levels of the target 


nucleus only the spin and parity are taken into account. The results are as follows, 
oO; 6 — 175 mb 
00 .583— 66 mb 


F5.6=129 mb 
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O14; 86 mb. (31) 


By comparing (29), (30) and (31) it is seen that the two models give similar magnitude 
of cross section for the transition keeping K unchanged while the statistical model gives 
much larger cross section to the transition changing K. Even in the former case the 
angular distribution may be different for two models. 

If one wishes to make a more realistic estimation of the cross section, one must 
use the distorting potential with a proper imaginary part. The method of calculation 
was outlined in references 2 ond 3. The average cross section has contributions from 
the direct process and from the compound process. The direct contributions to the 
transition changing K will not be increased appreciably if U has an imaginary part. On 
the other hand, the compound contribution depends on the magnitude of the imaginary 
part of U. Since the inelastic cross section changing K has contributions from the com- 
pound process, it is possible to test the importance of the compound process from the 
experimental cross sections. 

In conclusion the authors would like to express their sincere thanks to Prof. M. 
Sasaki for his interest and advices. One of the authors (H.M.) is also indebted to the 
Yukawa Yomiuri Fellowship for the financial aid. 
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The clothed states of unstable particles are investigated on the basis of quantum field theory, 
and thereby a new mathematical notion, “ complex distribution”’, is introduced. Then the exact 
eigenstate of total Hamiltonian with the complex eigenvalue, whose real part represents the mass of 
the unstable particle and whose imaginary part is interpreted as the half reciprocal of its lifetime, can 
be constructed by means of the complex distribution. But this state is not observable. The physical 
state of the unstable particle therefore is defined as an approximate state of the exact eigenstate, which 
exhibits physically reasonable behaviours. 


$1. Tntroduction 


Recently many authors investigated the theory of unstable particles.”-°) Especially, 
Araki et al. proposed two methods for naturally defining the physical mass and the 
lifetime of an unstable particle. The corresponding Z-factors are also defined, but they can 
take values larger than unity contrary to the stable case. Naito” investigated the produc- 
tion and decay of an unstable particle in the stationary treatment, and defined its physical 
state, which was formally identical with the approximate eigenstate of total Hamiltonian 
previously proposed by Glaser and Kallén.” He also defined a Z-factor by the normali- 
zation constant of this state, which was interpreted as the dissociation probability (of 
course O< Z<1). This Z-factor, however, has a curious property, namely it tends to 
one half instead of unity at the weak coupling limit, provided that all other interactions 
are switched off. This fact probably gives rise to theoretical difficulties.* We therefore 
investigate further the clothed state of an unstable particle. 

Now, as a preliminary, we briefly review the second definitions of the mass and 
life presented by Araki et al., which seem to have the most essential meaning. For 
simplicity, we employ Lee’s model” for the time being. The total Hamiltonian is given 


by 
H=m, py* Py + my Yy* ¢yt+ onan aj,dk 


+91 ¢r* d| {G (wg) /V 204} Ade + Pry* dy | {G (a) /V 20,} &*dk\. (1-1) 


* From this standpoint, the usual perturbational approach to weak interactions would become inadequate. 
Further, for example, the charge independence would be violated, since proton is stable while neutron is 


unstable. 
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Here the notations are as follows. 
m) : bare mass of a V-particle. 
my: mass of an N-particle. 
PL; k and O,=V K+ 2: mass, momentum and energy of a 0-particle, respectively. 
g : unrenormalized coupling constant. 
G(w,) : cut-off function, which is assumed to be regular. 
dy*, bys Or*, Ox; &*, ,: field operators of V-particle, N-particle and 6- 
particle, respectively. 


The modified propagator of a V-particle, S;’(E), is given by the following formula : 


GP(w,) dk 


PEE leer eke) 
20, O,+my—E—i€é ) i 52) 


(5)! (BE) '=E—m +i€+9 | 


If the equation which is obtained by putting the right-hand side of (1-2) equal to zero 
has a real root, say, E=m, then m represents the mass of the stable V-particle because 
of m<my+y- which is evident from the integral in (1-2). So, in order to obtain the 
mass of the unstable V-particle, we must analytically continue |S,’ (E) |7’ 
plane of E. But [S,’(E)]|-' has no zero point on 


to the complex 
the Riemann plane with cut along the real axis from c 
the branching point, my+/4, to +0o. Hence we 
consider the analytic continuation to the lower half- 
plane from the side of ReE>my+p. Then for E 
on the lower half-plane the path of w,-integration 


oy 
x | 
3 
= 


Fig. 1 


must be deformed as in Fig. 1 on the w,-plane. The integral therefore is written as 
the sum of the integral along the real axis and of the residue of a pole, w,=E—my,, 


that is to say, 


+00 : = 
[Sy’ (E) [=E=m,+2n¢ | GO)V oH tii 
ot+my—E 
we 
+ (22)*igG*(E—my) VV (E—my)*—/#, (for ImE<0). (1-3) 


The equation which is obtained by putting the right-hand side of (1-3) equal to zero 
generally has complex roots. For simplicity, we assume that the equation has only one 
toot, say, ESimp=17/2)%. é: 


(Sy! (my —ir/2) }*=0. (1-4) 


my and 7—* 


are interpreted as the physical mass and the life of the unstable V-particle, 
respectively. 

Now, in the case of the stable particle, its mass is defined not only as the pole of 
modified propagator like (1-4) but also as the one-particle-state eigenvalue of total 
Hamiltonian. For the unstable particle, however, such an eigenstate does not exist, since 
the scattering states alone form a complete set.”) This corresponds to that (1-2) has 


no zero point. But as we have obtained a zero point by the analytic continuation like 
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(1-3), there should exist the corresponding eigenstate. To get this state needs, so to 
speak, the analytic continuation of state-vector, which is not a known notion. So we 
introduce a new notion, “ complex distribution”’, in the next section. In § 3, we explicitly 
construct the eigenstate of total Hamiltonian with the eigenvalue my—iy/2 by using the 
complex distribution. But this state is not contained in the conventional Hilbert space 
and is not observable. In § 4, we define the physical state of the unstable V-particle 
by an approximate one to the above eigenstate, and show that its properties are physically 
reasonable. In §5, generalizations are presented. Finally, we discuss the fundamental 
postulate of quantum field theory in the light of the complex distribution. 


§2. Definition of complex distribution 


Consider a meromorphic function, F(w), and two fixed points, a and 6, in a domain 

D. For any arbitrary function, y(w), regular in D, we consider an integral, 
b 
Flg|= o(o)F(o) du, 

as a linear functional of @(w). This functional is not well defined by F(w) alone, but 
we must further indicate which side of each pole of F(w) the path of integration passes 
through. We call the meromorphic function with such indications “ complex distribution ” 
as a generalization of Schwartz’s distribution.” 

In the following we choose # and +o as the end points of the path. The indi- 
cations for choosing the path are denoted by the following notations. 


1/(@—c) : The path passes through above the pole w=c. 


PAO 
1/(w“—c) : The path passes through below the pole ee 253) 


Then we evidently have* 
{1/ (wo? —c) }*¥=1/ (0 = e*), 

(2-2) 
11/ (lr St) YS Tf (OOS) 


for complex conjugation. The difference between the both of (2-1) is nothing but the 


contribution from the pole. We therefore define complex 0-function as follows : 
2710 (w—c) =1/ (wo —c) —1/(w =e). (2=3) 


From (2:3) we immediately get 


+0 


| (wd du=¢ (0, (2-4) 


Le 


* This is because 
[| do 9(w) (wo) ]*= | da g* (o)/(@™ —c*). 
It must be noticed that is not a definite complex number but an analytic variable, and Rew, Imw and \ 


w* are meaningless. 
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and 
[O(w—c) \*=0(w—c*) (2-5) 


because of (2-2). Hence we have 

+o 

[2-9 F(@—ddo=0, (for Imc# 0). (2-6) 

te 
The definitions of the derivatives of the complex 0-function are straightforward. Complex 
distributions can generally be represented by usual functions and complex 0- functions by using 
(2-3). 

In the above, complex distributions are defined only for the integrations from /# 
to +co, Though no other integrations are needed in the next section, it is necessary 
for the general case that complex distribiuton should be defined for the more general 
integrations. A convenient generalization to the integrations between two real points, 4 
and 6, is as follows: the path runs according to its indication only for the each pole 
whose teal part is between a and 6. Then the simple additivity of integrations is satisfied. 
In particular, consider the case in which c in (2-1) is real. The complex distribution 
then reduces to the well-known distribution, 1/(w—c+i&), (€—>+0). The former 
thus is a straightforward generalization of the latter to the case in which the pole is 
apart from the real axis by a finite distance. 

Finally, in the case of two analytic variables a complex distribution, 1/(w{—$”), 
is defined as follows : 


| lee, ean dw, du =|. Lier oe) -dw,do, (2-7) 


wl —af? (O00 iG 


for any analytic function, Y(w,, W,), and 
0 (w,—¢) / (of? —o$) =0(a,—c¢) /(c—o$), 
0 (w.—c) / (of? —a$) =0 (a,—0) / (of —o) 


N . . . e e . 
for complex 0-functions and likewise for their derivatives. The following identities then 


(2-8) 


can be easily verified. 


1 aa 1 (— 1 1 p: 
(wf —c) (wf —o$) WP—cV\ol—c wl OR Ae SP agi 


1 “ i ( 1 1 > : 
ge: SaPoets i 
(wf —c) (wo —a$”) We \ 0-6 of —a© an? 


§ 3. Exact state of the unstable V-particle 


The physical state of the stable V- -particle is defined as the exact eigenstate of H 
with the eigenvalue m, namely 


Bie ol ca teeta a 


o,+my—m 


a,*dk|N), (3-1) 
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where |V) and |N) respectively stand for the bare-V state and the N state. 

In the case of the unstable V-particle, we obtain the state proposed by Naito” if 
we formally put m=my—iy/2 in (3-1). But this is, of course, not the eigenstate of 
H. This is because the Riemann plane in (1-3) differs from that in (3-1). To get 
the former it is necessary to curve the path of the «,-integration like in Fig. 1. But 
it is meaningless to curve that in (3-1), since this integration is not mathematical but 
purely formal one because of the presence of @;,*. So we make use of the complex 
distribution defined in last section in order to indicate the path potentially, that is to 


say, we introduce a state 


Sere Vemma 
lei tc Olan’ ae (3-2) 


IP)=|7)—9]- 
Indeed, this state exactly satisfy the equation, 


BP = tr DIVS. (3) 
At first sight (3-3) seems very curious, for H is an Hermitian operator.** Actually, 
from (3-3) we obtain 

ir (V |V)=(V|(H*—H)|V)=0. G4) 
Hence if |W) had a positive norm, 7 would have to vanish. In the present case we 


must have 


RV NV) ==0 (3:5) 
because of y #0. (3-5) is verified also by the following direct calculation. From (2-2) 
we have 
iB fUG? (@,) dk 
vivy=14g'| Fe a Sutin nioat 
salina 2, (of? +my—my— iy /2) (of +my—my+i7/2) 


(3-6) 
The path of the integration is shown in Fig. 2, that is, (3-6) is rewritten as 


G* (ox) ; pe a dk aisha 
20, (w,+my—my)?+ (7/2)* 


(V[V)=14+9 


real axis 


—2 (27) 292 Re| G2 (my—my—iy/2) WO Gipe myn 2) Te. 2 


Making use of (1-3) we have 


* Though the commutation relation naturally is [ax, akr*] =d(k—k’), this is no longer the usual 

6-function, but the complex distribution defined by 
6(k—k’) = (kox) —! 3 (wz —wn’) 8 (cos 0—cos 6’) B(g—¢’, (mod. 27)), 

where k, 0, g and k’, 6’, gy’ are the polar coordinates of k and k’, respectively. But this expression is un- 
necessary in the actual calculations. 

** Strictly speaking, the Hermiticity of an operator is meaningful only when its operand is designated. 
We have extended not the basic vectors (\¥>, ak*|N>) but the distributions as their coefficients. Since we 
have defined the complex distribution so as to be consistent with the usual complex conjugation, the Hermi- 


ticity of H (in the generalized sense) is not injured at all. 
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(V|V=— (7/2) 7 Im[Sy! (my —i/2) J. (3-8) 


We thus obtain (3-5) because of (1-4). 
Thus there has appeared a zero-norm state in our 


Hilbert space. Our Hilbert space is a little wider than the 


mm, +i7/2 


conventional one, since the former contains negative-norm 


states. But it is not represented by the well-known indefinite- 


metric device.» Incidentally, the positive-norm restriction 
; ne : : aye m_—m_—17/2 
is very additional in the mathematical definition of the yy — FT 


abstract Hilbert space. So the general Hilbert space with 


Fig. 2 


indefinite norm is not necessarily represented by indefinite 
metric. Indeed, our Hilbert space is such an example, and we can construct a consistent 
theory. 

In the unstable case we know that N-/ scattering states form a complete set. But 
as |V)> is a new eigenstate of H, its expansions by complete sets are of interest. 

(i) Incoming states 


N-@ incoming-wave eigenstates are given by 


|IN@(p)->=4 SOE Sy/* (my top) |VY 
V 20, 
G(o, 1G (w, A Up 
4 \[ea— P)—-9 ON ee egy 22) ii ae a,*dk |N). 
V 20, COCO ) 


(3%9) 
Here the complex-distribution notation is used instead of the usual —i€ convention in 


the denominator of the last term.* The modified propagator, S,’(E), likewise is written 
as 


= o| Gia ) /2w 
SPA =f +9| ude sat J, § 4 3: 
[ vy’ ( ) | ot FG wo E (3-10) 


in terms of complex distribution. This is equal to (1-2) for Im EO and to (1-3) 
for ImE<0. A straightforward calculation of (Nd(p)~|V) yields 


(NO (p)~|V)=—2zi9 {G (a,) /V 20,} 0 (a, +m y—my+i7/2) ; (3-11) 


where we have made use of (2-9), (3-10), (1:4) and (2-3). (3-11) naturally is 
consistent with 


(Wp +my—my+ ir /2) (NO (p)-|V>=0, (3-42) 
which follows from 
A\N@(p)~>)= (my +oa,) |N@(p)~> (3-13) 
and (3-3). From (3-11) |V) is expanded into 


ae 
This replacement naturally does not change the usual properties of this state, e. g. its normalization. 
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vie 
IW) = —2rig | IP (oy + me —my+i7/2) NEC dp eMG a4) 
p 
in terms of the complete set of |N@(p)~)>. (3-14) is verified also by substituting 
(3-9) in its right-hand side, where a formula, 
Pir tap hee pLit. G?(w,) : 
y* (my —iy/2) = —[ 2719 asus Cee Ta et5y) 


OF 


which follows from 
[S,/* (E) |? =[8y/ (E) [= anig? | 29-9 (o,+-my—E) dh (3-16) 
Wy, 


and (1-4), should be taken into account. 
(ii) Out-going states 
The out-going states similarly are 


INO (p) *) = 9 Ze) $y (my+0$) |) 
V 20, 
Gay 


O(k ! 1 y(t) 
+ |[@—p) —9 728-81! (mrt of) 


gG (w,) /V 20% 


(3) el ON 


| sn aN). (3-17) 


Since |N@(p)*)’s are also the eigenstates of H, it should be 
(NO (p)*|V) 0c 0 (a, +-my—my+ i7/2) 


like the above. The coefficient, however, turns out to be equal to zero. This is because 
the d-singularity coincides with the singular point of (3-17), and so the expansion 
corresponding to (3-14) becomes an indefinite form, 0Xco. This is not a defect 
characteristic of complex distribution, but a general character of distribution. Indeed, 
similar singular characters often appear in the conventional scattering problems. To avoid 
this difficulty, the states containing a complex parameter E, 


(Gon) /V 20 
Va = iy) —9\ ok my E Cr IND (3-18) 


whose norm is — (2/7) Im[S,/(E)]"', are introduced. Then making use of (2-10) 


we have 
G ‘20, : 
(NO(p) "| Fey = 9 pS (met SY ET B19) 
Pp 


for which we obtain meaningful expansions. 
Now, |(N@(p)7|V >)’ should be the decay spectrum of |W) apart from the phase- 


volume factor, but it turns out to vanish from (3-11) and (2-6). This is obvious 


from the time-dependent Schrédinger equation, 


i(0/dt) F(t) =H¥ (¢), (3-20) 
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with %(0)=|V) as the initial condition. From (3-3) we have 
T(t) =|V) e—ilmy —irl2)¢ (3-21) 


which monotonously diminishes. But since the norm of Y(t) is always equal to zero, 
no inconsistency appears. |V) gives rise to no difficulty about the conservation of 
9 
probability contrary to the so-called ghost state.” . 
y 
|V) thus is not observable, and therefore should not be called ‘ physical state “. 


. > 
So we call it “‘ exact state of the unstable V -particle : 


§4. Physical state of the unstable V-particle 


The exact state introduced in last section is never observable, as far as one adopts 
the present theory of observation. Namely, |V) is a state beyond the ‘“ observation 
space”’ (i.e. conventional Hibert space). So the physical decaying state of the unstable 
V-particle should be regarded as an image of |V) projected into the observation space. 
Under this idea, a physical state is proposed as an approximate state to |V) with a 
positive norm in this section. 

The very origin of the zero-norm is nothing but the complex 0-function in (3-2). 
This circumstance is caused essentially by ||0(w,+my—my+i7/2) |*-0(@,+my—my+ 
iy /2)dw,=0, which would never hold if it were a function. Hence to obtain the positive- 
norm state we have only to replace this complex 0-function by a usual function. 27%- 
O(a,-+my—my+i7/2) is just the contribution from the pole of 1/(w,-+-my—my+i7/2), 
but the behaviour of the both are completely different away from the pole. Hence we 
consider a replacement, 


2710 (Wy + my —my+ i /2) > — f(a) /(@, + my— my +i7/2), (i289 


where f(w) is a single-valued, analytic function satisfying the following conditions. 
1) f(w)~1 for |o+my—m,| <k, 
where mp—my—P>kK>7. 
2) f(w)~0 effectively, for |w+my—my,|>« 
where © is real. 


> 


3) regular near the real axis. 

4) vanishing far away in the lower half-plane. 
Here we have introduced a new parameter, x, so that the value of f(w) at the very 
pole and that near w=my—my on the real axis be not appreciably different. The reason 
for the minus sign in (4-1) is that the integral along the real axis is effectively equiva- 


lent to one round of the pole with the negative direction (cf. conditions 3) and 4)). 
A typical example of f(w) is 


fl@V SAA (wert) ene ar Geer iy (4-2) 


where my<A<A, and A is the cut-off parameter in G(w). When G(w) is present, the 
factor #*/(w*+#) is unnecessary. If the limits of y>0, «0 and A—>co are taken 
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in (4-2), then the right-hand side of (4-1) reduces to 2710 (@,-+my—my) exactly. 
Now, the physical state of the unstable V-particle is defined as follows : 


G(w,) /V 20, = 
v)—9\ eae “(1 ~ fo) an*dk|N) |. (4-3) 


From the normalization, Z-factor is defined by 


iP pesauy 


Zot=1+ | AG* (e,) /20,} | — fle) P Ape (4-4) 
(ow, +my— my)? + (7/2)? 

Z then is interpreted as the dissociation probability, as we have, of course, 0<Z<1 and 

lin £= 1. |W) formally reduces to |V) for f(w)==1, and to Naito’s state for f() 

=0. |V) naturally is an approximate eigenstate of H with the eigenvalue my—iy/2, 

as it should be. 

We can easily solve the time-dependent Schrédinger equation, (3-20), under 
the initial condition %(0)=|V%), and then the time-dependence of (V“|%(t)) is 
e—t(my—i7/2)t with a small “ misty’ term, which vanishes due to the interference if the 
production of the V-particle or the observation of the decaying process takes time longer 
than «~' (cf. Araki et al.).* |V*4) thus obeys an almost simple decay law. 

Contrary to |V), |V%) has decay products because of (V(t) | (t))=1. They are 
given by the following formula. 


: ZIP IG (Wy) /V 20, 2( Gor) 
«NO (p) [Vy = Re eae eo) | Fo) +S)! (my+o,) \9 | 20, f(x) 


: ((o,+my—my +i7/2) aa (@.—@,—86) —'\ dk 


+ 47° ig? G2 (my—my—ir/2)V (my—my — iz /2)?— 2 | : (4-5) 

that is renormalizable contrary to the case of |V), for which we have 
(NO(p)~|V=G{G (ep) /V 20p} Sy! (my +). (4-6) 
If the coupling renormalization is defined by g,,=Zg" as usual, we obtain 
“pre Gr) [V2 : {a G* (wx) 
(NO (P ) NES Se SPE ET ip (,) +SP (my + op) Ir 2, F(x) 
- ((@,+my—my-+ ir /2)—'— (0, —o,—i€) “") dk 
4 422ig,2G? (my —my—ir/2)V (nym i7/2)— F |, (4-7) 


where 
[S$ (E) J? =Z[Sy' (E) J" 


. 2( G*(a,) _ (E~my— iy /2) dk $ 
ee es 2) [1+9, | Boh a ie SB ey opeh iy — ey)? +-(1/2) 3} 


* The explicit form of (VS |W(t)> is rather lengthy, and so we refrain from writing it. 
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492 { SE lod Laan) (Ref od — Iho Phen 
PY (eng my my)? 7/2)" 


47° ig,?G? (my —my— ig /2)V- (my —my—iy /2)?— fF | ) (4-8) 
a E—my+i7/2 
(4-7) is divergence-free at no cut-off limit, 1—> 0.” 
(4-7) approximately can be written as 


9.0 (ay /v/ Bea 

Wp+my—my + iz /2 

for f(w) of (4:2). This will be verified in Appendix. It is of interest that (4-9) 
is obtained also by the replacement of (4:1) (and y-—>g,) from (3-11). The ap- 


proximate decay spectrum apart from the phase-volume factor thus has the following simple 


f(,) (4-9) 


and reasonable form : 
9, G? (a,) /20, 
(o, +my—my)* + (7/2)? 
because of | f(w) |?~1. 


, (for w,<A) (4-10) 


§5. Generalizations 


We have so far restricted ourselves to Lee’s model. In this section we extend the 
results in last two sections to the general field theory, in which H, is the free Hamiltonian 
and H, is the interaction one, and H=H,+H,. The V-particle now has other freedoms, 
such as momentum, spin, charge, efc., but we arbitrarily fx such quantum numbers. The 
bare states are 
Holy S=E WY); 

(5-1) 
H,| n) =E,| n), 


where |n)’s stand for all the eigenstates of H, other than |), namely for the projec- 
tion operator to |V), A=|V)<V|, we have 


Alnj=0, [Aj, Ale=0. (52) 
(i) We first begin with the case of the stable V-particle. Consider a state, 
Ve=lh —\d {n|U(E) |V> 

Finae|¥)— [ae CIUEIYD iy (5-3) 

=| 1 (1 A) (Ho E38) eae) ia), (5-4) 


where an symbolically denotes sums and integrations over all |n)’s, which especially 


. } . : 
Contrary to the stable case, Sy’ (E) cen ke written as a fermally divergerce-free ferm also withcut ccupling 


r erormalizaticn Ecceuse cf tke presence cf y (cf. (3-7) ard (3-5)). But | No )-|7>|2dp is divergent 
at A> ©o even for such a finite Sy/(E). 
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includes the integration of E,. The matrix U (E) is defined by'?? 


U(E) =H,—H,(1—A) (H,—E—ié) “1 U(E), (55) 
that is, 
U(E) =[1+H,(1—A) (H,—E—ié)—}"'H,. (5-6) 
Now, operating (E—H) to (5-4), we immediately obtain 
(E—H)|Vz)=A|E-E,—U(E) ]|V), (5-7) 


making use of (5-5). Since 3 (E)=<V|U(E)|V) is the proper self-energy of the 
V-particle in the absence of vacuum polarization, we define its modifie a 
P d propagator by 
[S// LE) | *=E—E,+i€—S(E). (5-8) 
S;/(E) does not immediately relate to the usual relativistic propagator, S,'(p,), in the 
presence of vacuum polarization. The substitution of (5-8) in (5-7) yields 
(E—H) |Vz)=[S)/(E) |" |V). (5+9) 


In the rest system, if m is the real root of [5S,/(E)]“'=0, we can define the physical 
11) 


state of the V-particle by 
y= y= fan BL ID |n) 


(5-10) 
and then H|V)=m|V >. 
A slight modification of (5-9) leads to 
Sy (E) =(V | (E—H+i€) “|V). (5-11) 
Further, by multiplying (5-9) by (V| we obtain 
(E—m) (V |x) =[Sy'(E) J" (5-12) 
from (5-10). (5-12) becomes 
(PV) = (0/8E) (Sv! (E) "| nm = 2 (5-13) 


at the limit of E—>m. This is the well-known relation between the renormalization 


constant and the normalization of the physical state.” 


(ii) We extend the above theory on the stable particle to the unstable case. As 
in Araki et al. § 4, we analytically continue S,/(E) to the lower half-plane and seek for 
its pole, which is denoted by my—iy/2 as before. Next, such a factor as (1—A)-:(H, 
—E—i€)~' is replaced by a complex distribution like 


Tey (HO -E) ‘= | dn EOE) |n) dal. (5-14) 
The exact state of the unstable V-particle then is defined from (5-3) as follows: 


dn SMU mv — 17/2) |V) ee 
ED —my+i7/2 (5-15) 


H|V)= (my—iy/2)|V). 


IP =1r)— | 
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The formula corresponding to (5-12) is 
(E—m,—ir/2)(V | Vi =|Sy' (E) re (5-16) 


Since the coefficient of the left-hand side does not vanish at the limit of E>my—iy/2 


contrary to the stable case, one finds 


{V|V>=0, (5-17) 
but not the relation like (5-13). The differentiation of (5-16) by E leads to 
(V\Viy + (E—my —i7 /2) (0/8E) (V|V x) = (0/9E) [Sy' (E) |’. (5-18) 
Putting E=my—iy/2 we obtain 
Sea (AMIAe 
where (5-19) | 


| V )=(8/8E) |V x) |-my-err. 


(iii) Finally, we must define the physical state of the unstable V-particle. For 
this purpose, it is not good to replace the complex distribution in (5-15) immediately 
as in § 4. In the actual case, the strong and weak interactions are present, and the 
decay is generally caused by the latters alone. Hence it is desirable for the physical 
state to reduce to the eigenstate for the strong interactions at the switch-off of the weak 
ones. 

The interaction Hamiltonian is divided to the strong and weak parts: H,=H,+ H,,. 
The physical state is almost determined by H,. Consider a state 


72)=|V)— | dr e@Ir) In), (5-20) 


where U(E) stands for the U-matrix relating to H, only, i. e. 
UE == ei) Ga =b)o"l? He (6.21) 


The superscripts (-) in (5-20) and (5-21) are actually unnecessary, provided that 
ReE is less than the threshold energy of the strong interactions. By using (5-21), 


U(E) =[1+ (H,4H,) (1—A) (HS —E) "}" (A, +H,) (5-22) 
is rewritten as 
U(E) =U(E) + U" (E)[1— (1— A) (HO —E) “1U(E)], (5-23) 
whete 
U'(E)=[1+ (A,4+-4,) =”) (HP +E) tPA. (5-24) 


From (5-23) and (5-20) we obtain 


Paya] )— | an OED tn) Fe)— [dn LIP) Igy. (5.25) 


The operation of (E—H) to (5-25) yields 
(E—H) |V;)=[E—H,—H,— AU’ (E)]|Vz), (5-26) 
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hence from (5-9) 
[S)’ (E) J =[S, (E) J? XV |U' (E) | 7), (5-27) 


where S,(E) is the modified propagator in the presence of the strong interactions only. 

(5-27) tells us that (V|U’(E)|V;,) represents the extra proper self-energy due to the 

switch-on of the weak interactions. (5-27) is nothing but the V-V element of (5-23). 
Now, from (5-25) we can define the physical state as follows: 


me n|U! (my—iy/2) eres ? 
(Wo es | Eee, toe \an ‘ | ee ne {iss f(E7)h |n). 


(5 -28) 


Here, notice that |V,,_j,/2) is not the exact eigenstate of H,+H,. If we use the 


latter, |V") cannot be written in such a simple form as (5-28). 

For instance, for a modified Lee’s model, where the strong interaction (N,+02V, 
coupling g,) and the weak one (N,+0—V, coupling g,) are present for two kinds of 
N-particles, N, (mass m,, m,+f>my) and N, (mass mj, mo+ft<my), the physical 
state of the unstable V-particle becomes 


= G, (wg) /v/ Deo, 
| V my —in/2? gy nj O,+m,—my+i7/2 


‘ ( Gi(a,) /V 20, 
|VIy=| V pe — igh) Al O,+m,—my+ iz /2 


a,,*dk|N,», 
(5-29) 


(1— f(o,) ) @;,.* dk|N,). 


§ 6. Discussions 


We constructed the eigenstate of H with a complex eigenvalue by introducing the 
new notion of complex distribution, which may seem rather unfamiliar. But this notion 
is not quite an additional one to the conventional theory. To see this, consider the 


following simple series of real distributions as an example: 
F(w) =S3e"/(w—a 8), (6-1) 
n=0 


where 0O<w< +0, a is a positive constant and c is complex (|c|<a). If ¢ stands for 
a proper self-energy, then F(w) is just a modified propagator. For simplicity, we assume 
that c is a constant. The sum of series (6-1) is defined by 


+ co +0 


=f elo) | 
Fl¢|= \ F(w) ¢(w)do= ea | (oa bie dw (6-2) 


as in §2. Here y(w) is a regular function vanishing far away on the upper half-plane. 


We then have 


co c"o(w) ; 
Figl=33\ Gem (6-3) 


n=0 
0 
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which is absolutely convergent. Hence exchanging the order of the integration and the 


sum, we obtain 


y(w) du, (6-4) 


w?—a—c 


Fle] Ip athe vip 2 


+0 
(I — As Ha 
0 


0 


and thus 
Fa) = ly (Gia daa e) (6-5) 


Namely, a series of real distributions generally represents a complex distribution. Feldman’s 
difficulty for a modified propagator” is thus understood in terms of a complex distribu- 
tion.* 

Lehmann™ pointed out that Feldman’s difficulty was due to the approximation employed 


by him, because the exact modified propagator could always be written as 


D te p(k) . 
Sy’ (@) \ ya ae a (6-6) 
and so S,’(w) could not have any complex pole. This is quite natural because Lehmann 
postulates that the eigenvalues of H are restricted to real values. But it is generally 
possible in quantum field theory that there appear complex distributions as mentioned 
above. Hence if we rather admit their appearances from the beginning, H generally has 
complex eigenvalues as in §§ 3,5. Since the states with complex eigenvalues are not observable, 
there is no physical reason why their presence must be forbidden. Then p(«) becomes a 


complex distribution, and (6-6) is rewritten as 


Sy/(w) = | PX#) dk, (6-7) 


Os s> 


which generally has complex poles. For the above example, (identifying F(w) with 
Sy/(w)) we have 


p(k) =0(Kk—a—c). (6-8) 
And also for the unstable case of Lee’s model we have (cf. Araki et al. (A-17)) 


Dery cw) =| dp (vino (p)*) (NO (p)*| V7) 0(o—a,) 
=279°G?(w) V w—/2S,/ (my +o) S,* (my to”), (6-9) 
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Appendix Lu 
We derive (4-9) approximately. For simplicity we 


write 


O (w,) =279,7,C"(w,)k. 


As shown in Fig. 3, we analytically continue the integrands 
in (4-7) to the lower half-plane. We then have Fig. 3 


+o 


2 (ox) f (ox) . 
| fC dw;,= — 2719 (my —my— iy /2) f (my—my — iz /2) 


O,+my—my + ir /2 


u 
‘ih \ 9(o,)f (Ox) Ae 
Ont my—my+iz/20” 


— oe, 


and 


yc ennee di,= — j eee 


et sete On— Wy 


pe —o 


because of the fourth condition for f(w). Since f(my—my—iy/2) ~1, the expression 


in the curly bracket of (4-7) approximately becomes 


ct PLO) flO) dog. 
(a, +-my—my +i /2) (Wp—Wp) ~ 


pb 
(w,+my—my+i7/2) | 


Here, the first factor cancels the singularity of S¥(my+«,) and the integral approxi- 
mately vanishes because of the rapid oscillation of f(w,) (no pole exists near the path). 


Thus the second term in the square bracket of (4-7) is very small. 
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+ 

Note added in proof: (4-2) is a simple example for f(w) but not the best one, since \ Tflayi? da is 
be 

divergent without the unnatural factor 4°/(w?+2°). f(a) generally has the form 


+0 
| b@exp {-i(0+ my —my) Bde 
0 

with 4(t)~0 for t~0 and j, 4@ dt=1. A better example will be furnished by adopting as 4(¢) the fol- 


lowing function (ref. 7 (I. 2; 4)): 
h(t) =const. exp{—1+4K?(t—1/n) *}71 for O< ft 2k 


=O ’ for t>2/k. 
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The possible existence of a neutral meson with isotopic spin 0 is suggested. Its effects on pion 
physics and some ways to test its existence are discussed. 


$1. Tntreduction 


We now have rather good evidence for the charge independence of all strong interactions. 
In particular, the low energy nuclear physics has supplied us with the strongest evidence 
in favour of this symmetry property. Although we have many arguments in favour of 
accepting the symmetrical theory of pions, which of course is charge independent, direct 
tests of this symmetrical theory have not been sufficiently accurate so exclude all other 
charge independent theories of undiscovered mesons. In particular, experimental evidence 
does not exclude the existence of a neutral meson with isotopic spin 0 in addition to the 
usual charge-triplet pion (and K-mesons). Considering the existence of both charge 
triplet and singlet hyperons (>) and A), it is quite attractive to postulate the existence 
of a charge singlet meson. Assuming such a meson to exist, we denote it by 2’, which 
must not be confused with the neutral member 7° of charge-triplet pion. It is the pur- 
pose of this paper to discuss possible effects of this z’ in pion physics, as well as its 


possible detection. 


§ 2. Properties of z’ 


We are interested mainly in such a 7’ as can affect the low energy meson physics.* 
So we consider only two types of mesons, the usual pion which obeys the symmetrical 
theory and the new meson 7’ which obeys the neutral theory. To avoid immediate 
contradiction with our experience, we would like to attribute the following properties to 7’: 

i) The mass p’ of 7’ is nearly equal to the mass p of 7, e.g. Opp 
+30 Mev.* 

ii) The spin, the isotopic spin and the strangeness are all zero. 

iii) It interacts with baryons as strongly as the pion does. 

iv) It decays into two 7-rays with the lifetime < 107''sec. 


Unless we use the Panofsky effect (which we shall discuss later), we have so far 


* We do not discuss here another case, y/>2°, which has been considered by Nambu, ref. 10). 
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had no accurate method to measure the mass of neutral mesons. Therefore we may 
conclude that the above conditions imposed on 7’ are sufficient to make 7’ and 7° indi- 
stinguisable. As for the Panofsky effect, one can find a special model which avoids the 


simultaneous emission of 7° and 7’ after the 77 capture. One of such models is given 


by a special assumption 
Le Bs 
where /4 is the charged pion mass. Other possibilities will be discussed later. 

An interesting feature of 7’ is worth mentioning. Since the isotopic spin of 7’ is 
zero, the pion-nucleon (or briefly z-N) scattering with total isotopic spin [=3/2 has 
nothing to do with this 7’. In fact, there is beautiful agreement” between the pion 
theory and the experiments for the 7-N scattering with [=3/2. This is why we have 
assumed 7’ to have the isotopic spin 0. On the other hand, the z-N collision in the 
I[=1/2 state can lead to a final state in which the nucleon is accompanied by a 2’. The 
symmetrical theory of pions alone seems to be in disagreement” with experiment in this 
case. The introduction of 7’ may serve to remove this discrepancy (also see ref. 5)). 

Let us discuss the z-N collision with [=1/2 in a little more detail. We have 
here two eigen states for each value of the total charge”. For example, the charge wave 


functions for [=1/2 and I,=—1/2 may be written in obvious notation 


(cos é) iia oa (2°n) aT (sin é) (z'n) (1) 
and 
(cos &) (a’n) — (sin €) V2 4 i si (2) 


Table I where € is real. For comparison, we also 


ae ——$—$—_—_— notice that the charge wave function for 


Process R-matrix — 3/2 and L=- 1/2 is 
nt+ popt+nt Rs as 
= = 22 R. 2° R. 23) (=p) ia 2 (0) : (3) 
n+ poptr 3 (Rat 2° Ri Wane 
V2 “ ” d Q : 
n+ pon+n° F &- R,”’) Let 0,, 0’ and 0, be the eigen phase- 
, a aw shifts for these three eigen states, (1), 
n-+pontn 3 sin€ cose (Ri — (2) and (3). Then the R-matrix 
id a put x’ (sin? €) Ry + (cos? €) R’ elements for meson-nucleon collisions are 
—> . 
ee Amon Ht FO ATS ONIN Ee Found “and listed in Table. Ee 


In this table we have put 
R,=e**s—1, R= e*9, Ri=et"—1 

and (4) 
{Ry = (cos* €) R,+ (sin? €) Rs 
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: : : / 

If €=0, the results in Table I will reduce to the usual symmetrical pion case. If 7 

exists, we see that in performing the phase shift anlysis, there are more parameters than 
. 2 . . . ’ : ° 

before. Therefore, the revised phase shift analysis including 7’ is extremely interesting, 


and we may expect to obtain better agreement between theory and experiment than before. 


$3. Tne parity of z’ and the meson-nucleon scattering 


We have not yet specified the parity of 7’. There are two possibilities, the scalar and 


the pseudo-scalar cases. Let us discuss these two cases in more detail. 


83° Pee? scalar 

First we shall discuss the scalar case. The incoming s(or p)-wave pion must be 
converted into an outgoing p(or s+d)-wave 7’ in the z-N collision with I=1/2. Hence, 
z’ will hardly come out after the collision of the slow z~ with the proton and the 
s-wave pion-nucleon scattering near zero energy is essentially same as before. The 7 
capture by the proton from the sstate is similarly unaffected by =’. The =~ capture 
from the p-states may give rise to substantial 7’-emission. If it proves necessary to 
predict more neutral meson emission in the Panofsky effect, one can appeal to this effect. 
To do this, we have to assume close equality of masses of the two neutral mesons: 
p2=p'+0.2 MeV. If we do not want the 7’-emission in the Panofsky effect, one can 


‘ is heavier than the charged pion. 


assume, for instance that 7 
If p/p’, one can expect that the incoming p-waves of =~ on the proton will lead 
mostly to an outgoing s-wave of 7’ at low energy region. In other words, the p-wave 
part of the total cross-section of 7 ~-p collision at low energies is due almost entirely to 
the charge exchange scattering 7~+p—n+7’. This is, however, not the case, so that 
we are inclined to choose 7’ to be considerably heavier than the pion mass. 
An annoying thing is the neutral meson production by proton-proton collision. If 


/ 


mz’ is scalar, we would expect sizable 7’-production even near the threshold in contradiction 


with experiment, unless there is some accidental cancellation of matrix elements near the 
threshold. 
On the other hand, one can check the existence of the scalar 7’ by means of the 


reactions 
d+d>a+7’, 

and (5) 
a+a—>2a(or Be’) +2’. 


; robe : : : 
The 7°-production in these reactions is forbidden by the isotopic spin conservation. 

From these considerations the existence of a scalar x’ with px seems to be 
unlikely. 


§ 3-2 7': pseudoscalar 


Next, we proceed to discuss the psedoscalar case. As is easily seen, there are no 


difficulties in near zero energy events like the Panofsky effct, the mesic-atom, and the 
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s-wave 7-N scattering, if one assumes that the mass //’ of 7’ is heavier than the charged 

pion mass /# by, say, about 30 Mev. Therefore it is only intersting to investigate the 
! 0 * A . 

case / ~f’. Before going into the detail, let us define : 


a,=03/7, 4,=0,/y, and a’=0'/y, (6) 


9 y Na ; 
where 03, 0, and 0’ are the eigen phase shifts for s-wave mesons (see Table I) and 
7= (meson momentum) /(meson mass) as usual. For small 7 the a’s are practically 


constant. From the low energy data of 


m+ pop+n* 
and 
(E> pop tr 
one finds® 
d,= —0.11, 
“47? = (cos? €) a,+ (sin? €) a’ . (7) 
=0.16. ) 


While the charge exchange scattering, i.e., the sum of 7 +p—n+7° and 77> +pon+7’, 


gives information about the value of 
2\a,— “a,” |? +2 (sin E cos €) |a,—a’ |’. (8) 


We see that (7) and the experimental value for (8) are consistent with 
Coed 
or 
gaa 016 ‘and a= 0.11. (9) 
These results show that the cross section of 
m +p—>n+7' 


vanishes at a very low energy. Thus the Panofsky effect is entirely due to 7°. We 
know that (9) seems to be compatible not only with the Panofsky effect but also with 
information about the a’s from the 7~-mesic atom. The 7’ can of course come out in 
s-waves at high energies and also in higher waves in z-N collisions. 

We want to investigate the effect of 7’ on the p-wave z-N collisions. For the time 
being, it would be unnecessary to make fancy calculation. Hence, we shall use the simple 
ps(py) static models? for both the symmetrical pions and the x’, and the Born approxi- 
mation to the phase shifts. We also assume for simplicity #/=y. Let us denote the 
(renormalized) coupling constants of 7-N and x/.N interactions by f and fj. Then we 


ke ; ; 
can describe the pion-nucleon scattering in terms of the usual phase shifts @’s (which 


are the same as in ref. 4): 


626 Y. Yamaguchi 


a,=——8 

i 3 f p 
a,,=a,——+ ‘Spr we | (10) 
A,= +4 


where p is the meson momentum and o=V Pte (6=c=1). The process 7+ N—>N-+27’ 
with I=1/2 can be described by the two phase shifts, 


/— 12 3 
mae xe (11) 


where @,.7 is the phase shift for the p,-state (J=1/2 or 3/2). Finally, for the process 
m+ N—>N-+z7’, one finds the phase shifts : 


mer |x fe (12) 


9 > 
hl ae 47 wl 
1, 3 i 


where Qs, is the p,-phase shift. 
We shall assume throughout in this paper (also see § 4-3) 


fo Sf°- (13) 


The scatterings involving 7’ have relatively small phase shifts, a5, and a@3', which, how- 
ever, can be comparable with small phase shifts like a,, or a@,,. Accordingly, the dis- 
crepancy between the old theory” and the experiments can now be overcome by the 
introduction of the 7’. It should be noted that the total cross section o(7~—>7’) for 
™ +p n+7’ is 10% of the 7 —p total cross section". 


Table II 
Total isotopic Eigen-state Eigen phase shift 
spin I (Example only) Ee eee : 
rl i. 51/2 Pile 3/2 
(x*p) i” by eat 
3/2 (x=p) +V 2 (a) 03 03 033 
i, 3, 


Vo (xp) — (xn) 


(cos €) == 
1/2 V3 Oy on | ai 
+ (sin €) (z/n) 
VY 2 (ap) — (xn) 
— &€) ca 
1/2 eae) v3 3 31 Bsa 


+ (cos &) (7’ n) 


Note: The € depends on the state; € for the Sy/2 state and & , for the py-state 


(J=1/2 or 3/2). 


It is interesting to calculate the eigen phase shifts, and the parameters &(see Table 
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II). It is easy to find them from eqs. (10) ~ (12): 


E,=E5=6, tan 26=—20/3 f fi/(f?+fe), 


(.=05 Os) On 


8.=—(2f Ping se ey 


1 3 
ia ——F_, (14) 
<a . 5 2V 3 fhe Mee [UE 
PB ited are sin 2€ 
2V 3 ff 
baa Af 2 Dperyete Seth de 
w= —(afttfe— Ne) 
In the special case 
f= a a 
one finds 
sin 26=— 41/2, 
and 
es 9 ly 1 25 a: 
Te | ee a ee 15 
31 2 13 11 2 13 7 11 3 An feo ( ) 


In contrast to the scalar case, there is no difficulty of the neutral meson production 
by the proton-proton collision near the threshold, since the same reasoning as for the 7° 
case can be applied to the pseudoscalar 7’. 

A direct test of the existence of a pseudoscalar 7’ is rather difficult, because the 
reactions (5) are now forbidden. So that we have to investigate meson production pro- 
cesses, where both pions and z’ are involved, very carefully. For example, we can use 
the famous reactions 

H3+2t 
ptd> (16) 
He? +7°, He*?+7’ 
and 
ptpod+z* 
(17) 
ptnod4+m, d+7' 


for this purpose. An experimental accuracy better than ~5% will be required in order 
to determine whether the reactions ptnod+7', and p+d—>He’ +2’ occur or not (see 


ref. 5) and 6)). We have so far rather poor knowledge about the positive pion to neutral 
meson ratios for (16) and (17). It is wise to avoid the 33 resonance region to test 
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the existence of the 7’. Thus it is interesting to investigate experimentally the single 


i iSi - nergies. 
meson production by the 7-N or N-N collision at off-resonance energ 


§4. Other comments on the ci oh 


$ 4-1 Decay processes of hyperons and K-mesons. ee, 
If the 7’ exists, it is natural to suppose that one of the decay products of >}, 


and K-mesons could be the 7’. Then, one can expect 
a 
( p+z’. 


These two processes should be easily discriminated by measuring the energy of the proton, 


if p24 y!. Similarly, there are the following decay modes of K-mesons 


Sts 


a! 


Ktont +7’, (18) 
K+-5x* +27’ 
Let Arai 
+p too ey 
a> mting-ta@ 
m+ 27! 
37’. 


It is interesting to note that (18) is consistent with the so-called JJ=1/2 law. Evidently 


these decay processes are useful to check the existence of Toe 


§ 4-2 Dispersion relation. 


A few words should be added concerning the dispersion relation for the pion-nucleon 
scattering. Even if we introduce the 7’, the form of the dispersion relations (see ref. 
7) for the m= + pop+rt does not change at all. In other words, as far as we use 
experimentally measured values for the forward scatttering amplitudes and the total cross 
sections for z*-p collisions, all effects due to the 7’ are fully taken into account. 
Therefore, origins of the difficulty emphasized by Puppi-Stanghellini”, if it is real, cannot 
be attributed to the existence of 7’. Fortunately, Lomon and Zaidi*) have shown that 
the difficulty can be removed by using somewhat different values of total cross sections 


from those used by Puppi-Stanghellini. We believe that the proposal of Lomon-Zaidi 


is quite reasonable. 
§ 4-3 The meson-nucleon coupling constants. 


We have two coupling constants f and f, in our theory. According to Otsuki 
et al”. one can determine the strength of the meson-interaction by means of two nucleon 
data in the low energy region, among which the quadrupole moment of the deuteron 
plays the most important role. If the 7’ is scalar, the nuclear forces due to the z/-N 


interaction do not contain non-central force, so that we can say very little about 
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the coupling constant f,. On the other hand, if the 7’ is pseudoscalar, one finds 


- 7 0.08. 


The accuracy of this determination is rather hard to estimate, but our feeling is that 
0.08+0.03. If we accept tentatively this determination we find 


a condition which has already been used in § 3-2. 

Moreover one can expect the resonance for the 7/-N scattering. The position of 
this resonance w,! will be ~(f?/f))w,(w,~2.24 is the 33 resonance energy). This 
resonance can affect the 7-N collision with I=1/2. If fy" ~f?, this will be masked by 


the strong 33 resonance, while if 4f,><f? this can partly be responsible to the second 
resonance of the 7-N collision with [=1/2* around 1 Bev. 


§ 4-4 


We can in principle test the “symmetrical” pion theory by the multiple meson 
production at extremely high energy nuclear collisions. There, the ratio of the charged 
pions to the neutral “ mesons” is only known within a substantial uncertainty. Therefore 
there is still room for additional 7/-production. 

§ 4-5 

We have so far discussed the possible existence of a neutral meson mz’, which can 
affect low energy pion-phenomena. 

Another possibility will be the case #/ 22, in which any explicit effects of the 
z’ can hardly be expected on the low energy pion-phenomena. Some interesting discussions 
of such a case have recently been published by Nambu’. Gell-Mann’? and Schwinger” 
have discussed the possible existence of a neutral meson with isotopic spin 0 from points 
of view entirely different from ours. 

The discussion presented here may or may not be useless. We shall see in the 
near future which is the case. The existence of both charge triplet and singlet hyperons 
(S} and A) is so impressive that the existence of a charge singlet meson m’, whatever 
it may be, seems to be quite natural. 

The author would like to acknowledge the hospitality of CERN, Geneve, where the 


most part of the work was done. 


Note added in proof Riddiford et al. (private communication) have recently measured the cross 
sections for single meson production in p-p and p-n collisions at 970 Mev. In particular they have found 
the neutral meson production cross section in p-n collisions which is 2--3 times bigger than that expected 
from the “symmetrical” pion theory. This is a quite interesting result for our proposal presented here, 
though there remain many possible effects to be considered within the framework of the usual pion theory. 


* I am indebted to Dr. Miyazawa for this remark. 
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Studies of the isctopic spin change in various strange particle decays and of the conservation of 
the isotopic spin in the strong interactions have led to the introduction of a new and independent 
space (/-space) in addition to the i-space. The i/-spin quantum number of baryons and heavy mesons, 
the property of the z and K couplings in the i/-space as well as in the i-space, and the decay selection 
rules of strange particles are determined in a rather unique fashion. Semi-quantitative comparison 
between the experiments and the predictions of the theory is made. 


§ 1. ITutroduction* 


Nishijima-Gell-Mann theory” (N-G theory) on the strange particles has been suc- 
cessful in understanding most of the qualitative features of the strange particle physics 
including 

i) the selection rules for the production of strange particles, 

ii) their long decay lifetimes, 
and 


iii) the presence of charge multiplets such as 
eK Bo wand’ (K -.pK°). 


There all the above features are explained phenomenologically by introducing the strangeness 
quantum number and the isotopic spin. 

On the other hand there are some other properties of strange particles which still 
remain unexplained ; these are 

i) some pieces of quantitative information about the isotopic spin change in their 
decays,” 

ii) the mass spectrum of baryons, 
and 

iii) the problem of possible parity non-conservation® in the strange particle decays 
in general. 

They might give us clues for advancing the theory of strange particles beyond the 
N-G theory at least on phenomenological ground. Particularly the study of the isotopic 


spin in connection with the first two problems seems to be very promising as we shall 


* The main content of this paper was published as a report from Institute for Nuclear Study, Tokyo 


University. (INS-PT-2, Dec. 1957) 
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see in what follows. . 

Hereafter we assume that the isotopic spin 15 conserved in every strong interaction. 
The charge indepedence observed in z-N and N-N interactions and the presence of the 
isotopic spin multiplet seem to support this assumption. Besides there has been as yet 
no experiment indicating the violation of the isotopic spin conservation in the strong 
interactions. 

Then each particle has its own isotopic spin quantum number assigned by the N-G 
theory : 


kind of particle Ne ST ae, tie he (K) 


isotopic spin 1/270) bpty/2p49 fay (y2) 
In the A, », and K decays, 
A>N-+z, S>5N-+7, and K-22, 


the magnitudes of the isotopic spin of the final states are equal to either 1/2 or 3/2 
for the A and + decays and 0 or 2 for the K decay”. Therefore the possible isotopic 
spin changes in their decays are 


4I=1/2, 3/2 for the A decay 
and 


4I=1/2, 3/2, 5/2 for the 2 and K decays. 


Recent experiments” have given us some quantitative information on these isotopic 
spin changes : 

i) K* decay 

The lifetime of K* long compared with that of K° has suggested us” that approxi- 


mately 4J=1/2 in the K decay. The recent measurement” of the branching ratio of 
K,° decay has revealed a small value of the ratio, 


(K,°— 22°) /(K,° > 22) =0.14 + 0.06. 


This ratio and the observed small ratio of the K,’ life time to that of K* lead us to 
a conclusion that the three types of interactions with JI=1/2, 3/2 and 5/2 must be 
present simultaneously in the K decays. Magnitudes of the JJ=3/2 and 5/2 interactions 
are of the order of 10% of the 4I=1/2 interaction.” If the JI=5/2 decay cannot 
occur, the K,' decay into 27° must be at least 28% of the total K,’ decay. Although 
this value is by about twice standard deviations far from the measured value, it is very 


desirable to have more accurate measurements on the ratio before we definitely conclude 
the presence of both the 4I=3/2 and EW) decays. 
ii) 2 decay 


If 4I=1/2 in SX decays, there is almost one to one correspondence” between the 


* K particle is assumed to have an even spin. 
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ratio of Ty+ to tz- and the branching ratio of 3+ decay, (2 * p+ 7m) /(S*—n+7r"), 
The obsetved ratios do not satisfy the required relation and 
existence of either 4[=3/2 or 4T=5/2 interaction. 
order of 10% of the JT= 1/2 interaction. If the parity do not conserve in » decays, 


then 4I=1/2 could explain the experimental data without having either J[=3/2 nor 
4I=5/2 interaction. 


iii) A decay 


this deviation means the 
Its magnitude seems to be of the 


The observed branching ratio of ° decay, (9 >p+77)/(#ON +7) =0.65 
+0.05”, nicely coincides with the prediction of JI=1/2 selection rule, although a small 
mixture of JJ=3/2 interaction cannot be excluded from the present experimental data.” 

Here we would like to emphasize the importance of the above information, namely, 
the existence of J[=3 /2 and 5/2 interactions. This makes a sharp contrast to the 
strict selection rule 41.=+1 /2, which is required by the charge conservation in the 
decay processes. 

Since the conservation of isotopic spin in strong interactions is our essential assumption, 
the natural law is invariant under any rotation in the iso-space as far as we neglect the 
electromagnetic and weak interactions. On the other hand the observed isotopic spin 
changes, JI=1/2, 3/2, and 5/2,. in the decay processes together with the nonexistence 
of 4I.=+3/2 and +5/2 mean that the weak interactions are not invariant under 
rotations around x or y axis of the iso-space. Otherwise we should have a process with 
4I,= +3/2 or +5/2 among the strange particle decays. 

This deviation from the spherical symmetry of the i-space,* i. e., the reduction of the 
spherically symmetric i-space into an axially symmetric one may come from various different 
reasons. Let us study them by artificially switching off the electromagnetic interaction 
(e*/be->0) and by considering the weak interactions in thus obtained hypothetical world. 
Then we have two alternative possibilities: either a) 4JI[=1/2 or b) JI=1/2, 3/2, 
5/2 and 4, =+1/2. 

In the case a) the weak interactions do not specify any axis in the ispace and the 
world with e°/bc=O has a spherically symmetric i-space. The charge conservation in the 
decay processes is automatically satisfied by the selection rule JJ=1/2. When we switch 
on the electromagnetic interaction again, there appear 4J=3/2 and 5/2 interactions as 
electromagnetic cortections to the original JJ=1/2 weak interaction. On the other hand 
the gauge invariance of the theory keeps JI,=+1/2 and the isotopic z axis becomes a 
special axis, thus violating the spherical symmetry of i-space. Rough estimation of this 
electromagnetic effect gives us a magnitude of JI=3/2 or 5/2 interaction at most of 
the order of 1% of the JI=1/2 interaction.” We have looked for a model of the 
decays of strange particles which can increase the magnitude of this electromagnetic 


correction but it has so far been unsuccessful. Therefore the fairly large JI=3/2 or 


' pay 
* Hereafter we shall often speak of the spherical symmetry or asymmetry of the i(or i’) space. When 
various interactions and physical properties of a system are (or are not) invariant under any rotation in the 


i-space, we say that the i-space is spherically symmetric (or asymmetric). 
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5/2 interaction required from the experiments seems to exclude the case a).* 

If b) is the case, the decays in the hypothetical world (e?/bc=0) still shows lack 
of the spherical symmetry of i-space. This asymmetry must come not from the electro- 
magnetic interaction but from some other sources. Also. JZ =+1/2, the charge con- 
servation in the decays, cannot be due to the gauge invariance of the theory. This is 
required only when the electromagnetic coupling is switched on, otherwise our understanding 
of the electromagnetic field as an agent for keeping the charge conservation law will be 
lost. 

One possibility for introducing the asymmetry in decays is to couple the #-spin with 
another vector i’, which is concerned with a certain new and independent freedom in the 
strange particle physics. Then the spherical asymmetry can be brought by the coupling 
between i and i/-spins during the decaying processes, if the i’ space itself is spherically 
asymmetric. Namely the exchange of the spin angular momentum with that of i’ occurs 
during the decay processes, just as we have the exchange of ordinary spin and orbital 
angular momentum in nuclear reactions. If the i/-space is spherically asymmetric, it is 
apt to transfer the i/-spin angular momentum more in a certain direction to the 1’-space 
than the spin angular momenta in the other directions. Thus we obtain the spherically 
asymmetric decays as far as the i-space is concerned, The asymmetry of the 7’ space 
must be either due to a certain kind of strong interactions or else due to an inherent 
nature of the i/-space. It is rather tempting to assume that the former is the case and 
without that strong interaction we see a spherically symmetric i’ space. 

There are only two kinds of strong interactions so far known to us, namely the 
Z-interaction and K-interaction. Off-hand, it is free for us to choose either one of them 
as an agent for introducing the asymmetry into the i’-space. The mass spectrum of 
baryons and the observed isotopic spin change in the decay processes are in favour of the 
K interaction as the agent (§ 2). Furthermore, if the K interaction is weaker than the 
@ interaction (/%/be<9,/bc), this choice is consistent with the philosophy that a weaker 
interaction has less symmetric properties. 

Thus we have finally obtained the following picture about Nature. The natural law 
is invariant under any rotation in the i and i’-spaces as well as in the ordinary spacetime, 
when only the z-coupling is switched on (972/bc40, (/bc=0, e?/bc=0). The decays 
in this super-symmetric world, which we hereafter call the primary decays, are due to the 
exchange of the i and 7’ spins with each other. Since the both spaces have no preferred 
direction, there is no special component of the spins more likely to be exchanged than 
the others. Therefore the selection rule of the decays is shown to become Af== 1/2, 
which contains only the magnitude but not any particular component of ispin (§ 2). 
If the K interaction is introduced in addition to the 7 interaction (9x /bcF0, 9x/beHO, 
e’/bc=0), the law is no more invariant under any rotation in the 7’-space, expect that 


oy 5 + . 
around the 7, axis. Then the i/-space becomes the axial symmetric one, whose axis is in 


If a K meson is really a very tiny particle and the electro-magnetic interaction inside such a small space 


is much stronger than we usually expect, we can still hope a) being the case. We will investigate this 
possibility in another place. 
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the z direction. During the decay processes the z component of i’ spin is more (or 
less) frequently transferred to the i-space than the other two components of i/-spin, thus 
transferring the asymmetry of i’-space to the i-space to a certain extent. The electro- 
magnetic interaction introduces an asymmetry into the i-space as is well known, but the 
effect of this asymmetry on the decay interactions are expected to be small and will be 
neglected hereafter. 

In the following section (§ 2) we will show that the above explained way of thinking 
leads to a rather definite assignment of the i’ spin to each elementary particle and to a 
reasonable understanding of the observed selection rules of the strange particle decays. 
If the types of the K interaction and the weak primary interaction are specified, we can 
make semi-quantitative prediction of the mass spectrum of baryons and the JI in the 


decay processes. It seems that they fit the observed values at least semi-quantitatively. 


S2. I spin space and selection rule in decay interactions 


Let us first study the 7’-space discussed in § 1 and assign an i/-spin quantum number 
to each particle. One requirement for this is that if there is a particle with I’ different 
from 0, there must be also particles with the same I’ and different 1’ (L/=I', I/—1,:--, 
—I’). They together make an i/-spin multiplet and must have the samt spin and i-spin 
as well as the 7’-spin. Moreover, if the K and electromagnetic interactions are turned off, 
those belonging to the same i’-multiplet must have the same mass. Observed mass 
differences among particles belonging to the same 7/-multiplet come mainly from the K 
coupling and may reach even a magnitude of the order of myc’. 

If we accept the i-spin assignment (I) of strange particles given by the N-G theory, 
only such groups of the particles that can make an i/-spin multiplet according to the 
above requirments are the pairs (N, =) and (K, K). Nand 5, for instance, have the 
same i-spin and probably the same ordinary spin (1/2). Also K and K have the same 
i-spin (1/2) and the same ordinary spin (probably 0). No other group of particles 
with such common properties is known to us. 

Since we need the i’-space, some particles must have I’ different from 0. Then we 
have only three alternative possibilities : 

i) both (N, =) and (K, K) make i/-spin doulets, 

ii} only (N, 2) makes an i’-spin doublet, 
or else 

iii) only (K, K) makes an i’-spin doublet. 

Let us take a reaction 7-+N->A+K in order to decide which one of them we 
should adopt. This reaction occurs through strong interactions including the K interaction. 
Since the K interaction introduces an asymmetry into the i/-space, this reaction may not 
conserve the i’ spin itself. But if the asymmetry introduced there is such as to keep 
the axial symmetry of i/-space around its Z axis, I’ must be conserved in the above 


reaction. This conservation of I! rejects the case ii) and iii), leaving the case i) as a 


sole possibility. 


636 G. Takeda 


Thus we arrive at the following assigment of I’ spin to various particles. (Table I) 
This assignment is just the same one as given 


Table I I and I’ spins of strange particles 
by Salam and Polkinghorne.” The charge of 


es Ve : Y 

Lakcabt I : I, each particle is equal to the sum of I, and IJ ; 

P 1/2 wake 1a, 1/2. +1/2 
— 2 

N ee ee enh) Q=L+L (2) 
ea gee ake Met Since the 7 interaction is invariant under 
g- i/2. ~=1/2 1s oe yd ; | ae 
% f : ; ; rotations in the i/-space, (P, N) and (2%, Rr) 
st : 41 o 4 have an identical mass with each tess = far 
S10 1 0 0 0 as we neglect the K and electromagnetic inter- 
Sie 1 af 0 0 actions. Also K and K have an identical mass. 
nt 1 ue 0 0 When we switch on the K interaction, it should 
79 1 ) 0 ) produce the observed mass difference between = 
7 1 al 0 0 and N. On the other hand K and K must keep 
a Ue eo Heme tele the equality of mass, if they are to be particle 
0 — P 5 2 
s ie ue Lee conjugate with each other. It is easy to show 
Ke U2. P12 1j2-—1/2 
= that the local field theory for K particles satisfies 
KS 1/2 —1/2 1/2 —1/2 


this requirement irrespective of the asymmetric 


nature of the K interaction in the i’-space. 

In the hypothetical world with only the 7 coupling present, we can search for a 
further symmetry than what we have discussed so far. Namely we can regard the i and 
i/-spins as two independent rotational operators in a four dimensional iso-space."” If we 
require full symmetry of the system under any rotation in this four dimensional space, 
then (3*°, A°) can be considered as making a vector in the space. And they must 
have an identical mass with each other. Also the two doublets (p,n) and (=°, =7) 
together make another four vector, represented in a form of a direct product of two 
spinors. Schwinger and Gell-Mann’? have suggested this full symmetry among baryons 
when 9x/bc=e/bc=0 

One might attempt further to find a certain symmetric property between the two 
groups, (+*°, /°) and (P, N, =°, =~). Then all baryons could have the identical mass 
when only the < coupling were switched on.'” 

Now let us study the weak interactions responsible for decay processes in the hypo- 
thetical world (the primary decay interactions). Since there must occur a coupling 
between the i and i’ spaces, the selection rule for decays contains both the i and i’ spins 
of the system. Furthermore from the spherical symmetry of the i and i’ spaces in this 


world, the selection rule must be expressed by only I and I’ and cannot contain J, and 
I{. Then we have 


4(nI-+n' I’) =0, 1, -:-(n and n’ are non-zero integers). 


The compatibility with the charge conservation law (see Eq. (2)) chooses the 
following selection rule out of the above possibilites : 


4(1+1') =0. (3) 
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This selection rule applied on the K, A, and Y decays are essentially equal to the 
selection rule JI=1/2: 

i) K decay 

We show the values of [+I’ and I,+ I! before and after the 27 decays of the 
various K particles in Table II. 


K*, K,’, and K~ make a triplet ([+I’=1) Table IL Value 'of TEP ana tbr 


and K,° makes a singlet ([+I’=0). The final in K decays 
two pion states do not have I’ and their [+/’ = << 
are equal to J, the total i-spin of the system. _ Mees Cee = hae ees 
Since pions obey the Bose statistics, the total K+ 1 +1Sn*+50 2 1 
i-spin is equal to either 2 or 0. KY 0 OCF Ep 2,0 0. 

Because of the selection rule 4(I+ I’) =0, ao wae 

0 : 1 ee PLt 

only K,° can decay into two pions. The other re ie Oe eta 5 = 


K’s cannot decay into two pions as far as we 
neglect the K and electromagnetic interaction.* The branching ratio of K,’ decay, 
(K,->27") /(K{>7*+77), is equal to 1/2, because the two pions are in T=O state. 
Thus the selection rule applied on the K decays is nothing but the 4I[=1/2 selection 
tule when only the < coupling is switched on. : 

If we introduce the K interaction, the change of I+ I’ can take some integers other 


than 0. The resultant selection rule would be 


WELTY =0, * 2. 
(4) 
4(2,+1) =0, 
because the K interaction has the axial symmetry around the z axis of 7’ space. 
Thus K* would decay in general into two pions and the branching ratio of K,° 


decay would deviate from 1/2. If we rewrite the selection rule (4), it becomes 


Al==1/2, 372.5 (2; 
(5) 
Ai, = 4-3 72. 


The magnitude of the correction term with 4[=3 /2 or 5/2 depends on the actual 
form of the K coupling. And it could be of the order of 10% of the JIJ=1/2 
interaction, if the K coupling is large enough. Then the observed K* lifetime into two 
pions relative to the K,’ lifetime and the observed branching ratio of K,’ decay could be 


Table III I+J/ and (I, +1./) in A decays explained (§ 4). 
oe ii) A decay 
Lil Igtl,’ TtT «shat te Table III shows the values of J+J’ and 
a < 
3 oZntn® (122) 4 ij 4 its z compenent before aul after the A decay. 
Npte 3/2 The nucleon and pion system have the 


LS 


* K,0 decay into two pions is strictly prohibited if the the theory is invariant under either time reversal or 


charge conjugation. 
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i-spin equal to either 1/2 or 3/2. Combining this with I’ (=1/2), I+I' can be equal 
to either 0, 1, or 2. The selection rule A(I+I') =0 leads to the nucleon and pion 
system with I-+I’=0, which means the i-spin of the system must be 1/2. Therefore 
we have in effect the selection rule 4[=1/2 and the branching ratio of MD, (AW-n+7"°) / 
(A—>p+7-), is 1/2. 

The K interaction, in general, introduces an asymmetry in the i/-space and the 


selection rule changes into 
BUT =0, 1, 2. 
A4(i,+1/) =0. 
This is equal to the following selection rule : 


Al=S 12,3 (2, 
(6) 
AL, 4-9/2: 


iii) 2 decay 
The similar argument with that for the / decay can be made. The selection rule 
in the hypothetical world (7x/bc=€/bc=0) is essentially equal to JI=1/2. Introduction 


of the K interaction produces corrections to this selection rule and we have 


AI=1/2,°3 727572) torte decay 
(7) 
AL = 2417/2 

The above application of the selection rule (3) on the ¥, 1, and K decays show 
that we have the 4J=1/2 selection rule when we switch on only the = coupling. The 
K coupling makes the corrections to the original weak interaction, thus, in general in- 
troducing 4I=3/2 and 5/2 decays of the particles. The magnitudes of these correction 
terms depend on the strength of the K coupling, the way of introducing an asymmetry 
into the i’ space, and the type of primary decay interactions. Since the K coupling seems 
to be weaker than the 7 coupling and definitely stronger than the electromagnetic coupling, 
it will be possible for us to get the required magnitudes of the JI=3/2 and 5/2 decay 
interactions (~10% of the 4I=1/2 interaction). It will be shown later that obtaining 
the 4I=5/2 decay is actually not easy (§3). If the primary decay interaction is of 
the Yukawa type, we have only the 4J=1/2 decay. If it is of the Fermi type, we can 
get both 4I=1/2 and dI=3/2 decays but not 4I=5/2 decay. It will be required to 
have more complicated primary decay interactions in order to get the 4JI=5/2 decay. 

Let us now turn to the question of the mass spectrum of baryons. The nucleon 
and = have the same mass if 7z/bc and e?/bc=0. The K interaction generally removes 
the degeneracy due to the 7’ spin multiplet and produces the observed mass difference 
betweeen = and N. Since the K coupling connects (A, 3) with (N, ©) and the way 
to couple them could be different for 3’ and A, this K coupling can introduce also the 
mass difference between +’ and /. Thus the mass spectrum of baryons should depend 
also on the strength and the type of the K coupling. In § 4 we shall assume an explicit 


Isotopic Spin and Strange Particles 639 


form of the K interaction and discuss the selection rule for decays and the mass spectrum 


Table ITV. Conserved quantities and weak decay selection rules again. 
—_—___—_—___—_— ————— In order to summarize the 
: wuts a chin 2 on c) results obtained in this section 
conserved " ($2), we write down in Table 

quantities I, I., I ? L/ I, Iz, ie IE Le ‘ 


| IV the various conserved quantities 
selection rules in 4(I+J]’/) =0 A(I+I’)=0,1,2 A(I+1’)=0,1,2 : 
A AG ALAMO \ A. LTV y=0 and the weak decay selection rules 


ee ee ee a tise in the three hypothetical worlds: 
a) only the 7 coupling is switched on, 
b) only the z and K couplings are switched on, 


and c) all the couplings, z, K, and electro-magnetic, are present. 
4) Yn/beA0, Jx/bc=0, &?/bc=0, 
b)  g,/bc#0, Jx/bcA0, &/bc=0, 
Cc) 9Gn/bcA0, Jx/bcHO, &/bcH0. 


Finally we mention here a possibility to interchange the role of the K coupling with 
that of the = coupling. Namely we take the = coupling as an agent for violating the 
spherical symmetry of the i/-space. The similar argument could be done for this case, 
but it is easy to see that the decay selection rules and the mass spectrum are not in 


agreement with this scheme. 


§ 3. K interactions 


Lorentz invariance including the invariance under time and space inversions, isotopic 


spin conservation, and locality condition restrict our choice of the interaction Hamiltonian 


between (N, =) and (A, +) through the K meson field to the following form : 
Ag=IJx{bv20 (ates) babe 
+¢ygOt (a +f!) Pub xz} (8) 
+hermitian conjugate. 


O is either 1 or i7,* depending on whether the relative intrinsic parity between 
(N, =) and (A, 3’) is even (odd) or odd (even) when K is scalar (pseudo-scalar). 
If there is the super symmetry between J and +' when 9;°/bc=e°?/bc=0, A and + must 
have the same intrinsic parity. Since = is obtained from N by a rotation in the i’-space, 
= and N also must have the same parity. Thus we have taken in eq. (8) the same 
O both for the A and %' interactions. 


. . . . . Wi 
Since we assume that H, is invariant under the charge conjugation, a, /7, a’, and 


* Tt is also possible to take the vector, pseudo-vector, or tensor coupling, if the interaction Hamiltonian 
contains the first derivative of ¢. Since the arguments in this section does not depend much on the choice of 


O, we will leave this possibility aside. 
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8’ are all real. Out of the five constants, a, 8, a’, B’, and 7x, only four are independent. 
So we put a+ &+al+P” equal to 1. Then gx becomes to represent the strength of 
K coupling. 

Vy q and O,.¢ are direct products of two spinors, one in the i-space and the other 


in the i/-space. We can explicitly write them as follows : 


ee Di, 
v., Py 
io ee _— — — ’ (9) 
12 = 
P 99 P 30 
and 
0, P yo 
0, Dyes 
0. z=, 5 a= wills (10) 
gamed rela at 
Poy D0 


T operates on the first sufix of ¢,.; and dz; and t’ on the second sufhx. 

The § and #9’ terms in eq. (8) are those which introduce the asymmetry into the 
i’-space. Therefore if they are not zero, we have a mass difference between N and & 
Also the self-energies of A and +’ in general become different from each other. When 
Ix/be<GJ/be, we may be allowed to calculate their self-energies by perturbation. Although 
this has been already done by Gell-Mann," we shall here write down the self-energies of 
strange particle thus calculated, for completeness sake. 


AE yoC—mxe -Gx/be- {(a+)?+3(a’+)’)*}, 
AE 20C —m xc -9x/bc- {(a—P)?+3(a!—f’)?}, 
JE 00 —myd-g3/be: {2(a+)*+2(a—8)"}, 
4E20C — myc 9 x/be- WA CSG Dei ies GoM en ee 
This result is independent of the choice of O (1 or i7,), although the 
constant is different for the two different cases. 
Thus we obtain the relation 


2 (dEy-+ Ez) =34By + dE, (12) 


which leads to the similar relation 


(11) 


proportionality 


2(my+ms) =3my+m, (13) 
if the unperturbed masses of baryons are all identical. 

The relation (13), pointed out first by Gell-Mann, is nearly satisfied by the observed 
masses of baryons and the small deviation from eq. (13) would be explained by higher 
order terms in 9,°. 

Since the main parts of the observed mass differences among baryons should be 


determined by the K coupling, the three independent mass differences mz—my, 
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my —ma, and (my+mz) /2—(3my+my,) /4 can be in turn used to determine the para- 
meters appeared in eq. (8). Thus in general we get three relations among the four 
independent parameters in H and two relations when the first order perturbational result 
(11) or (11’) is used. Because in this case (my+mz) /2— (3my,+mx,) /4 vanishes irre- 
spective of the values of the parameters. 

The magnitudes of decay interactions with various different isotopic spin changes 
depend also on the values of the parameters in Hy. Thus this together with the mass 
spectrum of baryons will over-determine the parameters in H, and we can check the 
validity of our theory. Unfortunately, calculation of the decay interactions with 4I=3 j2 
and 5/2 involves calculation of higher orders in gx and we have to be satisfied only with 
a semi-quantitative study of the decay interactions at present. 

It has been already pointed out that if there is no K coupling our selection rule 
(3) gives 4I=1/2 to the strange particle decays. There are three types of the K 
interaction as shown in Fig. 1, out of which only the second can change [+J’ by +1. 
Since the primary weak decay interaction as well as the 7 interaction do not change 
I+I’, only the virtual processes, % and A going into (K, N) or (K, 2), are sources 
for changing I+I’. Therefore the selection rule can be different from 4(I+I’) =0 or 
4I=1/2, only when the decay proceeds at least once through the virtual process, Fig. 1). 


bees | K(K) So 
N(£) N(£) K(K) 
4(I+I') =0 4U+Il')=+1, 0 4(I+I') =0 
Fig. ae Fig. 1p Fig. lq 


An actual decay process is a very complicated one and contains as a part of it a 
slow process due to the primary decay interaction, which is usually taken into consideration. 
The one is the Yukawa type interaction; giving directly the 2’ or / decay into a nucleon 
(or =) and a pion. We include also the weak interaction K (or K) going into two 
pions as belonging to this type. As we have seen before, these primary decay interactions 
must satisfy the 4([+]’) =0 selection rule, which equals to the 4I=1/2 selection rule 
in effect. Since the strong interactions do not change the i-spin of any system at all, 
the i-spin change of the actual K, A, and ¥’ decays is equal to that of the primary decay 
interactions irrespective of how complicated they are. Therefore, if we had the primary 
decays of Yukawa type, we could not obtain decays with JI=3/2 and 5/2. 

The other type of primary decay interactions is the Fermi type, which is biquadratic 
in Fermion fields. This gives, for example, A or »' going into N, N, N. This combined 
with some complicated processes due to strong interactions could lead to the observed K, 
A, and & decays. 

If we apply the 4([+ I’) =0 selection rule to the primary Fermi type decay intera- 
ctions, we obtain both 4J=1/2 and 3/2. The reason is as follows: three N(N) or 
E(=) can make both I’/=1/2 and I’=3/2 states and this combined with 4([+ I’) =0 
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Table V gives 4[=1/2 and Al =3i/ 2,18 (See 
: ee a ees HA ous é ss. On the other hand, in the Yukawa 
Ll pe ORE ng 2 eee Ut fe te type decays only one particle with 


I= 1725 either K(K), N, or =, participates and so we have only 4I’=1/2. This was 
the reason why we had 4I=1/2 from A(I+f):=0. 

The primary decay interactions with JI.=-+3/2 do not lead to the actual decays, 
since the strong interactions conserve I. as well as I of any system and cannot connect 
between the primary decay 4I.=+3/2 and the actual decay 4I,=+1/2.* If the K 
and electro-magnetic couplings are turned off, there should be no prefered axis of i and 
i’ spins even for the decay processes. Therefore if the primary decay interaction with 
4I=3/2 and dI_=+3/2 does not lead to the actual decays, then it is also true with 
AI=3/ 2wand eal, 251 2 F 

On the other hand when the K coupling is switched on, there appear differences 


between the intetactions with different I,. Thus we can have the decays with 4I=3/2 
and 4I.=+1/2 contrary to the absence of decays with JJ=3/2 and Aij= + 3/2. In 
the K* decay (Table II) 4(1+I’) must be at least equal to 1 and in the K,” decay into 
2m with [=2 it is equal to 2. Thus from the previous consideration on the K coupling 
(Fig. 1) there must be virtual processes, ¥ or A going into (K, N) or (K, =), at least 
once for the former case and twice for the latter case. Furthermore, the above con- 
sideration on AI requires that the decay with JJ=3/2 must proceed through the primary 
A or &' decay of the Fermi type. Thus during the decay process of the K virtual A or 2 
must be emitted and reabsorbed (or decayed) at least twice in the K* and three times in 
the K,° decay into 27 with [=2. 

Then the matrix elements of the K* and K,° decays into 27 with I=2 must be at 
least of the order of yx’ and (x respectively. In just the same way the matrix elements 
of the A and 2 decays with JI=3/2 are at least of the order of 92. Since these 
decays with JI=3/2 involve higher order terms in ¢,, any quantitative estimation of 
their magnitudes is very difficult. But the required magnitude of JI=3/2 K decays 
(~10% of that of 4I=1/2) could be obtained in this way since the K coupling is 
considered as much stronger than the electromagnetic coupling. 

The decay with 4I=5/2 has not been obtained by our method. It will require 
the introduction of more complex primary decay interactions such as those containing 
sixth powers of Fermion fields. Since the necessity for requiring both d[=3 /2 and 
AI=5/2 interactions depends not only on the fairly. confirmed ratio of 7,+ to 7), but 
also on the branching ratio of K,° decay, it is highly desirable to have more precise 


measurement on the latter before we make any modification of the primary decay intera- 


* I./ is equal to one half of the sum of the strangeness S and the nucleon number N. The decay with 
4I,/=+3/2 (41,=3/2) means 4S=+3. Although there is no reason to prohibit weak interactions giving 
4S= 4:3, there is no such decay energetically possible. For instance, the weak interaction A°>N+N-4+ 50 
can be present virtually and gives 4I./=3/2, but the real such decay of A® is energetically prohibited. z 
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ctions. If it turns out that the 4/=5/2 interaction is much smaller than the 4J=3/2 
interaction, this may be taken as an indication that the violation of the selection rule 
4I=1/2 is really due to the reason considered here and not principally due to the 


electromagnetic interaction. The latter will give rise to a JT=5/2 interaction comparable 
with 4[=3/2 interaction. 


§ 4. Discussions 


Throughout the course of this work we have assumed that the isotopic spin is 
conserved in strong interactions and to each strange particle is assigned its own isotopic 
spin given by the N-G theory. Then the observation of the fairly large mixture of 
AI=3/2 or 5/2 decay interaction (~10% of the JI=1/2 decay interaction) has forced 
us to the introduction of the asymmetric i’-space in a rather unique way. 

If the asymmetry is due to the K interaction, the switching off of the K and 
electromagnetic interactions leads us to have the complete symmetry under rotations in 
the i, i’, and Lorentz spaces. There the selection rule of strange particle decays should 
be 4JI=1/2 and the masses of baryons could be taken among each other. At least N 
and = and very probably 3 and A would have the same mass. 

The K interaction introduces the mass difference among baryons and violates the selection 
rule 4I=1/2 in the decays. Inversely the observed mass spectrum of baryons and the 
observed isotopic spin change in strange particle decays can determine the explicit form 
of the K interaction. Although only semi-quantitative arguments have been done in § 3, 
it seems probable that the K interaction (eq. (8)) could explain the experimental data. 

On the other hand if more quantitative discussions reveal any discrepancy between 
the theory and the experiments, some of our assumptions should be checked. First, the 
isotopic spin conservation in strong interactions and the isotopic spin assignment to strange 
particles by the N-G theory may not be correct. These will be checked experimentally 
in near future. 

Secondly the independence of i and j/-spaces from the ordinary spacetime should be 
examined. According to the present concept of the 1 and i/-space the entire world is a 
direct product of the 1 space, i-space, and the ordinary space-time. If we rotate the 
coordinate system of the i or i’ space at a space-time point (x, t), we have also to rotate 
those at every other space-time points by the same amount. 

The opposite extreme is to allow arbitrary and independent rotations of the 7 or i! 
coordinate at (x, f) from those at other points including infinitesimally distant points 
from (x, f) and to require the invariance of the physical law under such rotations. 
Then we have to introduce a vector field with i (or i’)-spin equal to 1.” There is no 
such field so far known experimentally. 

If the i or i/-spin of a particle at a space-time point (x, ¢) should determine the 
coordinate system of the i or 7’-space at that point, an independent rotation of 1 and 7’ 
spaces at any two ordinary space-time points distant, say, by less than the size of the 
particle may not be allowed. This interesting possibility, which is an intermediate case 
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between the above two extremes, is outside our scope in this paper but should be con- 
sidered if necessary. 

Thirdly the question of parity non-conservation should be taken into our theory. 
This can be done in different ways. For example, the primary decay interactions can 
be made parity violating. The other possibility may be to regard K, ¥, and A as 
particles not having a definite parity.'?” Since we cannot measure the intrinsic parity by 
strong interactions," there we need only the conservation of parity attached with the 
orbital motion of anticipating particles. The K interaction (eq. (8)) satisfies this 
requirement, if we take P,, Vy, and Px x as field operators with no definite parity. 
Therefore we can incorporate the parity non-conservation of decay processes into our 
theory. 

We should mention here that the estimation on the magnitudes of JJ=3/2 and 
5/2 interactions depends on whether the parity is conserved or not in the decay 


. . . . . y 
914 If it is not conserved, our estimation will turn out to be wrong for + 


processes. 
and A decays. But the estimation for K decays is independent of this problem and, 
therefore, our theory will not be altered in its essential parts. 

Fourthly we have neglected the presence of any strange particle other than observed. 
If a strange particle with double charge is found, it might mean the presence of a 
particle multiplet with I’=3/2 or I=3/2. This makes easier for us to get the SI=3/2 
and JI=5/2 decay interactions. 

Also we have not considered the effect of the light particles such as #, e, and » 
upon the strange particle decays. There has been neither experimental nor theoretical 
reason to believe the effect being appreciable. 

Finally let us turn to the question of the electromagnetic effect on the JI in strange 
particle decays. Although we have assumed that this effect is very small, this point 
should be studied more carefully. If the possible parity non-conservation is due to a 
certain property of the very inner part of strange particles, there we might also expect 


unusually large electromangetic effects on decay interactions. We shall investigate this 
possibility in some other place. 
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It has been suggested,!) from a perturbation calculation, that an electron gas exhibits the Meissner- 
d ; é : 
Ochsenfeld effect if a special type of spin-dependent interaction between electrons, ge°a;-o2/r, is assumed. 
We show that in fact such a system exhibits only a modified paramagnetism. 


$1. Tntroduction 


Recently, Z. Mikura has suggested” that an electron gas, under the influence of a 


spin-dependent electron-electron interaction, 


age? 2192 > (1) 
[rT e=Ts) 


exhibits a Meissner-Ochsenfeld (M—O) effect. Using the apparatus of Dirac four- 
vector wave-functions for the electrons, and treating the interaction (1) to first order, 
Mikura derives the London equation. The coefficient differs in form from London’s 
original one, but is numerically of the same order, if the parameter 7 is of order unity. 

It may be seen that the M—O effect under discussion arises from the electron spin 
term in the Hamiltonian, that is to say, it is an effect due to alignment of electron 
spins by a spin-dependent interaction. 

However, it is difficult to see how spin alignment could possibly lead to a M—O 
effect; such a “ paramagnetic ”—type alignment does not have the long range order 
property” which is required for a M—O. Consequently one is led to suspect that the 
M—O effect under discussion is spurious, and due to neglect of higher order terms in 
the perturbation treatment of the interaction. This paper verifies that suspicion. 

In section 2, a perturbation treatment of the current density, taking into account 
electron spin terms in the Hamiltonian and the current density, but not employing 


relativistic wave-functions, is used to rederive Mikura’s result and to extend it to next 


higher order. 


In section 3, we give a “molecular field” treatment of the problem. Such a treat- 
ment is justified by the fact that the interaction (1) is long-range, and thus the dominant 
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contribution to the interaction energy at any point comes from far distant electrons ; 
neighbouring contributions are outweighed by distant ones. The result obtained shows 
that there is in fact no M—O effect, but instead a modified Pauli paramagnetism. The 


result also shows how the terms derived in section 2 occur in a perturbation treatment. 


§ 2. Perturbation expansion 


We first recall the usual criterion” for the occurrence of a M—O effect: The 
current density, 7, in a weak inhomogeneous magnetic field, with vector potential A, 


may be expressed in wave-number space as 


in (Q) = Kw) 4,(Q). (2-1) 
Using translational and gauge invarience, we may write, in an isotropic medium 


Ky (Q) = GuG— Fw) KG). (2-2) 
The criterion for a (perfect) M—O effect is that K(g°) should have a first order 
pole at the origin ; that is 


K(q) =K,/¢ + K,@) (23) 


where K, is a positive constant, and K,.(q*) is a regular function of q. 


Mikura obtains such a singularity, with 


ad 2/3 
Kiel s (+) (2-4) 
“a 


Thc 


with n, the number density of electrons. 

We wish to investigate the second and higher order terms in the perturbation ex- 
pansion of the current density in powers of the interaction (1). To this end we firstly 
rederive the first order term, using a simplified technique which avoids the complications 
of Dirac wave-functions and negative energy states. 

If we enclose our system in a cubical box, volume V, with periodic boundary 


conditions, the appropriate eigenfunctions, in second quantized form, are 


h (x SV AH eta-eig 
fun a, 5 
aa 


* ae —1/2 ,-iq-ax 
One) =) e 
dy and a,* are the usual absorption and emission operators obeying : 


ees dy |= Oagt 


4,“ a,=n(q) 


(2-6) 


The matrix elements of the Hamiltonian, a =H ,+H6' +36,+H,, where H, is 


the electron spin term, are 
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bp 


(p He P’) a on 


0 (p—p’)n(p) 


(p\26'[p) =— 2" (p+ p) A (P= PI) ay ay 


(p|6.|p’) = —+ 9. (p—p') X A(p! =P) 4* apr 
mc 


| 


2me*g 0 + P2— his 2) F,- Fe 
(Pp: p2|26.|p,' pe!) = = Pct Pe Pc — Be) 


(pip) 


K * | 
Ap,” Ap, 4p," Ap! | 


Corresponding terms for the current density elements may be readily written down. 


In particular, for the spin current density we have (4,=eb/2mc being the Bohr magneton) 


(P\js|P) = cho curl{g,* (x) TPy, (x) } 
ieb rp eee on OS 
= ee ox ( eet e(P 2p) Cady. 
om PP’) p 4, 
For the orbital current densities 


(2-8) 
4 b i(pl—p) x * 
(pliolP’) en (p+ p!) he a,* dyy 


(p\j'|P) == eee (x) CP a Gas ; 


The mean current density in thermal equilibrium is given by statistical mechanics 


as 

i (x) =Trace {j (x) F,(H)} (2-9) 
where %,(E) is the distribution function for the grand canonical ensemble, 

A, (E) = exp {8 (Q,+¢N—E)}. (2-10) 


2, is the thermodynamical potential for the unperturbed system, and ¢ the chemical 
potential. 


Equation (2-9) may be expanded in powers of the magnetic field (A) and the 
interaction (7) by a technique precisely analogous to that employed in expanding it 
without spin terms.” We expand only to first order in A, and (for the moment) to 
first order in gy. Moreover we know that 

(i) in the absence of an interaction, 6, the current density vanishes, and 


(ii) if we include J6,, but neglect electron spin terms, the current density again 


consists only of terms regular at g=0. Therefore we consider only terms in the ex- 


pansion which contain one or both of 36, and js, together with H;. 
Then we get 
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(1/[464|1) (2/|fe12) + (2/126,12) '|fel4) 

= a |qlor : 
UH) = P31 21%61129 J + (0126, [1) (2' ul2) + 2112612) (LAND 
+ (1/]26"|1) (2'1j,12) + 2126/12) GilD) 

XF, (E,, E,,) F,(E,, E.,) Galt) 
where 36, conserves momentum as it scatters a pair of electrons 1, 2 with wave-numbers 
Pi— 4/2; P,+q/2, into the pair 1’, 2’ with wave-numbers p,+q/2, P2—q/2. The 
elements (1|H6"|1’), etc., are the matrix elements given by (2-7) and (2-8), with the 


creation and absorption operators a, a* eliminated. Also we have defined 


F, (E) —F, (E’) 


FE, Bf) ==" 


(2-12) 
with F,(E) the Fermi distribution function 
Fa ee eS (2* £3) 
Substituting from (2-7) and (2-8) into (2-11), one has 


5,-qXA(q)o.Xq 


: gre h 1 1 , 
Ge ofp ene aeriS ( latte ~)4 —2ip,-A(q) ox 
mc V* 0102 Pipog § J (P:1— P2)* i. (9) ee 
—2i0,-qXA(q) p, 
XO,°9, (oe (E,, Ey) F,(E,, Ea). (2-14) 


The second two terms in the bracket vanish on summing over spins ; also the second 
term in the expression for the interaction, the “‘exchange term”, obviously does not yield 


the required singularity. In addition, one may show that for the Fermi distribution 


Jar {® (pta/a, = (w-a/2)'|=— (7) +0@. 


(2-15) 


Then (2-13) is simplified to 


2 2/3 } 
#@)=—--2 ee Se? G,-6,0,-qX A(q) OX q+ O GA(Q))- 
4ih*c a o\02q Y 
(2-16) 
The Pauli spin matrices, 0, possess the property that 
(9. A) (6-B) =A-B+i0-AXB. (2-17) 
So we finally get Mikura’s result, 
Dt 2 ge! = \2/3,_ 3 (4u.9v—9 vd) ie Hei 
AC) err yas 7 »(q) (2-18) 


This perturbation expansion may now be extended to second order in the interaction 
parameter g, by following along the lines indicated above for the first order calculation, 
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After a rather involved calculation, one obtains for the contribution with the highest 


singularity at q=0 


. ey. 4gre’m a2 a4 (Gu 9u—Ouvd ) A, (¢ ie (2-19) 
i, (qQ= a al ( 2 2 F, 1 

It would thus appear that the perturbation expansion diverges for small q; this point 
is clarified by the ‘‘ molecular field” approach. 


§3. “Molecular Field” approach 


We may rewrite equations (2-1) and (2-2) in terms of the magnetic field H 
(H=curl A), and the magnetization, M, which is related to the current density by 


i=ccurlM. (3-1) 


Then one has the equation 
cM(q) =—K(q’) H(q). (3° 2) 


In the absence of a spin-dependent interaction, the Fermi electron gas in a magnetic 


field exhibits the well-known Pauli paramagnetism.” The magnetization is given by 
M= 3nf'y (3-3) 
However, this result is modified if we include the spin-dependent interaction (1) 


Ppa See (3-4) 
lr,—ro| 

The total interaction energy due to a given electron, spin 6, (which we take to be 
at the origin) is then the quantum-mechanical sum over all the individual interactions 
0,-0,(r)/r, where G(r) represents the spin of an electron at the point r. We ap- 
proximate this total interaction energy as being the product of G, and some average 
“field”’, which we call the “molecular field” in analogy with that employed in the 
Weiss theory of ferromagnetism. 

This treatment involves replacing the quantum-mechanical average (0,-0,(r) /r), by 
(9,)-(9,(r) )/r. The approximation thus means treating ¢, and 6,(r) as uncorrelated : 
we expect this to be the case when they are far apart (i.e. r large). Hence the 
“molecular field” approximation is justified if the dominating contribution to the “ field ” 
at the origin comes from far distant electrons; that is, from the region where 6, and 
O, are essentially uncorrelated. 

The “field”, o,/r, at the origin due to an electron at distance r decreases like 
r'; but the total number of electrons in a spherical shell of thickness 4r contributing 
to the “field” is proportional to 7? 4r. Thus the net effect at the origin of the field 
due to electrons at distance r increases as rdr— the dominating contribution indeed 


comes from far distant electrons, where 6, and G, are uncorrelated. 
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We note that M(r) =/1.n(r)(0,(r)), where n(r) is the number density of 
electrons at r. Then the total field acting on a spin at a point x is . 


fy Hay (20) = ty H (x) — 3) 9 SE) ) (3-5) 
a xa 

= Ho H(«) — 2 | de MO) (3-6) 
ja) |x—a 


where the integral term is the “ molecular field ” produced by (3-4). 
After a Fourier transform, this reads 


A4mge’ 1 
run el Ver ar aC (3-7) 
0 
Instead of (3-3), one now has to write 
A 
Mae ye (3-3) 
2¢ 
from which one gets 
M(q) = 200 /26_ vq). (3-8) 


1+ 67gen/f-1/q 


Or, comparing with (3-2) 


== 12 a 
K (q’) ae 3nf'y c/2€ 


3-9 
1+ 67gen/f-1/q sla 


The kernel is perfectly regular. As q—>0, K(q°)—>0: there is no singularity and 
consequently no M—O effect. 

An expansion in powers of 7 (i.e. a perturbation expansion in the interaction) can 
be seen from (3-9) to be in fact an expansion in powers of ¥//q’. As such it is invalid 
in the limit g—0. 

Making this expansion, 

Fire pee GP SAn ene c 9 
aor pa Paes 
g q 


3npty’¢ a 


9 
C & q 


K(q) = socco (3-10) 


The coefficients of the 1/q’ and 1/q* terms (K, and K, respectively) may be rewritten 
4 2/3 
Kale (+) 
Thc \ 7 


4q7 e'm / 3n 
gate (28), 
Thc yg 


(eit) 


Comparing these to equations (2-4) and (2-19), we see that these terms correspond 
exactly to the first and second order terms of the perturbation series considered in section 
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2. Mikura’s result (the 1/g? term) thus arises as the first term of a series which 


diverges in the limit q—0. 
We conclude that a spin-dependent interaction (1) does not create a M—O effect 


in the electron gas. 


Our thanks are due to Professor H. Messel for his constant interest and encourage- 
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In this paper we develop a detailed and rigorous theory of vapour-liquid coexistence in the conden- 
sation of a system consisting of a very large number (N) of interacting molecules (in a volume Nv). 
We start from the Ursell-Mayer expansion of the partition function and make certain ordinary as- 
sumptions about the cluster integrals (b;). First we take a function /*(N) which satisfies certain 
conditions, and we define ‘‘small” clusters [for which /</*(N)] and “large” clusters [for which 
[>I*(N)]; thus all clusters in the system (for each N) are classified into “small” and “large” 
clusters, and the partition function (Qy) of the system (for each N) is expressed in terms of the 


‘ 


factors (gy) which contain “small” clusters only and the factors (0y) which contain “ large” clusters 


only. Then in Theorem I it is proved that an assembly of molecules divided into any number of 


* clusters may be replaced by only one “larger” cluster composed of all the molecules of the 


“ large’ 
assembly with errors as small as we please if N is sufficiently large. Then in Theorem II it is proved 
that as soon as the density of the system exceeds that of the saturated vapour, the isotherm becomes 
horizontal and there appears one “ huge” cluster, which is defined as a cluster for which //N is as 
near to some positive constant as we please if N is sufficiently large. Thus the “huge” cluster is 
of a macroscopic size and should be considered to represent the liquid phase coexisting with the 
saturated vapour. 

In Appendix A, we show that Mayer’s theory of condensation has some defects, and we propose 
an improved approximate theory in which these defects are avoided and which is substantially similar 
to the rigorous theory given in the text of this paper. 

In Appendix B, we compare the present theory with the theory of Bose-Einstein condensation, 
and remark that the present theory is quite free from the faults contained in the saddle-point method. 


Contents 


Introduction. 
20. Partition function and the cluster integrals. 
21. Preliminary mathematical argument [Lemma 1]. 
22. Discrimination between “large” and “small” clusters. 
23. The “large” clusters [Theorem I, Corollaries 1-5]. 
24. Maximum term and the 4-system [Lemmas 2, 3]. 
25. Appearance of a “huge” cluster (The two-phase separation) [Theorem II, Corollaries 1, 2, 3]. 
26. Gaseous state [Theorem III, Corollaries 1, 2]. 
27. Concluding remarks. 


* A summary of this paper was published in 1954 (reference 1). 

The contents of Appendix A of this paper were read at the 2Ist regular meeting of the Kyusyu 
branch of the Physical Society of Japan held at Kyusyu University on March 15, 1952, and were published 
in 1952 (reference 2) in Japanese. The contents of the text of this paper were read at the 9th annual 
meeting of the Physical Society of Japan held at Osaka University on November 1, 1954, and were published 


in 1955 and 1957 (reference 3) in Japanese. 
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Appendix A. Approximate theory of condensing systems. 
Introduction and summary. 

2A1. Approximations in Mayer’s method of maximum term. 

2A2. Classification of orders of magnitude. 

2 A3. Improved approximate theory. 

2 A4. Criticism on Mayer’s theory. 

2.A5. Expression of b;, in terms of fz. 

2 A6. Physical interpretation—especially for the condensation range. 


2A7. Concluding remarks. 


Appendix B. Comparison with other theories of condensation. 


Introduction and summary. 
2B1. F. London’s and Kahn-Uhlenbeck’s theories of Bose-Einstein condensation. 
2B2. Condensation theory based on the saddle-point method. 


Introduction 


In this paper, on the basis of orthodox statistical mechanics and by means of a 
rigorous mathematical method, we discuss in detail a condensing system, especially in the 
state of vapour-liquid coexistence (i.e. in the horizontal part of an isotherm). 

We consider a macroscopic system (or thermodynamic system) composed of N 


interacting molecules in a volume V and at a temperature T, and we start from the 


4),5).6),7) ‘ 


Ursell-Mayer expansion of the partition function into “cluster integrals’’. As to 


the definition and the physical interpretation of a “cluster (of molecules)” we follow 
Mayer,” Kahn and Uhlenbeck,” and others.” 

We regard a macroscopic system (for which N is of the order of 10” and V is 
of a macroscopic size) as an infinitely large system (for which N-—>co and V-—>co with 
v=V/N fixed), and treat our problem from the point of view of mathematical analysis 
and by means of rigorously defined mathematical concepts ; the equalities and inequalities 


and words, such as ‘ 


“every”, “any”, “almost every (any)”’, and “infinite”, appearing 
in this paper’ should be read in the pute mathematical sense.'! 

In this paper, assuming that the cluster integrals are volume-independent and positive, 
and making a few other ordinary assumptions about the cluster integrals, we have obtained 
the following results. 

(i) By a purely mathematical method we have defined the concepts ‘‘ small”, 
“large”, and “huge” for the sizes of clusters :-—‘‘ small” is defined as ‘‘ smaller than 
or equal to /*(N)” and “large” is defined as “larger than /*(N)” [where [*(N) is a 
function which satisfies certain conditions| and “huge” is defined as ‘‘ of the order of 
magnitude of N”; “huge” implies “large”, the converse being not true. 

(ii) We have proved that the situation where a set of molecules are grouped into 
an arbitrary number of “large”’ clusters is (if N is very large) equivalent to the situa- 
tion where the set of molecules together composes only one “ large” cluster; thus in a 


thermodynamic system one cannot decide how many “large” clusters are present, and so 


{ Except the appendices. 
tt Cf. the theory of sets. 
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one may for convenience consider that only one “ large”’ cluster is present. [Theorem I. | 

(iii) For vv, (where v[=V/N] is the specific volume of the system and vw, is 
the v for the saturated vapour) we have proved that in thermodynamic equilibrium there 
is no “large” cluster. [Theorem III.| 

(iv) For u<v, we have proved that in thermodynamic equilibrium a “ huge ” 
cluster appears and coexists with the saturated vapour part which consists of “small” 
clusters only. According to the physical interpretation of a cluster, the ‘‘ huge ” cluster 
should be regarded as representing the liquid phase which has appeared in the condensa- 
tion process; thus we have explained by a rigorous mathematical method, the vapour- 
liquid coexistence in the condensation range. |Theorem II] 

(v) We have proved that the isotherm is horizontal for v < v,, i.e. in the conden- 
sation range. |Corol. 1 of Theorem II.| 

Because of the above-mentioned results (i)—(v), especially (ii) and (iv), we have 
made an advance over Mayer’s” and Kahn-Uhlenbeck’s” theories of condensation. Mayer’s 
mathematical methods used for his theory of condensation, that is, the maximum-term 
method and the saddle-point method, are valid only for v<v, (i.e. up to the saturated 
vapour density i.e. up to the condensation point) but are invalid for v<v, (i.e. in the 
range of vapour-liquid coexistence i.e. in the condensation range) [cf. §§ Al & A4 of 
Appendix A and § B2 of Appendix B], and so Mayer’s theory does not mathematically 
rigorously prove for v < v, the horizontality of the isotherm or the appearance of the 
huge or very large cluster representing the liquid phase. Kahn-Uhlenbeck’s theory of 
condensation (though it is rigorous in mathematical treatment) does not contain such 
an analysis of the sizes of clusters as given in the present paper, and so is incapable of 
deriving the huge or very large cluster representing the liquid phase. 

While the present paper, as well as the theories of Mayer, Kahn & Uhlenbeck, and 
others, have treated a system with volume-independent cluster integrals,* the author’s 
previous paper” has treated a system with volume-dependent cluster integrals.** In the 
previous paper,” however, we have discussed, using a rigorous mathematical method, the 
behaviour of the system up to the condensation point and the analytical properties of the 
condensation point itself, but have not gone into the problem of vapour-liquid coexistence 
(for v<v,) which is discussed in the present paper. We wish in future to attempt 
to discuss this problem for a system with volume-dependent cluster integrals. 


$0. Partition function and the cluster integrals 


Let us consider a system composed of N identical molecules (particles) [each of 


mass m| in a vessel of volume V, and at a temperature T. Then the partition function 
Qy of the system is given by 
Qv= (1/2°") Oy, (0-1) 


* In the previous paper®) such a system was called the “ (0)-system” or “ideal system ”. 
** In the previous paper’) such a system was called the “real system”. 
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where h=h/y/ 20mkT (0-2) 


(k and 4 being Boltzmann’s and Planck’s constants respectively) and 


On= C/N) || WefN}dtN}, (0-3)+ 


ye ¥ 
where 
W yi N} =N! BX S19,*{N} e—EnlkT @, {N}, (0-4) 
the ¢,’s (n=1, 2,::-) being the normalized energy-eigenfunctions of the system, and E,, 
being the eigenvalue for the n-th y,. Then the Helmholtz free energy A of the system 
is given by 
A= —kT InQy=WNkT In#—kT In Qy, (0-5) 


from which all the other thermodynamic properties can be derived; in particular, the 


equation of state can be obtained : 
p=—9A/0V=kT9O In2,/oV, (0-6) 


p being the pressure of the system. 


If we assume the validity of classical theory, then (0-4) may be replaced by 
W y{N} =exp(—Un{N}/kT), (0-47) 
Uw{N} being the total potential energy of the system. 
Now we have for @y the Ursell-Mayer expansion?” 


Vb,)™ 

GSS) (Speen (0-7) 
m0 =! (=A m,! 

where the sum extends over all possible sets {m,\7_, of non-negative integers m, which 

satisfy the condition stated in the parentheses, and where 6, is the “ cluster integral ” 


with respect to / molecules (/=1, 2, ---), defined by 


b= (1/lV)\-|SANd0, (0-8) ++ 


S,{[} being defined by 
S; {} = SS {Kc {Yet ch Spal Get Ta i Lo il W, {y,\ (0 -9) Fos 


where the symbol >} {« {»;},+ ino indicates summation over all ee sets 4 49.) 1%} 5 


--, {4} (for various values of «) of unconnected** sets {Yi}, {Yot, ---, {¥,$ whose 


+ {N} denotes the set of the coordinates of the N particles, that is {IN}=, 7. 
> > = ee sate yay fi 5 d 
d{ N}=dr, dtz::-dry. oe 
Tt Especially 6,=1. 
* Especially S\{1J=W,{1}=1. 
** Tf {E} is a set of sets, the sets of the set {E} ate unconnected if no element belongs to more than 
one of the sets of the set {E}. : 
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union is the set {/}. Thus each 6, depends on the volume (VY) and shape of the vessel 
and the temperature (T) as well as on the intermolecular forces. The group of mole- 
cules which are concerned in a cluster integral (6,) is called a “cluster”? (of / molecules). 


4 If we assume (i) the validity of classical theory, (0-4), and (ii) the additivity of the intermolecular 
orces, e. i. 


Uy{Ny= 3D u(ray), (0-10) 
NSt> jz 
u(r;3) being the pair potential, then we have in place of (0-9) 
SHf= 3H fi; (0-9’) 
l>i> jel 


(sum over all products consistent with single cluster) [cf. ref. 5] 


where 
fig=exp{—u (reg) /AT}—1. (0-11) 
However, in this paper (except § A5 and the latter half of § A6 of Appendix A), both these assumptions 
are unnecessary. 
In this paper we make the following assumptions about the cluster integrals. [Mayer, 


Kahn & Uhlenbeck, and others have made almost the same set of assumptions as given 
here. | 
(a) The 6,’s are independent of the volume and shape of the vessel. That is, we 


treat a system whose y is 


N N (0) m 
29 =D (S¥lm,=N) 1D” | (0-12) 
Ei l=1 


m 20 = ™), ! 


where the 6,’s are the volume-independent cluster integrals* |[cf. ref. 8] defined by 


0 =80(T) = /t) ---) 5,1}. (0-13) 


oo ao 


The /-th particle being fixed at a point, the integration, with respect to each of the other /—1 particles, 
is extended over the whole space (with no boundary). 


Or 
£ = b (T) =lim 6, (V, T). (0-14) 
V>a0 


[Here we assume that the range of the intermolecular forces is sufficiently short, so 
that S,{/} tends sufficiently rapidly to zero for spatial separation of the molecules {I}, so 
that 6S°(T) is definite and finite.] That is, in this paper we treat the “ (0) -system ”” 
i.e, the “ideal system ”’—to use the terms defined in the previous paper” —but we shall 
drop the stiperscript “(0)” on 2y and 6, in the following sections. 


(b) b(T)>0 for every /. 


This is considered to hold for all sufficiently low temperatures, i.e., for all the temperatures 


lower than some temperature which may be a little lower than the critical temperature. 


* In ref. 8, the b;(%)’s were called the non-boundary cluster integrals. 
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‘cluster’ as a group 


The assumption (b) is essential for the physical interpretation of a 
* 


of molecules which are really linked together and so are close to each other in space. 
(c) lim {6 (T)}'"=6,(T) exists and 0< b(T) << +0. 
Hence 1/b,(T) [=z,(T) say] is the radius of convergence R of the power series 
S15 (T)z’. |For, by the Cauchy-Hadamard theorem, 1/R=lim sup|6§(T) |'.] Hence 
Faith the assumption (b) | z,(T) is the first singularity (on the positive real axis of Z) 
of the analytic function defined by that power series. The assumption (c) means that 
the contribution per particle to an infinitely large cluster integral should be definite, finite, 
and positive ; especially the assumption that 0< b,(T) < +o is necessary in order that 


the condensation may occur at a finite and positive fugacity |[cf. Soi. 


(d) The series S15 (T) {z,(T)}" is convergent. This assumption is necessary 
d=1 


in order that the condensation may occur at a finite density (i.e. at a v larger than 
zero) |cf. § 5]. 

Every argument in this paper is given for the “‘(0)-system” and for any fixed 
temperature for which (b), (c) and (d) hold. 

Starting from the arguments in this section, we shall develop our theory in the 


following sections. 


§ 1. Preliminary mathematical argument 


Lemma 1. Let A(N) be a function of N (=1, 2) 3,2-*) such mar: 
1° A(N) assumes a positive integral value for every N, 
2° ACN) SN for almost** every N, (1-1) 


* As far as we are concerned with configurations of molecules in a thermodynamic system, we may 
regard a “cluster” (which has originally been defined mathematically) as a physical reality, that is, a group 
of linked molecules. For only the configurations in which a group of molecules are close together make 
contributions to a cluster integral (which then makes a contribution to the partition function) ; this means 
that only such configurations are physically realized (in equilibrium) from the statistical thermodynamical 
point of view. This is the basis on which we regard the appearance of a “huge” cluster (in §5) as the 
two-phase separation, which is a state of configuration of molecules. [Of course, the physical image of a 
“cluster” is different in some points from a real group of linked molecules; for example, in calculating the 
gas pressure, we must consider that a “ cluster’ behaves as if it were a molecule of a perfect gas, i.e., as 
if it had neither its own volume nor interactions with other clusters. But the above physical interpretation 
related to configurations of molecules is nevertheless true. | 

However, if there are negative cluster integrals, the above interpretation may be irrelevant, since for 
such cluster integrals the configurations in which a group of molecules are close together will (on an average) 
make negative contributions to the partition function, which may mean that such configurations are more 
unlikely to be realized than in the absence of intermolecular forces. This corresponds to the case that, in 
the function f;; in the integrand of a cluster integral [eq. (0-11)], the contribution of the negative ae 
(i.e. the effect of repulsion) is large compared with the contribution of the positive part (i.e. the effect of 
attraction). This may occur at relatively high temperatures (probably, near or higher than the critical 
temperature) . 

** By “almost every N” we mean “ every value of N except at most a finite number of values of Nias 


i.e., “every value of N larger than some value (No say) of N”, i. e., “all sufficiently large values of N” 
Similarly for “almost any N”’. : 
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para, «Nice a9; (1-2) 
[It is obvious that there exist such functions 1(N) ah AndiAlet) (Ps an. an> Pranats oe 


be a set of integers ¥, myx), Myyys1, ***, ™, (for a given N) such that: 
Ce AGN) == N, (1-3) 
(ii) m0 and >d\Ilm,=». (4) 
1=i(¥) 
[By (1-1) there exist such sets for almost any N.| Then, given any €>0, we have the 


following five relations (1)—(V) for all sets {¥, mywyy, Mauyyy1, **°> My}, for almost every 
N. 


(1) |G/N) 319 Om << (1-5) 
where (1) is any function of [(=1, 2, 3, ---) such that 

lim {7/1} =0, ke 

(II) 0< (G/N) >) m<e, (1-7) 

(III) 0< (1/N) DY Inm<e, (1-8) 

(IV) 0< G/N) SY 1<e, (1-9) 

(V) 0S C/N) SY mln (N/m) <¢, (1-10) 


where the prime of the summation symbol >Y means that in the summation the terms for which 
m,=0 are excluded.* 

[Proof of (I)] From (1-6) we see that, for any given € >0, there exists a positive 
integer M(€) such that 


| (1) |/l< € (whenever [=> M(e)). (1-11) 
By (1-2) we have for almost every N 
A(N) = M(e). (1212) 


By (1-11) and (1-12), we have for almost every N 
\Q/N) St y(Om| S/N) |p O lm < G/N) > elm= (Xe/N)eS€ (1-13) 
i=) =x) (=i) 


for all sets {¥, macy), Mauy+t> °°" m,} y. Here we have used (1-4) and (1-3). 
[Proof of (II)] In (1) we put 7 (1) =1, since this satisfies (1-6) 
[Proof of (III) | Since 


O<Inm<m, (m1); (1-14) 


* Throughout the present paper, SV has the same meaning that is given here, unless otherwise stated. 
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we have by (II) 
0<(1/N) SY Inm< (C/N) Sm <e. (1-15) 
pees 1=A(N) 1=X() 
[Proof of V)| By (II) 
= CIN as rey (1-16) 
0< G/N) SY 1S/N) Sim 


[Proof of (V)| For almost every N we have for all sets {¥, muy, Mauysts “> Mh w 


gcpae min (N/m) = max (31 dm =N) { SY. m,n (N/m;)} 


{mi} uy 
= max eo N) { ESS (N/x)}. (1-17) 
=x) 1=2N) 


{xibicay | 

Here max(---) Y means the maximum of Y with respect to X subject to the condition 
28 - 

stated in the parentheses. And {m,}% means a set {m,, mp.1, °**, m,} of non-negative 
soe ? 

integers m,’s, and {x,}% means a set {X,, %pi1, °*', X,} Of positive real numbers %’s. 

We shall now calculate the last maximum in (1-17). With the use of the undetermined 


multiplier In¢, the cen i set {x,}Jiv) must pepe! 

(as ae In (N/x,) + ( S im) lac —0, (1-18) 
theaters: 

x=Ne'/e ([=A(N), ACN) +1, ---, N), (7519) 
where € is determined by 


ye 
Sle esi. (1-20) 


t=X(N) 
Hence the required maximum is 
S} Nt'/e+N In (1/C). (1-21) 
txt) 
Substituting this in (1-17), we have 
OS (1/N) SY om In (N/m,) S Sheen (ly). (1-22) 
Now by (1-2), for any given €>0 we have for almost evety N 
A(N) >2/e. (1-23) 
Hence for almost every N 
y x 
) SEAL: SSP aCe E42. (1-24) 


Here we have used (1-20). 


Now, for any given €>0, the infinite series 


S) [e-e/2e (1-25) 


l=? 
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is convergent. Hence by (1:2) we have for almost every N 


N co 
Le~ @/22 e< l —(€/2)0 J, 7 _ 
ea! mM Da HOR Ake (1-26) 
Hence by (1-20) we have for almost every N 
N N 
ice ler /e. (1-27) 
7=X(N) © t=X(N) 


Hence we have for almost every N 
Cee: (1-28) 
N 
. . . Z . . . . . 
since, if N is fixed, $}/¢’/e is a monotonic increasing function of ¢. On the other 


1=XN) 
hand we have for almost every N 


N x 
3 e>il= Silei/e). (1-29) 
1=2() =X) 
Hence for almost every N 
ane (1-30) 


By (1-28) and (1-30) we have for almost every N 
O<In{(i/l) 6/2. Cie31) 


From (1-22), (1-24), and (1-31), we obtain (1-10). Thus the proof is com- 
pleted. 


§2. Discrimination between “large” and “small” clusters 


Let us now put V=Nv, so that v (>0) is the volume per molecule, i.e. the 
specific volume. Then eq. (0-7) becomes 
N N 
Qy = 3} Ollm,=N) IT { (Nv) ™/m)}. (2-1) 
ee) Z=1 i=1 
Then we shall consider an infinite sequence (for N=1, 2, --- to co) of Qy (and 
consequently, of systems defined by Qy) for any fixed value of 7 (>0) (of course, for a 


given temperature and for given intermolecular forces) . 


Now by the assumptions (b) and (c) for 6, in § 0, we have 


nap bpe D208, 9 0 (d= 11, 25)--2)5 (2-2) 
where 
lim (1/1) Inf() =0. (2+2a) 


Now it is very easily proved that we can find a function [*(N) which satisfies the 


following three conditions :* 


+ The conditions for /*(N) in the present paper are not so exacting as those for /*(N) in the previous 
paper’) (cf. Lemma 4 of ref. 8), since in the previous paper the volume dependence of the cluster integrals 
were discussed. Every function /*(N) which satisfies the conditions (1°-5°) stated in Lemma 4 of ref. 8, 
satisfies the conditions (1°-3°) stated here; but the converse is not true, 
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1° J*(N) assumes a positive integral value for every N. 


2° lim {I*(N) /N™} =0. (223) 
3a There is a positive constant K (independent of N) such that 

(InN) /I*¥(N) <K_ for every N. (2-4) 
In general there exist many such functions /*(N). But we take any one of these 


I*(N)’s, and denote it by [*(N). We shall use this /*(N) to discriminate between 
“large” and “small” clusters [large />/*(N), small [= GN)" In a word, 77 GND 
is the border-line between “large” and “ small”’. 

Then by (2-3) we have for almost every N 


LUN IN (2 -3a) 
Consequently, by using /*(N), we may give the following expressions to ‘2, for almost 
every N: 
Sie Ertl ND ae Ser LN) (255) 
SN) Wire Patty 5 Nel) Sa Oa Ue rae 


Here we have defined 
tv GUND = IT (Neb) ™/m3}, (2-7) 
where j|.N] represents a set {m,, m), ---, my} of non-negative integers m, such that 
i St lm =N (2-7a) 


2° m,1 for at least one / such that N=>/>/*(N) +1; 
and the m,’s given on the right-hand side of (2-7) are the set of m, represented by j| N| 
on the left-hand side. The symbol Ds indicates summation over all such sets j|N] for 
a given N. And we have defined ie 


gv G|M |) = 211 { (Neb) "1/m}, (2-8) 


where i[M] represents a set {m,, my, +, myc} of non-negative integers m, such that 
2#(N) 
>) lm, =M (2 -8a) 
é=1 


(where M is a non-negative integer) ; and the m,’s given on the right-hand side of (2-8) 
are the set of m, represented by i[M] on the left-hand side. The symbol es indicates 


summation over all such sets i[M] for a given M. [In (2-6) we have put ‘M= N and 
M=N—N,.| Especially for. M=0 we have 

 ¢wG[0]) =1, i[o]={o, 0, ---, 0}. (2-9) 
We have also defined 
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N 
O,(k[N,])= I { (Nub,) ™/m,1}, (2-10) 
1=18(N) +1 
where k[N,] represents a set {mypvys1s Macwyads °°", my} of non-negative integers m, 
such that 
Ay 
D>) loveaN (2-10a) 
1=18(N) +1 


(where N, is an integer such that [*(N) +15N,<N or N,=0) ; and the m,’s on the 
right-hand side of (2-10) are the set of m, represented by k[N,] on the left-hand side. 
The symbol S$} indicates summation over all such sets k[N,] for a given N,. Especially 


K-N2) 
for N,=0 we have 


P,(k[0])==1, k[0]={0, 0, ---, o}. (2-11) 
|Remark| In the previous paper” [cf. eq. (12) on page 355 of reference 8¢] we 


gave {2y the expression (2-5), in which the terms (@,) containing no “large” 
cluster have been collected in the first part and the terms (Yy) containing at least one 
“large” cluster have been collected in the second part, and we showed (in Lemma 6 
of the previous paper*’) that, if v>v,, the second part is negligible in calculating the 
thermodynamic properties. In the present paper, however, we go into the range v <1, 
and so the second part is not necessarily negligible, but demands a more detailed analysis, 
and so we express the second part as a sum of products of a sum of terms (Gy) 
containing “small”’ clusters only and a sum of terms (Px) containing “large ” clusters 
only, as is shown in (2-6). 

An expression which is substantially similar to (2-6) is given in § A3 of Appendix A [see (A3-2)], 


although, there, for discriminating between “large” and “small” clusters, the rigorous method [by means 
of the border-line function /*(N)], used here and in the previous paper,*) is not used. 


§3. The “large” clusters 


Theorem I. For any given €>0, we have for almost every N 


|(1/N) In Py (K[Ng]) — (Ne/N) In by| < € (3-1) 
for every k[N,] for every N, (*(N)+15N, SN). 
[Proof] According to Stirling’s theorem, we have 
In m,!=m, (Inm,—1) +4 Inm,+7 (m) (3-2) 


for every positive integer m,, where 7(m,) is bounded, that is, there exists a positive 


absolute constant K, such that 


+ The thermodynamic properties are determined by the limit of (1/N) In Qy (when N is very large), 
while we have [by (4-1)] (1/N) In Qy~(1/N) max Inty (No, i[ N—No]) (when N is very large) and 
we have [by (4-2)] (1/N) Inty(No, i[N—Ne]) = (1/N) IngyG@[N—No] ir (1/N) In x On (k[No]). 
Therefore (1/N)In 31 9y(k[Neo]) plays a part in determining the thermodynamic properties. This is the 
reason why we investigate (1/N) In 3) Ow (K[No]) in this theorem. 
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| (m)|SK, for every m. (3-3) 
Now from (2-10) we have by (2-2) and (3-2) 


N2 
In Py(k[No]) = SY {lm Inb,+m, Inf (l) +m, (1 +Inv) 


1=14(N) +1 
—4 Inm,—j (m,) +m In (N/m,)}. (3-4) 
Now from (2-4) we have 
lim /* CN) = -+ 00. (3-5) 
N>o 


Hence, in Lemma 1 we can put A(N) =/*(N)+1 and »=N,, since (2-3a), (375); 
and (2-10a) correspond to (1-1), (1:2), and (1-4) respectively. And, in (1) of 
Lemma 1 we can put 7(l)=Inf(/), since (2-2a) corresponds to (1-6). Consequently, 
by (I), (II), (IID, (IV), and (V) of Lemma 1, for any given €>0 we have the 


following relations for every k|N,| for every N,([*(N) +15N,<N), for almost every 
N. 


Gols \eeieb a BONS 
1=18(N) +1 

(11)! 0<(/N) 3} m, <€/(5|1+Inv|) 

(III) 0<a/N)_S? nm, <2€/5 (3-6) 


(IV) 0<(1/N) SY 1<6€/(5K) 


1=i%(N) +1 


CN FeO SSCL AN) Sv m, ln (N/m) <€/5. 


1=1%(N) +1 / 


By (2-10a), (3-3), and (3-6), we obtain (3-1) from (3-4). Thus the proof 
is completed. 


Corollary 1. For any given €>0, we have for almost every N 
|(1/N) In Oy (k[N,]) — (1/N) In Oy (k'[N,]) | < € (3-7) 


for every k[.N,] and k’[.N,| for every N, ([*(N) +1<.N,<N). 


[Proof] In (3-1), € is an arbitrary positive number, and so we may take €/2 in 
place of €. Hence 


|(1/N) In Px(k|No)) CLAN, ites P x(k’ | N,]) S| (1/N) In Py (kL Nz]) — (N,/N) In b,| 
+|(1/N)In ®,(k! [N,]) — (N/N) In by| < €/2+€/2. 
(3-8) 


[Note] Here k’[N,] means any set which satisfies the same conditions as k[|N,] 
satisfies. (k|N,| and k’[N,] may be identical or not.) 


{ If Inv=—1, then (Il) is unnecessary. 
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Corollary 2. For any given €>0, we have for almost every N 
|(1/N) In 9 y(KLN,]) — (1/N) Inby,| < € (3-9) 


for every k[.N,] for every N, (I*(N)+15N,SN). 
[Proof] By (2-2) we have 


(1/N) Inby,—(N,/N) Inb, = (N/N) (1/Ny) Inf (Np). (3-10) 
Given any €>0, we have by (2-2a) 
| (1/N,) Inf (Ny) | < € (3-11) 
for almost every N,; hence by (3-10), we have for almost every N 
| (1/N) Inby,— (N,/N) Inb,| < € GeI2)i 


for every'’ N,(/*(N)+1<.N,<N). From (3-1) [in which € is replaced by €/2] 
and (3-12) [in which € is replaced by €/2], we obtain (3-9). Thus the proof is 
completed. 

[Other proof] In Corollary 1, take for k’ [N.| the set of m, for which m,=0 (for 
[#N,) and my,=1, and replace € by €/2, and use the fact that | (1/N) In (Nv) | < €/2 
for almost every N. 

Corollary 3. For any given €>0, we have for almost every N 


| (A/N) tn $3 Px(&LNz}) — (Ne/N) In| < ¢ (3-13) 


for every N, (I*¥(N)+15N, SN). 
[Proof] Since b,>0 for every / [assumption (b) in § 0], we have 


Dy(kLN,]) >0 (3-14) 
for every k[|.N.]. Hence, if we let g(N, N.) be the number of terms in the sum en 
we have 

Dy(K[ Ne) <>} Pn (Ne) Sq (N, Ne) Px [Nal (3-15) 


where k[N,] means the k[N,] for which Py is largest; that is, Py(k[N,]) =max Py 
(k[N.]). Now let Py be the partitio numerorum of N, Then we have | 
g(N, Ny) <Py ' (3-16) 
for every N and N,. And we have asymptotically 
In Py~m (2N/3)1” (3-17) 


as N-—>oco, Consequently, for any given € >0, we have for almost every N 


+ If, in Theorem I, we take for k [N:] the set of m, for which m,=0 (for [4 No) and MiNads and 
replace € by €/2, and use the fact that |(1/N)In(Nv)|<é€/2 for almost every N, then we obtain (3-12) 


directly. 
++ If a condition holds for almost every Ne, then it holds for every No (such that [*(N) +15. N2<N) 


for almost every N, since [*(N)—>20 (as N->00) by (3-5). 
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On 
OO 
ony 


0< (1/N) Ing(N, No) <€/2 (3-18) 
for every N, (I*(N) +15N,SN). By (3-15) and (3-18), for any given € >0 we 


have for almost every N 
(1/N) In S} Oy (KENg]) — A/N) In Py (K[NG]) | < €/2 (3-19) 
kL N2] 
for every N, (X(N) +1<.N, SN). 
Now put k[N,|=k[N,| in Theorem I. Then, for any given €>0, we have for 


almost every N 
|(1/N) In Oy (kLN,]}) — (N./N) Inby| < €/2 (3-20) 


for every N, (*(N) +15.N,<N). From (3-19) and (3-20) we obtain (3-13). 
Thus the proof is completed. 

Corollary 4. For any given €>0, we have for almost every N 

| (1/N) In S$} Oy (kLNe]) — (1/N) In Px (k'[No])|<€ (3-21) 
kL N2)} 

for every k/[.N,] for every N, (X(N) +15N, SN). 

[Proof] Put k[N,|=k[N,] in Corollary 1. Then, for any given € >0, we have 
for almost every N 


|(1/N) In @y(k[.No]) — (1/N) In @y(k! [Ne]) | < €/2 (3-22) 


for every k’[N,| for every N, (*(N)+15N,<N). From (3-19) and (3-22) we 
obtain 9(3-21). 
Corollary 5. For any given €>0, we have for almost every N 


[(1/N) In 3 @x(k[Nel) = A/N) Inbysl <« (3-23) 
for every N, ([¥(N) +15N, SN). 


[Proof | From (3-13) [in which € is replaced by €/2] and (3-12) [in which € 
is replaced by €/2], we obtain (3-23). 

[Other proof | In Corollary 4, take for k’|N,| the set of m, for which m,=0 (for 
[A N,) and my,=1, and replace € by €/2, and use the fact that |(1/N)In(Nv) |< €/2 
for almost every N., 

[The physical meaning of Theorem I and its corollaries] 

Theorem I shows that, if we take N large enough, the difference between (1/N) 
-InPy(k|N,]) and (N./N)Inb, becomes as small as we please, irrespective of the total 
number (N,) of particles composing “large” clusters, and irrespective of the way (k|N,]) 
of grouping the N, particles into “large” clusters. Corollary 1 shows that, if we take 
N large enough, the change of (1/N)In®y(k[N,]) caused by an arbitrary change 
(k[|N,|—>k’|N,|) of the way (k[N,]) of grouping the N, particles into ‘large ” 
clusters, becomes as small as we please, irrespective of the total number (N,) of particles 
composing “‘large”’ clusters. Corollary 2 results if we replace the general term Py(k’ 
[N.|) in Corollary 1 by the particular term for which m,=0 (for 1A N,) and my,=1, 
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that is, the term for which the N, patticles together compose one “ large” cluster and 
there are no other “large ”’ clusters. Corollaries 3, 4, and 5 show that, in Theorem I, 
Corollary 1, and Corollary 2, we may replace the general term M,(k[N,|) by the sum 
of Py(k|N,]) over k[N,] for any fixed N and N, if N is large enough. In particular, 
Corollary 4 shows that the operation 7 upon @y(k|N,]) for any fixed N and N, is 


a! 


Kee] 
practicallygof no effect if N is large enough. 


Thus, Theorem I and its corollaries show that the results for the system under 
consideration are practically independent of the way of grouping the N, particles into 
“large ’’ clusters for any fixed N and N, if N is large enough, and so we may, most 
conveniently, adopt the particular way of grouping in which the N, particles together 


compose only one “large” cluster (Inby,). 


This is shown also in § A3 of Appendix A by an argument which is not so rigorous as the present 
argument. Theorem I and Corollaries 1 and 2 correspond to the equations (A3-3). and (A3-4) in Ap- 
pendix A; and Corollaries 3, 4, and 5 correspond to (A3-7) in Appendix A. 


$4. Maximum term and the 4-system 


Lemma 2. For any given €>0, we have for almost every N 


|(1/N) In2y—(1/N) max Inty(N,, i[N—N,])|<€ (4-1) 


Na,4LN—Na] 
where 
tw(N,, EN a er a) Px (k(N,|) 22) 
in which N,=0 or [*(N)+1<N,<N. 
[Proof | Since 6, >0 for every / [assumption (b) in $0], we have 
ty(N,, i[ N—N,]) >0 (4-3) 


for every i| N—N,] for every N,. Hence, if we let ry be the number of terms in the 
sum Qy= S} ty(N,, i[N—N,]) which extends over N,=0 and N, (/*(N)+15N, 


N2,iLN-— 


4 2] 
<N) and over i[N—N,], then we have 
max ty(N,, i[N—N,]) S2vSry max ty(Ny, i|[N—N,]). (4:4) 


No,iLW—N2} Wo,4¢V—N2] 
Now let Py be the partitio numerorum of N. Then we have 
rwSPy (a5) 
for every N. Hence by (3-17), we have for any given € >0 
0< (1/N) Inry<e (4-6) 
for almost every N. From (4-4) and (4-6) we obtain (4:1). Thus the proof is 


completed. 
Lemma 3. (i) For any given €>0, we have for almost every N 


I(1/N) Incy(Ng, i[N—Ny]) — /N) Inzx*(Ny, iLN—N,)]<€ (4-7) 
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for every i[N—Ny] for every N, (#(N) +1<.N,<N or N,=0), where 
Inzty4(N,, i[N—N,]) 
rs oa tops GIN 6) Sa Lt Taper dad: We Lee (4-8) 
EER areca, given eenO Meee base format abet teyery 
}A/N)_ max In cy(No, [NN] — C/N), max In cx*(Noy §N=Ne))|<€. 
(4-9) 


[Proof of (i)] By (4:2), (2-8), and (3-2), we have 
(1/N) Incy(N,, i[ N—N,]) =(1/N) 53) {m, In (Nvb,) —m, lnm, 
m,— (1/2) lnm, —7(m)} + C/N) In 3} PxLNo)). (4-10) 
By (4-10) and (4-8), we have 


|(1/N) Inty(Ny, i[N—N,]) — 1/N) Inzy*(N,, iLN—N,])| 


X(N) 7#(N) 
= (1/2N) 2a Inm,+ (1/N) ea, \7 (m;) | 


+|(1/N) be ys) — (N,/N) In|. (4-11) 
By (2-8a) we have 
1x(N) 
23 !m=N—Ns (4-12) 
for every i| N—N,]. Hence 
Therefore 
ix) 
(1/2N) SY lam S {E*(N) /2N} InN, (4-14) 
By (3-3) we have 
ik) 
(1/N) ss Iv (ms) | SN) /N} K Spek 
By (2-3), for any given €>0 we have for almost every N 
0</*(N) (InN) /N<e (4-16) 
0</*(N)/N<e, (4-17) 


since we have for almost every N 
0</*(N)/N<I*(N) (InN) /N<I*(N) /N??, (4-18) 
Using (4-14), (4-16) [in which € is replaced by 2€/3], (4-15), (4-17) [in 
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which € is replaced by €/(3K,)], and (3-13) [in which € is replaced by €/3], we 
obtain (4-7) from (4-11). Thus the proof is completed. 

[Proof of (ii)| This proof is similar to part of the proof of Lemma 5 in the 
ptevious paper.” 

Let N, and i{N—N,] mean the N, and i[N—N,] for which zy(N,, i[N—N,]) 
is largest. And let N,* and i4(N—N,S] mean the N, and i[N—N,] for which 7,4 
(N,, iL[ N—N,]) is largest. Then we have 


ty(Nz, iLN—N,)) Srx(Ne, BLN-Ne) (4-19a) 
ty UN», t( NSN) te (NS, BLN=NZD” (4-19b) 


Applying (4-7) to the term for which N,=N,, i[N—N,|=i[N—N,], and to the 
term for which N,=N,‘, i[N—N,]=i*[N—N,‘], then we have for almost every N 

| Q/N) Inzw(N,, iL N—N,]) — (1/N) Incy*(N,, iL N—N,]) |< € (4-20a) 

|(1/N) Incy(N,4, PWLN—N,]) — (1/N)Incy3 (NS, 14 [N—N,4])|<€. (4-20b) 
By (4-19a, b) and (4-20a, b), we have for any given €>0 

|(1/N) Inzy(N,, i[N—N,]) — (1/N) Inzy*(N,4, #4[N—N,“]) | <e (4-21) 
for almost every N. [For, if 4,=a,, 6,< by, |a,—6,|< €, and |a,—b,| < €, then we 
have —€ < a,—b,Sa,—b,<a,—b, < €.] (4-21) is identical with (4-9). Thus the 
proof is completed. 

[The physical meaning of Lemmas 2 and 3| 

Lemma 2 shows that, if we define the terms ty(N,., i| N—N,]) [each of which is 


> 


determined by the total number (N,) of particles composing “large” clusters and the 


way (i| N—N,]) of grouping the remaining particles (N—WN,) into “small” clusters], 
then (1/N) In y may be replaced by the largest of (1/N)Inty(N., i| N—N,]) with 
as small error as we please if N is large enough. 

Lemma 2 corresponds to (A3-11) in Appendix A. 

Lemma 3 shows that the assumptive system denoted by 4 and the system under 
consideration are practically equivalent to each other if N is large enough. 


Lemma 3 corresponds to (A3-10) in Appendix A, where, however, the difference between the system 
under consideration and the d-system is left out of account from the beginning. 


Using Theorem I and Lemmas 2 and 3, we have the following theorem. 


” 


$5. Appearance of a “huge” cluster (The two-phase separation) 


Theorem II. [f v< ulesCe bie!) —! where z,=b)"|,* then, for any given €>0, 
t=1 


* Here by the ne (d) in 20, the series Sores! Df is convergent (and then, of 
course, the series br zs! =) f(@] is (convergent), ee Zs (=by- ry is the first singularity (on the real 


positive axis of ms a9 a l as (and of Dbz). 
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there exists, for almost any N, at least one set (No, i{N—N,]} for which 
[(1/NQ ln ee CN tN Noy a ty IN) oe In ty(N,, i[N—N,])|<¢€ (5-1) 
Na,ilN—N2] 
and 
|N,/N— (1— Stlubz7)|<é (a2) 
Z=1 
are simultaneously satisfied. 
Here (5-1) may be replaced by 
|(1/N) Incy(N,, iL N—N,]) — (1/N) In 2y| <€ (5-17) 
and by 


I(1/N) Inzy(N,, i[N—N,]) — (Syvbz!—Ing,) nap (5-1”) 
l= 


In (5-1), (5-1), and (5-1"), (1/N) Inzty(Nz, i|[ N—N,]|) may be replaced by 
(G/N) lazy. t[N— 20. 
| Proof | Consider max’ Inty(N,, i| N—N,]|), where max’ means that the maxi- 


9,4. N No} a ay ae 
mum is taken with N. M,, My, ***, My, assumed to be continuous variables which 


take positive real values and are subject to the condition 


1%(N) 


Slm+N,=N. (533) 
va 
Comparing this max’ with the (actual) max, we have 
max’ In 7t,A(N,, i[N—N,]) = max Inzy(N,, iL N—N,]). (5-4) 
¥a,iLN— Na] Wa ila] 


With the use of the undetermined races Inz, the set (of real numbers) {N,, m,, 


My, ***, Mx} which gives the max’ must satisfy 


(3/8m,) {In zx"(Ny, i[N—N,)) + (Sim +N.) theo LS LEN 


(5 -5a) 
and 
(8/AN,) {Inzx8(N,, i[ N—N,]) + (Sm AN,) fia (5 -5b) 
By the definition (4-8), we have from (5-5a) 
m=Nvb,z (l=1, 2, --, [*(N)), (5 -6a) 
and we have from (5-5b) 
c=by (==z, say). (5 - 6b) 
By (5-6a,b) and (5-3), the set giving the max’ must satisfy 
m,=m,=Nvb,zi (1=1, 2, «-, [*(N)) (5 -7a) 


X(N), — 


N,=N,=N— Sins N— NS Yebyal. (5 -7b) 
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a 2X(N) 
[1 fy] D1 b,22 > Sb, z! 
t=1 e—1 
Hence by (5-7b) we have 


N,>N(1—v/v,) >0, 
(since v<v,) ; and by (5-7a) we have 


671 


(5-8) 


(5-9) 


m>0 ([=1, 2, --, [*(N)), (5-10) 
These are consistent with the assumption that N,, m,, My, *** are positive real numbers, 
Therefore we have 
ix) ™ = 
max’ In ty(Ne, #[N—Ng) =NSt0b.2!—N, Ing, +NyInby, (5-11) 
4V2,0@.iV—iV2 l= 
where 
eg ix) 
i aie 1 fm N S110; z., G72) 
= v= 
that is, 
N,+N,.=N (5993) 
By z,==6)' and by (5-13), (5-11) becomes 
TRCN) 
max’ Inty(N,, t|N—N,]) =N >) vb,z/—N Inz,. (5-14) 
Na,iLN— Na] (ai 
Now, for each N, we take the set (of integers) {N., m,, to,°' Maw} : 
ty, =[m,]=[Nvb,z!] (l=1, 2, --, *(N)) (5 - 15a) 
ix(N) aR(N) 
N,=N— lm=N— SDI Nvb,z/], (5-15b) 
i= i=1 


where, for real x, |x| means’ the largest integer not exceeding x. Then we have 


1#(N) 


Slim+N,=N, 
ia 
and, by (5-7b), (5-9), and (2-3), we have for almost every N 
N,> N,>l*(N) 


and, by (5-10), we have 
co (1=1, 2, 1(N)). 


G16) 


(5:17) 


(5-18) 


By (5-16), (5-17), and (5-18), for almost every N this set {No, m,} satisfies the 
conditions of {N,, i[N—N,]} (that is, this set is one of the sets {N,, i| N—N,]}). 


Hence for almost every N we shall denote this set by {N,, i[N SA 


+ Here this square bracket should not be confused with a square bracket following a bold-faced letter, 


e.g. tLN—N]. 
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Then, introducing this set into (4-8) for almost every N, and using (5-14) and 
2,==b5', we have 
(1/N) Inzy4(N,, iL N—N,)) 
—(1/N) max’ Inzy(N,, i{N—N,]|) =A(N) + BW), (5-19) 


N2,iLN— No | 
where 


LaCN; y 
A(N) = (1/N) SY mi {In (N vb,) —Inf,} + {(N—N,)/N} Ing, 
t=1 


7x) 
=—(1/N) > [Nvb,z/] In (N vb, z |/Nvb,z) (5-20) 
7=1 
1k(N) ix) 
B(N) =(1/N) 3) m,— Divbz (5-21) 
i=1 t=1 


(where the prime of 5) means that in the summation the terms for which [Nvb,z| 
=0, ie. Nvb,z'<1, are excluded). Hence we have [by the lemma in the footnote] 


|A(N)| S/N) SY KS KT (N) /N (5-22) 
(where K, is a positive absolute constant), and we have 
|B(N) | = (/N) >} (Nvb,zi—[Nvbzi]) <l*(N) /N. (5-23) 
Now; take any €20, ‘Then by'(2-3) Me have C41) (ot aitholt oe a 


(5-22), (4-17) [in which € is replaced by €/(6K,) |, (5-23), and (4-17) [in which 
€ is replaced by €/6], we have from (5-19) 


|(1/N) Inzy*(N,, iL.N—N,]) —(1/N)_ max! In ty4(N,, if N—N,])| 


N2.4LN—Na2y 
es |AGN) | BIND e732 (5-24) 
for almost every N. 


It is obvious that, for almost every N, 


max Inzy'(N,, i[N—N,]) Inc nt (Nes TUNE N,)). (3225) 


N2.iLN—No2} 
From this and (5-4) and (5-24), we have for any given €>0 
G/N) Ing wi(N,,é i[N— N,) —@/N). max Inzy(N,, i[N—N,])|<€/3 


N2,iLN—N2] 
(5-26) 
for almost every N. 


Now, applying (4-7) [in which € is replaced by €/3] to the set {N,, i[N—N,]}, 


we have for any given € >0 


|(1/N) Inex (Ny, iL N—N,]) — /N) Incy*(N,, iLN—N,])|<€/3 (5-27) 


{ Lemma. The function [x] In({x]/x) is bounded in the half-open real interval 1 x< +00, 
[Proof] We have 
x In(1—1/x) << [x] In([x]/x) <0 (for Zeb). 
And the function xIn(1—1/x) is bounded for x2; [for it is continuous for x => 2 and its limit for x >+.00 
is —1]. And obviously the function In(1/x) is Banded for <3 xe? 
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for almost every N. “From (4-9) [in which € is replaced by €/3] and (5-26) and 
(5-27), we have for any given €>0 


|(1/N) Incw(N,, i[N—N,]) —O/N). max In ty(N., i| N—N,])|<€ (5-28) 
N2,i.NV— Ne] 
for almost every N, 
Now by (5-15b) we have 


x © 7x) 
WANS Ge) lob, 2S AN) 2 I(Nvb,zi —[Nvb,z/]) + >} lvb,z,. 


i=1 1=1%(N) +1 


(5-29) 
Hence 
te © x) 0 
0<N,/N— (1— = lub,z{) < (1/N) pase SS lob, ze (5-30) 
ex = 1=18(N) +1 
By (2-3) we have for any given € >0 
: “eUY) 
[0< (1/N) > l=] (1/2N)[* (N) @* (N) +1) < (2/3) € (5-31) 
for almost every N. For we have 
[*(N) (*(N) +1) /2N-Sl*(N) /N'"}2 (5-32) 


for every N. 
ao 
Since the series 1/b,z/ is assumed to be convergent, there exists an integer M(€) 


l=1 
>0, corresponding to any given € >0, such that 


[O< s) vb,z, < | s lubzi<«€/3 (whenever [* > M(e)). (5-33) 
1 1s +1 


1=1k+ 


By (2:4) we have (3-5) ; hence 


[*(N) = Me) (5-34) 

for almost every N. Hence by (5-33) we have 
LOvcte, D438 enb; zeal lubze<€/3 (5-35) 

1=(8(N) +1 1=1k(N) +1 


for almost every N. 
By (5-30), (5-31), and (5-35), we have for any given € >O 


\N,/N—(1— Slobz)|<« (5-36) 
pat 


for almost every N. "v= 
From (5-28) and (5-36) we see that, for any given € >0, the set {N,, i[N— 
N,}}, for almost any N, satisfies both (5-1) and (5-2). Thus the main part of the 
theorem is proved, 
Now, from (5-28) [in which € is replaced by €/2] and (4-1) [in which € is 
replaced by €/2], we see that the set {N,, i[N—N,]}, for almost every N, satisfies 
(5-1). In the theorem, therefore, (5-1) may be replaced by (5-1’). 


of 
674 K. Ikeda 


From (5-14) and (5-35), we have for any given € >0 


o 


|(1/N) max’ pee (N,, i|N— N,) — (vb, lag) [= 2 vbizs)< €/3 
N2,iLN—Ne2 1=lk 4 
(5-37) 


for almost every N. From (5-24), (5:27), and (5-37), we see that the set {N,, 
i[N—N,}}, for almost every N, satisfies (5-1/’). In the theorem, therefore, (5-1) 
may be replaced by (5-1”). 

By using Lemma 3 (i), it is proved that, in (5-4) 8 GF) ) and 6-0 Oat iy) 
-Inty(N,, i[N—N,]) may be replaced by (1/N) Incy" (Nz, i{N—N,]). 

Thus the proof is completed. 

Corollary 1. If v<v,, then ie (1/N) InQy exists and 


lim (1/N) In Qy= S30 b,z, —Inz,. (5-38) 


N>o 
[Proof] This is proved by using (5-1’) and (5-1’’) of the theorem. 
Corollary 2. If VS, then, for any given €>0, there exists, for almost any N, at 
least one N, for which 


|(1/N) In >) ty(N,, i[N—N,]) — (1/N) In2y| < (5-39) 
aLN— No] 


and (5-2) are simultaneously satisfied. 
[Proof| By the theorem, there exists, for almost any N, at least one set {No, 
i| N—N,]} for which (5-1’) and (5-2) are simultaneously satisfied. Since this N, 
satisfies (5-1’), it satisfies (5-39). For we have 
oy CN i| N—N,]) <p, ee i| N—N,]) a eens i[N—N,]) =2y. 
iL N—N2 N: 


LV— 
(5-40) 
Thus the proof is completed. 
Corollary 3. If v<v,, we have for any given €>0 


|(1/N) in > Ser GND a In Qy| <€ (3 it) 


for almost every N. 

|Proof| By the theorem, there exists, for almost any N, at least one set {N,, 
i| N—N,]|} for which (5-1’) and (5-2) are simultaneously satisfied. For almost every 
N we have No>0 (if v<v,) by (5-2). Hence cy(N,, i[ N—N,}) given by this set 
{N,, i| N—N,]|} is a part of the sum Pate GIN). Hence 


ty(N,, i| N—N,]) = 2 reLND) = OF. (5-42) 


By this and (5-1'), we have (5-41). Thus the proof is completed. 

[The physical meaning of Theorem II and its corollaries | 

Theorem II shows what happens in the range v < 2, that is, beyond the gaseous 
range (v=v,). The theorem states that, for any given positive number € (however 
small it may be), if N is large enough, there exists at least one set iN,, i| N—N,]} 
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satisfying both (5-1) and (5-2). Now take sucha set {N,, i] N—N,]|}. Then, since 
this set {N,, i| N—N,]} satisfies (5-1) and €(>0) may be as small as we please, the 
term Ty given by this set {N,, i[ N—N,]} is practically maximum. This means that 
the whole configuration integral 2, may practically be represented by this term ty only 
[see (5-1’)]. That is, this term is predominant in the system ;—physically speaking, 
this set {N,, i[ N—N,]} gives the equilibrium state. This N, (that is, N, in the 
equilibrium state) satisfies (5-2) at the same time; hence this N, is of the order of 


magnitude of N if v<v, [since (1— Sil vbjz:) is finite and positive (if v<v,) and 
=1 


€(>0) may be as small as we please]. Consequently, for our equilibrium-state term Ty 
we have by (4-2) 


Incw(Ne, i[ N—N,]) =IngyG[N—N,]) +1n 3) Px (KLNo) (5-43) 


where N, is larger than /*(N) and is of the order of magnitude of N (if v<v,)- And 
in (5-43), by Theorem I (Corol. 5), InS}@y(k[N,|) [a number of “large” clusters | 
may (if N is very large) be replaced by Inby, [one “‘large” cluster]. Therefore, if 


v<v,, in thermodynamic equilibrium there exists one “ large a 


cluster (Inby,) which is 
of a macroscopic size ; we shall call such a cluster a “huge” cluster [see Remark 1 on 
the next page|. 

If vv,, there is no “large” cluster in thermodynamic equilibrium (by Theorem 
Ill). The p—v isotherm is not horizontal for vv, (by Corol. 1 of Theorem 0D), 
but is horizontal for 7 <v, (by Corol. 1 of Theorem II). Our “huge” (i.e. macro- 
scopic) cluster Inby, existing for v<v, should (according to the physical interpretation 
of a cluster) be regarded as representing the liquid phase which has appeared by the 
two-phase separation in the condensation process and which coexists with the saturated 
vapour [represented by Ingy(i{N—N,]) in (5-43) ] in the condensation range (U<4u,). 
[We thus see that 1/v, represents the density of the saturated vapour, and also we see 
from (5-2) that the “huge” cluster Inby, grows large steadily as v decreases.| Thus 
we have proved the condensation phenomenon and the appearance of liquid phase, by 
means of a mathematically rigorous method. 


This result is obtained also in § A3 of Appendix A (though not so rigorously). The equations (5-7a) 
and (5-7b)—or the equations (5-15a) and (5-15b)—correspond to the equations (A3-14) and (A3-16) in 
Appendix A, where, however, the difference between max and max’ and the difference between m, and m), 
(No and No) are left out of account from the beginning, and the notations Max, m7, No, are used. 


It is now suggested that we may discuss the detailed properties of the liquid phase 
by analyzing Inby, (the “huge ” cluster) itself. [About this point, see the discussions 
in §§ A5 and A6é of Appendix A.| 

Corollary 1 teaches us all thermodynamic properties for v<v,, and especially it shows 
that the isotherm is horizontal (i.e., the pressure is independent of the specific volume) 


in the condensation range v < Us). 


+ The argument (about the uniform convergence of sequences) given in the footnote on page 382 of 
the previous paper®*) is also true in this paper. Hence we have for the pressure po, 
(Continued on the following page.) 
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Corollary 2 shows that ty in Theorem II may be replaced by the sum of Ty over 
i|N—N,]. That is, here we have given the equilibrium state by determining only the 
number N, of particles composing the liquid phase, with no specification of the way 
i| N—N,] of grouping N—N, particles into “small” clusters (i. e., of the detailed state 
of the vapour phase). 

Corollary 3 shows that, when 2y is expressed as (2-5), the whole configuration 
integral Qy may practically be represented by the second part only (if v<v,). 

[Remark 1] We define the word “huge” as “of the order of magnitude of N” 
when N is large enough. Hence “huge” means “ macroscopic”? in a physical word. 
We should distinguish “huge” from “large”; the latter has been defined as “ larger 
than /*(N)” (§ 2). [As is seen from (2-3) and (5-2), the extent of the concept 
“large” includes the extent of the concept “huge”; that is, every “huge” quantity 
is “large”’, but the converse is not true. | 


: : rn ae id . 
In Appendix A, we give a theory which is not so rigorous; so we do not distinguish between “ large 


and “huge”, but adopt only the word “large”, which means (though not so rigorously) “of the order of 
magnitude of N”. [Also “small” in Appendix A is different (in definition) from “small” in the text.] 


[Remark 2] In Theorem I, N, has been mathematically given as any integer such 
that /*(N) +1<N,<N, while, in Theorem II, for v<v, the physical character of N, 
in thermodynamic equilibrium has been discussed and the “ hugeness” of N, in thermo- 


dynamic equilibrium has been proved. 


§ 6. Gaseous state 


Theorem HE. If v2v,, then, for any given €>0, there exists, for almost any N, 
at least one set i{ N| for which 


(1/N) Inge GIN) — G/N) max Inex(Na, [N-Ng)|<€ (6-1) 
is satisfied. | 
Here (6-1) may be replaced by 
|(1/N) IngyG[N]) — (1/N) In@y| < € (6-1’) 
and by 
|G/N) Inge GN) ~ (S3b2'—Ing) |<, (6-1) 
where z is the least positive real root of the equation SiMvb,a1 
l=1 
po/kT=lim ln Qy/8V'= 8/80 lim (1/.N) ln Qiy (5-44) 


[where lim is taken for N->co and V->0o with v=V/N fixed]. Thus by Corollary 1 we have (for v <<v,) 


po=kT >) biz? (pe say), (5-45) 
which is independent of v. And we have for the Gibbs free energy G 
lim (G/N) =lim { (4+ pV) / N}=kT In B—kT lim (1/N) In 2y+ pov=kT In (43z,) (5-46) 


(for v< vs). Hence z, is the fugacity (or activity) of the system, which is independent of v, (for v< vz). 
[Note that G=NkT Ina where a is the absolute activity and a/A° is the activity or fugacity. ] 
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In (6-1), (6-1'), and (6-1"”), y (i| N]) may be replaced b AGIN ae. 
(0, é[N])]. ; y aced by g*(é[N]) [=n 
Corollary 1. If v 


=v,, we have 


co 


lim (1/N) InQy= Sjvb,z'—Inz. (6-2)! 


N>o t=1 


Corollary 2. [If vv,, we have for any given € >0 
|(1/N) In > gx G@LND — G/N) In.2y| <¢ (6-3) 


for almost every N. 

[Remark] In Theorem III and its corollaries, a fact which has been rigorously 
proved in the previous paper® (see Lemma 6 of ref. 8)—namely, the fact that for the 
gaseous state (v—=v,) the whole configuration integral may practically be represented by 
the “small” cluster part >}¢y(i[N}) only, that is, that (for the gaseous state) there 
is no “large” cluster in the predominant term Yy (i.e. in thermodynamic equilibrium ) 
—jis stated in a modified form which corresponds to the form of Theorem II (with its 
corollaries). Therefore we need not give the detailed proof here. We have only to 
note that a condition for [*(N)—-namely, (2-4) which means that /*(N) increases 
rapidly enough with increasing N-—is utilized for this proof, [Cf. note added in proof. | 


§ 7. Concluding remarks 


We shall now make some remarks on the essential features of our theory. (In 
this section we shall use concise notations and expressions. ) 
The old theory (based on, for instance, Mayer’s method of maximum term or the 


method of saddle-point) gives [cf. §§ Al. & A4 of Appendix A and § B2 of Appendix B] 
N= SVVb,z' or 1/v= d\lh,z" ; (7-1) 
i i 
InQ=V>36,z'—N Inz (772) 
7 


for the condensation range (v < v,) [for which, however, the theory itself is invalid] as 
well as for the gaseous state (v=v,). On the other hand, our theory gives for the 
gaseous state (v=v,) [ef § 6] 


N= SUV b,;2 " or De Soe (73) 
7 7 
In 2~V>}b,z'—N Inz (7-4) 
L 


and gives for the condensation range (v<) [ef. §5] 


+ With the use of Corollary 1 (of Theorem III) and the thermodynamic relations and with the help 
of the argument (about the uniform convergence of sequences) given in the footnote on page 382 of the 


previous paper,®°) it is proved (for v=v,) that the pressure po of the gas is given by 
foe] 
po=kT >) bz" (6-4) 
i=l 


and that z is the fugacity (or activity) of the gas. 
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N=N,4+N,= SUV bei t+N, or 1/v=Dd31b,z)+1/U% (u=V/N,)  (7-5)* 
om a ? Z 


In Q ~ max Inc ~Int=InG+In dS} P (7 -6) ** 
where 
Ind~VS1b,.2/—N,Inz, (saturated vapour) 6a) 7 
Z 
InS)0~Inbx,~N,|Inb, (liquid drop). (7 -6b) Ft 


The last terms N, and In}!@ (or Inby,) obtained by our theory are results of the 


¢ 


detailed analysis of the sizes of clusters, have some analogy to F. London’s” first term 
[see § B1 of Appendix B], and are essential to the existence of a horizontal part of the 
isotherm and to the appearance of a liquid drop cluster. If one keeps compressing the 
gas slowly at constant temperature, the series >J/b,z' (and >}b,z' at the same time) 
becomes singular at the point v=v, (z=z,), i.e., the starting point of condensation, 
and then instantly the last term N, (and Inbx, at the same time) appears—that is to 
say, one “huge” cluster Indy, consisting of N, molecules, which represents the liquid 
phase coexisting with the saturated vapour, appears and is described by the following 
expression [cf. § AS of Appendix A|: 


In bx, ~ No >sPeyoe'— No In yo (7-7) 
z 
or 


Inby,~ N, Serve —N,! Iny, +n fx,. (7-8) 
i 


Here it should be emphasized that, when the series for the gaseous state becomes singular, 
our theory of a condensing system does not fall into the difficulty due to the divergence 
of the series, but a new term or series appears and plays the leading role, in place of 
the old series which has already become singular. Further researches for the new term 
or series itself may lead to more knowledge of the liquid phase. 

In conclusion, let us briefly state in what way we wish to go further. In this paper 
the volume dependence of the cluster integrals have been left out of account. If we 
wish to introduce their volume dependence into the problem of this paper, we must 
propose a theory in which the theory in this paper and that in the previous paper” are 
unified in some way. If this is done, we may have some method for evaluating the 
volume dependence of the “huge” cluster Inby, (i.e. the liquid phase) when one com- 
presses the system further after the liquid phase occupies the whole volume of the system. 
Thus we may have some possibility that we can derive the properties of the pure liquid 


phase and the singularity corresponding to solidification automatically from the partition 
function expanded by the Ursell method. 


* No given by (7-5) is practically equal to No in (5-2), No in (5-7b), or No in (5-15b). 
He eSee (41). (1) (5-17), and (5-43). 

T See (5-11). 

TT See (3-23), (3-12), and (3.13). 
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Appendix A 
Approximate theory of condensing systems 


Introduction and summary 


This appendix may be regarded as an independent paper, which criticizes Mayer’s 
theory of condensation (§§ Al and A4) and gives an improved theory (§§ A2, A3, AS, 
and A6). 

Thé reader may read this appendix without reading the text; from this appendix 
(§§ A2 and A3) he can know in a simple way the substantial physical contents of the 
rigorous and relatively complicated theory given in the text, because the theory given in 
§§ A2 and A3 (though it is not rigorous from the pure mathematical point of view™) 
is rather concise and is substantially similar to the rigorous theory in the text. 

The relations between the arguments in this appendix (§§ A2 and A3) and those 
in the text have been stated in paragraphs printed in small type in the text (SS 1—6). 
[The rigorous theory corresponding to § A5 has been omitted in the text. | 

The words “small” and “large” used in this appendix are different in definition 


? 


from those used in the text ; “small” and “large” in this appendix are not so rigorously 


« 


defined as in the text and mean “comparable with 1” and “comparable with N” 
respectively. [Hence “large” in this appendix is roughly equivalent to “huge” in the 
text ; the latter has, however, been defined rigorously in the pure mathematical sense. | 
First we show that Mayer’s maximum-term method for treating the Ursell expansion of the partition 
function contains certain approximations which are good for comparatively small clusters but are not good 
for large clusters; as a result, this method is invalid for that range in which the condensation may occur. 
Then we propose an improved method, in which we classify all clusters into large clusters and other clusters 
and give a new suitable treatment to the large clusters. Our method is valid even for the condensation 
range. Also we apply our method to the expression of large cluster integrals in terms of irreducible cluster 
integrals. Then we give physical interpretations to the results obtained by our method ; especially we deduce 


the appearance of a liquid drop (in the condensation range) and describe its properties. 
§ Al. Approximations in Mayer’s method of maximum term 
Mayer” applied the Stirling approximate formula 
In m,!=m, lnm,—m, (A1-1) 
to m,(l=1, 2, ---, N) in the Ursell expansion [eq. (0-7) in the text], and obtained 
i — eda a tA) (A1-2) 


my 
where 


* See § A7. 
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InT (m,) = S}m, {In (Nvb,) —Inm,+1}, (Nv=V), (A1 -3) 
7 


where the cluster integrals b, are assumed to be volume-independent and positive. Then 
= . ? 
he found the maximum term T(m,) on the condition Sabie by using Lagrange s 


undetermined multiplier Inz. From 
(0/Am,) {In T (mm) + (>)/m) FS 0, (= 1,72, +5, 2N) (A1-4) 
L 


one obtains for the maximum term 


m,=Nvb,z' (/=1, 2, »ity IN). (A1-5) 
where z is determined by 
N 
NSU gb WN, (A1 -6) 
t=1 


Hence, for very large N, or for almost infinitely large N, we have the following | since 


the logarithm of the total number of terms in 5} in (A1-2) is very small compared 


with N |: 


mj] 


N 
In Qy In T(m) =N 310b,2'—N Ing. (A1-7) 


Assuming these results (A1-6) and (A1-7) to be valid for the whole range of v, 
Mayer deduced the condensation phenomenon of a gas. 

However, when we deduce conclusions from the equations (Al-6) and (Al1-7) ob- 
tained by the above method of asymptotic evaluation, we must be careful, lest we should 
step beyond the range of validity of the above method. If one deduces a conclusion in 
a range, in which the method is invalid and so the equations have no meaning, then the 
conclusion will be unreliable. Therefore we wish to discuss in detail the validity of the 
above method. 


The above method has the following two defects (A) and (B) : 


(A) The Stirling approximate formula, which we shall call the approximation (a), 
has been applied to all m,. This approximation is good for large m, but is not good 
for small m,. 

(B) To find the maximum term, differentiation with respect to m, has been per- 
formed by assuming the integral variables (or discrete variables) m, as continuous variables. 
We shall call this procedure the approximation (). It has been applied to all m,.. For 
large integers m,, it may be a good approximation, since, for large integers m,, we can 
take a difference dm, such that dm,<m,, and we can then take such a 4m, as a dif- 
ferential (dm,). For small integers m, (comparable with 1), however, this approximation 
is apparently invalid, since, for small integers m,(~1), we cannot take a difference dm, 


such that 4m,<m,. 


In the next section we shall give a preliminary argument, in order to analyze the 


approximations (@) and (/9). 
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§ A2. Classification of orders of magnitude 


Now WN is a very large (in fact, almost infinite) integral number (say N~10), 
and we have 


LV 


l= N: (A2-1) 
i= 
Here the /’s are 1, 2, 3, ---, N. And we have O0Sm<N. We shall now classify the 


l’s into the following three kinds in a suitable way. Some of the /’s are comparable 
with N, that is, they are of the order of magnitude of N; we shall call such /’s “large”. 
(That is, /~N in notation.) Some of the other /’s ate comparable with 1, that is, 
they are of the order of magnitude of 1; we shall call such /’s “small”, (That is, 
{~1 in notation.) All l’s which belong neither to the set of “large” /’s nor to the 
set of “small” /’s will be called “of intermediate magnitude ”’ and we shall denote such 
stby INSVsdy “Te any other quantities g, we shall apply this classification into the 
three kinds of orders of magnitude, “large” (q~N), “small” (q~1), and “intermediate” 
(N>q>1), excepting the quantities of higher order of magnitude than N, (q>WN). 
So we have (“ large”? q) = (“large ” /) X (a quantity comparable with 1), (‘small ” q) 
= (“small” /) X (a quantity comparable with 1), and (q “of intermediate magnitude ’’) 
= (/ “of intermediate magnitude ”’) X (a quantity comparable with 1). 

Because of (A2-1), the m,s for “large” I’s, i.e. the numbers of “large” clusters, 


« 


must be “small” (if not zero) ; and the m,s for “small” /’s, i.e. the numbers of 


9 


“small” clusters, may be “large”’ or “of intermediate magnitude” or “small” (if not 


zero) ; and the m,’s for /’s “of intermediate magnitude”, i.e. the numbers of clusters 
“of intermediate size’’, may be “‘of intermediate magnitude” or “small” (if not zero). 

We may safely consider that the approximations (a) and (/%) [stated in § Al] are 
valid for “large” m, and for m, “of intermediate magnitude”, but are not valid for 


“small” m,. Hence, in applying the approximations (@) and (j%) to m,’s, the existence 


‘ 


of “small” clusters and of clusters ‘‘ of intermediate size”’ will cause no serious error. 


For, as stated in the last paragraph, m,’s for such clusters are “large ¥ or “of intermediate 


“ec 


magnitude ” except for a “‘ small”? number of such clusters. This exception is unimportant, 


< 


3 2? : 
since the existence of a ‘‘small”’ number of such clusters (which are not “large’’) is 


‘ 


negligible compared with the existence of a “small” number of “ large” clusters. 


In the next section, in order to avoid the defects (A) and (B) [stated in § Al] 
and obtain better results, we shall propose a method of treatment in which the “ large ” 
clusters and the other clusters are treated in different ways; the latter are treated by 


applying the approximations (a) and (7) but the former in a new way. 


§ A3. Improved approximate theory 


> 


As stated in § A2, we classify the sizes of the clusters into three kinds, viz. “ large’ 
(I~N) and “small” (/~1) and “ intermediate” (1</<N), when N is large (N~ 
10%). Hereafter, for clearness’ sake we write L for “large”? 1, though we write simply 


l for other J. 
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<4 ” 
Let N, be the total number of those molecules which compose small’ clusters 
and clusters “(of intermediate size”, and let N, be the total number of those molecules 
which compose “ large ” clusters. Then we have 


L<N 


Lai 
Sym =N,, S\Lm,=Nz, N,+Ni=N. (A3-1)* 


Hete we may note that N, is “large” or else zero, while N, may have any kind of 
magnitude. 
Consequently we may write eq. (0-7) |with V=Nv] of the text as 


Len =n 
Ge= Sie > ieuee oat N) i {(Nvb)™/mi!} 1 "((Nvb,) ™, /m ,'\ 
Pr eps 
1<eN 
ae (Slt Ny=N) | 11 {roy m/mt 1 CS ‘Lm, =N,), Tt {(Nvb,)™2/m,)\. 
ache ey 1 iG 


(A3-2) 


1<N AG 
We should treat the former part //{---}and the latter part //{---}in different ways because 
pl Le 


of the difference of their properties, as discussed in § A2. 
Here we assume** that 6, and 6, are independent of the volume V of the vessel, 


and) that 6, >0, by; =O for all tL. 


Then the logarithm of any term in >} in (A3-2) becomes 
mr, 
L=N Zi 
In JT {(Nvb,)"*/m,'} =>) Lm, Inbb=N,Inb, (A3 - 3) 
L~N L~N 


and in particular the logarithm of the term for which my,=1 and m,=0 (LAN,) 
becomes 


In(Nvby,) In by,—N, In bp, (A3-4) 


where the equality symbol XY means that on both sides of the equation all ‘small ” 
quantities and all quantities “of intermediate magnitude ’’ have been neglected, and that 
both sides X, Y themselves are “large” quantities, and that, in the limiting case when 
N->0co with v=V/N fixed,the relation, lim (X/N)=lim (Y/N) —=finite and definite 
and positive, would hold. In deriving (A3-3) and (A3-4) we have used the fact that 


lim 6;/’=6,=definite and finite and positive, (ASE Sy es 


l>oa 


that is, 6,=f(/)by [where lim (1/l) Inf(J) =0] and hence 
l>o 


by =f (L) by” (A3 -6) 


where 


Inf(L) <L~N, (A3 - 6a) 


* In the second equation, the upper limit L=N is in fact L=No (SN). The same applies hereinafter. 
** Assumptions (a) and (b) in §0 of the text. 


*** This is the assumption (c) [for 67] in § 0 of the text. 
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L=N 
and we have also used the fact that m,~1 and S}I~1 and In (Nv) <N. 
IL~N 
Then we have by (A3-3) and (A3-4) 


L=N L=N 
In >} (Sylm,=N,) IT { (Nvb,)™"/m,!\ —In (Nvby,) —Inby,—N, Inb,, 


| Coo? 


since the logarithm of the total number of terms in S! is <N. 


mr, 

Here we may remark that the defect (A) in S Al is now avoided since we do not. 
apply the Stirling approximation to m,’s (which are “small’’). 

By eqs. (A3-3) and (A3-4) we see that the situation where the N, molecules 
compose an arbitrary number of “large” clusters is equivalent to the situation where the 
N, molecules together compose only one “large” cluster. That is to say, we cannot 
decide how many “large” clusters are present; thus for convenience we may consider 
that only one “large ”’ cluster (by,) is present. 


Next we have, by the Stirling approximation (A1-1), 
LEN LEN 
In JT {(Nvb,)™/m!} = S3m, {In (Nvb,) —Inm, +1}. (A3-8) 
= 7=1 


For, as was shown at the end of § A2, we can safely apply the Stirling approximation 


to ms when there are only “small” clusters and clusters “‘ of intermediate size”? (that 
is, 1<N). 
Thus we have 


LEN 
Qy= >) (Slm,+N,=N)T(N,, m), (A3 -9) 
No, mi a 


where 
1<N 
InT(N,, m,) = S)m, {InN vb,) —Inm, + 1} +Inby, 
7A 


1<NV 


Sim {In (Nvb,) —Inm, +1} +N, Inb. (A3-10) 


= 
I 
t=1 


Since the logarithm of the total number of terms in >} in (A3-9) is <N, we have 
No, mi 


In Qy=Max InT(N,, m) =InT(N,, m%,). (A3-11) 


Here the maximum is taken under the condition 


LEN 
Set Nox N, (A3-12) 
é=1 


and so, using the undetermined multiplier Inz, we obtain 


z=b,' (=z say) (A3-13) 


len , 
from (0/0N,) {InT (No, m) + (Salm Ns) Inz} =0, and obtain 
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m=Nvb2'=Nvbz (l=1, 2, 3, °° <N) (A3 -14) 
from (0/0m) { »}=0 ([=1, 2, 3, ---<N). [Hence we know that m, is “large” for 
every “small” /.| Thus the values of N, and N, for the maximum term are 

4h) nivev Len 
N= Sim, =N>Mvb.z (A3-15) 
é=1 z=1 
and 
“s LEN 
N,=N—-N 9 jlvb.z, (A3 -16) 
Z=1 
respectively. 


Here we may remark that the defect (B) in § Al is now avoided since we perform 

. . Fy: - bP) > kK 

differentiation with respect to N, and m, ([<N) |where Ny, is “large and m,>1*| 
but not with respect to m, [where m,’s are “small”, i.e. m,~1]. 


Then in order pee the solution just now obtained may have a physical meaning, 
it is necessary that Sie b,z! should be definite and finite and Sie bie! S717 (since N, 
should not be meaceeys In order that this may be so, ratte "he series Sb, 21 [= 
Sf) where b,=f (1) by’ | should be convergent** (since some of the /’s “ of eee 
magnitude ” ci wate very large compared with 1), unless v is infinitesimal. In this case, 


we have SMb.<i= Sb, 2! (with a negligible error), and DH ae SFO] is conver- 


lien 


gent and is equal to >16b,z/ (with a negligible error). Secondly, the following should 
v=1 
hold : 


1/v = Dd Wb, zi (1/5, say) (A3-17) 
¢=1 
Under the above conditions we obtain [from (A3-11), (A3-10), and (A3-14) | 
LEN a 
In Qy—N)>}vb,z{ —N, Inz,+lnb5, (A3 -18) 
v1 


with (A3-15) and (A3-16). Here we may (with a negligible error) replace the upper 
limit /<N of the sum by [=co, since some of the l’s “of intermediate magnitude ”” 


are very large compared with 1. Thus (A3-18) becomes, with the use of z,==6,! and 
(A3-4), 


InQy—N35vb,z/—N Inz,. (A3-19) 
Z=1 


Hence the pressure of the system is 


p=kT (/AV) In Qy=kT S16, 2) (=p say) (A3 -20) 


* Except for a “ 


small” number of clusters (which are not “large”). This exception is unimportant, 
as was stated before. 


ek 
This convergence [which is the assumption (d) in § 0 of the text] is necessary in order that the 
condensation may occur at a finite density. 
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which is independent of v. That is, the isotherm (p—v curve) is horizontal in this 
range (v<v,). The Gibbs free energy G is 

G= A+ pV=NIT In(4z,). (A3 +21) 


Hence z, is the fugacity (or activity) of the system, which is independent of v7 This 
corresponds to the condensation range. 


On the other hand, if v is so given that 


1/v< Sie (= 1/v,), (A3-22) 
m= 


then we have N,<0 in (A3-16), and so we should have N,=0 for the largest term 
that has a physical meaning. In this case we have 


In 2 Max In T (0, mt,) =InT (0, m,) (A3 - 23) 
with the condition 
l<EN 
nN, (A3 -24) 
t=1 


LEN 
Using the undetermined multiplier Inz, we obtain* from (0/0m,) {InT (0, m,) + (Salm) 
l= 


-In z} 
m=Nvb,z' (l=1,)2, 3; ---<N), (A3 +25) 
where z is determined by 
LEN 
NS Gb, 2 =. (A3 +26) 
o=1 
Hence, unless v—>0 we have 
LEN oo 
[1/v= | )lb,2'= >\lb,z' =convergent (A3 - 26’) 
~ ~=1 t=1 
and 
LEN © 


S36,2'= S3b,z'=convergent. 
f=1 l=] 


Thus from (A3-23) and (A3-25) we obtain 


ini pe NS ay bygieeN lnc (A3-27) 
t=1 
and 
p=kT S1b,2! (A3 +28) 
l=1 
and 
G= NET In(#2), (A3-29) 


* Here the defect (B) in § Al is avoided, since there is no m,~1. 
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which shows that z is the fugacity (or activity) of the system. This corresponds to the 


gaseous state. 

Thus, v, [(A3-17), (A3-22)] and z, [(A3-13) | are respectively the specific volume 
and the fugacity at the starting-point of condensation. Using the Cauchy-Hadamard 
theorem, we see from (A3-5) that z, (==65') is the first singularity (on the real posi- 
tive axis of z) of the power series p [(A3-28)] and 1/v | (A3-26’) J. 


We shall now show a more intelligible method for calculating the maximum term (A3-11). Here 


for brevity we shall use the usual equality symbol = even when we should use =}; and we shall use the 
LEN 
concise symbol 5} for >). 
Z 


i=) 
Now we have, by (A3-9) and (A3-10), 


Qv= > (Slmj+No2=N)T(No, mi), (A3 -30) 
No, my ¢ 
where 
In T(N2 ’ m1) = St m1 {In (Nvb;) —In mi+ 1} + No In bo : (A3 -31) 
7 
Hence 
In @y=Max In T(No, mz) =InT(No, iz), (A3 -32) 
subject to the condition 
21m Ne=N. (A3 -33) 
Then 
6 In T(N: > m)) — 2 {In (Nvb;) —In mz} Om, ar In bo -ONo > (A3 -34) 
331 dunt SNy=0: (A3 -35) 
Eliminating 6No from (A3-34) and (A3-35), we have 
6 In T(No, mz) = 2 {In (Nvb;) —In mz, —[1n bo} 6mz- (A3 -36) 
Every Om; is now independent. For the maximum, 61lnT(No, m;)=0 for every arbitrary 6m;; hence 
my= Nvb,by—?. (A3 -37) 
Putting 
es (A3 - 38) 
we have 
mz=Nvb;z,!. (A3-39) 
Hence by (A3-33), 
No=N— 3 bitin = N— ND lob 5! (A3-40) 
Now we put Vs== (2b; zs (A3-41) 


If v<v,, then No=0 by (A3-40), so the solution (A3-39) has a meaning. If v>v,, then No<0 by 
(A3-40), so the solution (A3-39) has no meaning. We should have calculated the maximum under the 
conditions that No 0 and m;=0 as well as that S\/m;+No=N. 


Z 
We shall then calculate the maximum (denoted by Maxi) of In7(No, mz) when Np» is fixed at an 
arbitrary value. Thus : 
Max} In T(N2, mz) =In T(No, mit (No)), (A3 -42) 
subject to the condition 
2) /mj=N—Np. (A3-43) 
oe see that the mz} (that is, the m, for this maximum) are functions of N2.| Then, using the undeter- 
mined multiplier In¢, we obtain from (0/0m,) {In T(No, mz) + (3) lm) Inc}=0 
7 
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mzt (No) =Nvb,c?, (A3 -44) 
where ¢=¢(N2) is determined by . 
a INvb;¢4 =N—N2. (A3-45) 
Therefore by (A3-31), 
In T(N2, mzt (No) ) =No vb, 6" — (N—No) Iné+ No In by. (A3-46) 


Hence, using (A3-45), we have 
(d/dN2) In T(N2, mz (N2)) =1n (bp C). (A3 -47) 
From (A3-45) we see that ¢ [and therefore In(b)¢) | 


is a monotonic decreasing function of No; and we see 
that 


In(bo¢)=0 if No=No[=N(v,—v)/vs], 
In(bp¢)<O0 if N=No>No[=N(v,—v)/v,]. 
(A3-48) 
Thus we have the figures 1, 2, and 3 for the behaviour 
of (A3-42), [i.e. (A3-46)] as a function of N.. [Here 
we may note that, for the region where b)¢>1 (that 
is, No<No)—the broken-curve part in the figures—, 
the series $}/vb,;c?, (A3-45), is divergent and so the 
Z 


solution (A3-44) has no meaning. ] 

Therefore, if v<v5, the largest term having a 
meaning is given by No=WNp2 in Fig. 1 and by m;t(N2) 
in (A3-44) and (A3-45), that is, m, in (A3-39) ; thus 
we have 

In Qy=In T(N2, mz) =ND vb; z," 
Z 
—(N—N>) Inz,+No2 In bo 
=N3>) vb;z,4 —NInz;.- (A3 -49) 
Z 


This corresponds to the condensation range. On the 
other hand, if v>v,, the largest term having a meaning 
is given by N.=0 in Fig. 3 and by mi (0) in (A3-44) 
and (A3-45), that is, mz, such that 


mz= Nvb; 2! (A3-50) 
where z is determined by 
ZINvbiz! = N35 (A3-51) 
thus we have 
InQy=In TO, mri (0) = 2 vb;,z' —N Ing. Figs. 1, 2,3: The ordinate is In T(No, m;* (N2)). 
(A3 +52) 


This corresponds to the gaseous state. Finally, if v=v, (the starting point of condensation), the above two 


arguments are both applicable. 


§ A4. Criticism on Mayer’s theory 


Now, making a comparison with the new method given in § A3, we shall again 


criticize Mayer’s method discussed in § Al. 
In § A3, in the case that vv, (that is, for the gaseous state), we have no “ large’ 


? 
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cluster in the maximum term or the predominant term ; so the approximations (a) and 


(8) [stated in § Al] may safely be applied. Hence Mayer’s method (§ Al) is valid 
in this case. In fact, from the results (A1-6) and (A1-7) of Mayer’s method we 


have for very large N 


1/v= SMbz! (A4-1) 
=i 
In Qy= NS\wb,z'—N Inz (A4-2) 
t=) 


which are identical respectively with the equations (A3-26’) and (A3-27) given by the 
new method. 

However, in § A3, in the case that v<v, (that is, for the condensation range), 
we have some “large” clusters in the predominant term ; so the full application of the 
approximations (@) and (/) is not justified. Hence Mayer’s method (§ Al) is invalid 
in this case. In fact, by Mayer’s method (§ Al) we obtain eq. (A4-1) for v<v, as 
well as for vv,, but eq. (A4-1) has no meaning for v<v,, since 1/v, is the largest 
value which the right-hand side of eq. (A4-1) can reach (in the reasonable mathematical 
sense). Trying to deduce a condensation from (A4-1), one might be tempted to 
consider that 1/v increases without bound for z just beyond the singularity z,, where, 
however, eq. (A4-1) itself ceases to have a meaning. This does not imply any mathe- 
matical proof of the horizontality (for v<,) of the isotherm. [Even if one takes a 
large finite N as the upper limit of the sum in (A4-1) and makes z go slightly beyond 


the singularity z,, the mathematical unreasonableness cannot be avoided. | 


§ A5. Expression of b; in terms of 8,, 


In this section and the latter half of § A6, we shall assume (0-4’) and (0-10) 
of the text. 

We shall now attempt to give a more detailed expression to the last term (Inb,) 
of the expression (A3-18) for In@ y in the condensation range. Of course, N, is 


“large”. Hereafter, for convenience we shall write L for N,. 


The cluster integrals b, are expressed as”” 


i-—1 t—1 
b= (1/2) 33 (Sthmg=l—1) TT { (1) "/ng!)}, (A5-1) 
np—O k=1 k=1 
where 
B.=(1/k! v)\\ >! Sie che (A5-2) 
yp RHEE gel 


are called the “ irreducible cluster integrals ” et 


L for 1, we have 


or the “frame integrals 


Now, taking 


kK uous . . oy 
For the definition of the concept of a “frame”, i.e., an “irreducible cluster ”, see the literatures,® >»? 
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Inb,'—Inb, (A5 -3) 
where 
19 L ik 
b,= >) (Sykn,=L) IT {(LB,)"/n,!}. (A5-4) 
npao &=I Rat 


For the asymptotic evaluation of the expression (A5-4) when L is large, we may apply 
the same method as in § A3. 

In the same way as before, we classify k (that is, the sizes of the frames) into 
three kinds, viz. “large” (kK~L~N) and “small” (k~1) and “ intermediate” (1< 
k<L~N), when L(~N) is large. Hereafter, for clearness’ sake we write K for “ large” 
k, though we write simply k for other k. Now n, is the number of frames of k+1 
molecules. Then ng~1 (if not zero) for K~L, and n,~1 or n,>1 (if not zero) for 
Rel. 

Let N,’ be the total number of those molecules which compose “small” frames 


and frames ‘‘ of intermediate size ”’ 


, and let N, be the total number of those molecules 
which compose “large”’ frames. Then we have 
REL 


K=I. 
pun = Ne, akaz=N;,, N,+N,=L. (A555) = 


* or else zero, while N,’ may have any kind of 


Here we may note that N, is “ large’ 
magnitude. 


Consequently we may write (A5-4) as 


b= >) (Shut = Kng=1) ie {(L8,)"*/ng!} a { (LB x) "*/nx!} 


= 9 (Sint N= he a { (L3,)"*/ny' = ($1 Knx=N,) il ALB) /ned} 
=. (A5 -6) 


Here we assume that (;,, $x are independent of the volume of the vessel, and that 


Bu 0, Ry 20) forsall kK: 
Then the logarithm of any term in >} in (A5-6) becomes 


nk 


In IT { (LB n/n! } Si Kng Inf, =N, Inf, (A5-7) 
and in particular the logarithm of the term for which ny,=1 and ny=0 (K#N,) 
becomes 
In (L8y,) In By, = N; Inf. (A5 -8) 
In deriving (A5-7) and (A5-8) we have used the fact that 
lim #\/*=,—=definite and finite and positive. (As -9) ** 


k>oo 


+ The difference between L—1 and L is negligible. 
* In the second equation the upper limit K=L is in fact K=Ns(<L). The same applies hereinafter. 


** This is an assumption for Bz. 
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that is, ®,.=9(k) By" [where lim(1/k) Ing(k) =0] and hence 
hk>o 
Br=9(K) Po" (A5 - 10) 


where 


Ing(K) <K~L~N, (A5-10a) 


yee 
and we have also used the fact that ng~1 and >}1~1 and InL<L. 
Ka. 
Then we have by (A5-7) and (A5-8) 


iy i 
In 33D} Kng=Ny) I { LB)" (nu!) = In (LB) = ln 8x5 Na Io fy, (A511) 
ne i~ 1 K~L 


since the logarithm of the total number of terms in >} is <N. 


nie 
By eqs. (A5-7) and (A5-8) we see that the situation where the N, molecules 


compose an arbitrary number of “ large” frames is equivalent to the situation where the 


N, molecules together compose only one “large” frame. That is to say, we cannot 
decide how many “large” frames are present; thus for convenience we may consider 
that only one “large” frame (/%y,) is present. 
Next we have 
71 “{(LB,)™/m,! i “5 {In (LP,,) —Inn,+1} (A5 -12) 
h=1 h=t 
by applying the Stirling approximation to n, (for k<L). 
Thus we have 


K€ 
b= 33 (Ske + Ny = L)T(N,, ny), (A5 - 13) 


Ns, nk Bs 


where 


kEL 
Ind CN, 1p) am {In (LP,,) —Inn,+ 1} Py, Inf, 


KEI. 
Dane iln (LB,) — Inn, + 1}+1Infq,. (A5 -14) 
Since the logarithm of the total number of terms in S$} in (A5-13) is <L, we have 
39 1k 
Inb, —1nb;'= Max InT (N,, n;) =n NS fiz). (A5 +15) 
Here the maximum is taken under the condition 
st 


and so, using the undetermined multiplier Iny, we obtain (in the same way as before) 
y=Po' (==y say) (A5+17) 
and 
m=LBpy=LB,yé (k=1, 2, 3,---<L) (A5-18) 
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from differentiation in N, and in n, (k=1, 2, 3,:--<L) respectively. Thus the values 
of N,' and N, for the maximum term are 


= ESC k<L 
ING = Dikn,=L SikB eye (A5-19) 
and 
— RSL 
Ns SL Lika ye (A5 -20) 
respectively. 


Then in order pas the solution just now obtained may Be a physical meaning, 
it is necessary that SW! should be definite and finite and Sp Bye S1 (since N, 
=0). In order alse this may be so, firstly, the series Shay! [=H ®) where 
8.= 9 (k) 8y*| should be convergent* (since some of the k’s “ ee weeuni anes magnitude ” 
ae very large compared with 1). In this case we have (with a negligible error) 
22 ie= Sey! and Sayt= SAeyt l= S39 (4) = convergent]. Secondly, the rela- 
ae Shey SA should Toe That is, ee in general Say? is assumed to be 


increasing with the temperature], if there exists a temperature T’,, such that 


DAB. (Tm) 9s (Tm) =1, (A5-21) 
ja 
then the temperature T should satisfy 
ESAS) (A5-21’) 
Under the above conditions we obtain [from (A5-15), (A5-14), and (A5- 18) | 
k<€L es 
Ind, Leuven S Iny,+In Bx, (A5 -22) 
ei 


with (A5-19) and (A5-20). Here we may (with a negligible error) replace the upper 
limit kL of the sum by k=co. Thus (A5-22) becomes, with the use of y,==/o- 
and (A5-8), 


Inb, LS Piyt—L Iny,. (A5 -23) 
k=1 
From (A3-6) we have 
[nb = Lind =—L Inz,. (A5 - 23a) 


As is seen from” (A5-9), l= 95'] is the first singularity (on the real positive axis of 
y) of the series DAs" and SPB, y* (v=1, 2, 3, +) (by the Cauchy-Hadamard 
2 


theorem). 


Now if 


* If this is divergent, then (A5-25) holds and the argument (A5-26) to (A530) is valid. 
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then we have 
SUB ye >1 (A5 -25) 
(a1 


and N,<0 in (A5-20), and so we should have N,=0 for the largest term that has 


a physical meaning. In this case we have 


In b,; = Max In T (0, n,) =InT (0, n,) (A5 +26) 
with the condition 
ee (A5-27) 
kal th 
Using the undetermined multiplier Iny,, we obtain from (0/9n,) {InT (0, mz) + (Qikn) 
-Iny,} =0 
n,=LB yo" (k=1, 2, 3, i <L), (A5 -28) 
whete y, is determined by 
h€l. 
Lk ye =L. (A5-29) 
ha 


Hence we have 


[1=] S1hG, Yo = Shee yo =convergent, 
k=t { 


kE€b “ 
D> By ye = = Pe yor = convergent. 
k= = 


Thus from (A5-26) and (A5-28) we obtain 


Ind, XLS 18py)8— Ln. (AS 30) 
ka 
From (A3-6) we have 
Ind, —L Inb,=— L Ing,. (A5 - 30a) 


§ A6. Physical interpretation—especially for the 
condensation range 


((From § A3)) If «>, we obtain the fugacity z from (A3-26), and In, from 
(A3-27) ; and the system in thermodynamic equilibrium consists of a “ large’ number 
of “small” and “medium’’* clusters, whose size distribution is given by (A3-25) ; 
and, in determining the pressure, each cluster plays the role played by one molecule of 
a perfect gas, as pointed out by Mayer” ;—((the gaseous state)). If w<v,, the fugacity 
(z;) is independent of v, and InQx is obtained from (A3-18) or (A3-19) ; and in 


* The adjective “medium” is an abbreviated expression for “of intermediate size (magnitude) ”. 
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thermodynamic equilibrium the N, molecules | (A3-15) | compose a “large” number of 
SSsmall?’ and “medium ” clusters, whose size distribution is given by (A3-14), and the 
remaining | N, molecules | (A3-16)]| compose one* “large”? cluster (Inby,). As v de- 
creases, N,/V is constant and equal to 1/v, and N, (also N,/V) increases; (N,=0 
when v=v,), 


N/V=N,/V4N/V ot 1/v=1/v,41/v, (v4, =). (A6-1) 


The former part is considered as the saturated vapour. The pressure of the system takes 
the constant value p, | (A3-20)] (the saturated vapour pressure) which arises from the 
saturated set of ‘“‘ small” and “medium” clusters | (A3-14) and (A3-15) |, each cluster 
playing the role played by one molecule of a perfect gas; and the “large” cluster Indy, 
makes no contribution to the pressure. This “large” cluster is considered to be the 
condensed phase which has appeared by two-phase separation ;—((the condensation range)). 

((From § A5)) More detailed knowledge of the condensation range :— 

If T>T,,, eqs. (A5-26) to (A5-30) hold for the last term Indx, of eq. (A3 - 18) 


and hence we have 


In 2y=N > 10b,z) —N, Inz,+ (N—N,) S"Payot—(N—N,) Iny,  (A6-2) 
= k=1 


N=NSilvbpzi + (N—N,) >ABe yo! 


— N, = Ne (A6 -3) 


From these we see that the N, molecules [(A3-15)] compose the saturated vapour as 
stated before, and that the N—N, molecules compose a connected set of a large number 
of “small” and “medium” frames whose size distribution is given by (A5-28) in 
thermodynamic equilibrium (or, in other words, in maximum probability). Any term 
of the sum (A5-1) or (A5-4)—and therefore the largest term (which we are now 
considering) —contains the integrals for all possible manners of connecting together the 
frames whose size distribution is given. Hence, physically speaking, in any infinitesimal 
time interval these frames are connected together in every possible manner. 


If Tey, teqss(A5 15)? tow (A523) hold for the last term Inby, of eq. (A3- 


18) and hence we have 


In Qy—=N S\vb,z/ —N, Ing, + (N—N,) > Baye — Ne Iny,— (N—N,—N,) Iny,, 
Z=1 k= 


(A6-4) 
N=NSilvbz! + (N=N,) Shiey!-+ (NNN) 
Se aN eee ray of Ne (A6-5) 


From these we see that the N, molecules { (A3-15) | compose the saturated vapour, and 


that the N—N, molecules composing the “ large ” cluster can be classified into two 


* Or a “small” number of:::*’s. 


groups, one group consisting of N,/ molecules [(A5-19)], that is, a connected set of 
“small”? and’ “medium” frames which is the same as before except that the size 
distribution is now given by (A5-18) instead of (A5-28), and the other group con- 
sisting of N, (=N—N,—N,/) molecules | (A5-20)| which compose one* “‘ large” 
frame (In/x,). 


§ A7. Concluding remarks 


In §§ A2 and A3, using an improved method in which the defects (A) and (B) 
[discussed in § Al] are avoided, we have obtained better results. However, the method 
of S§ A2 and A3 still has the following defects. (The same is true for § A5.) 

(1) The way of classifying the /’s (and any other quantities) into “large”? and 
“small” and “ of intermediate magnitude” is rather ambiguous. That is, the border- 
lines between these classes have been not so well defined. We can only say that we 
have defined the border-lines in some suitable way which is believed to give as good an 
approximation as possible. [But it is very probable that the well-defined positions of the 
border-lines are not essential to the theory.| We have yet to make this point clearer. 

(2) We have assumed that the application of the approximations (a) and (9) is 
justified for “large”? m, and for m, “‘of intermediate magnitude”. We have yet to 
attempt to exclude every approximate procedure. 

The theory given in the text is substantially similar to the theory given in SS A2 
and A3, but is a completely rigorous one which does not contain either of the above- 
mentioned defects (1) and (2). |The rigorous theory corresponding to § AS can be 


given in a similar manner but it has been omitted in the text. | 


Appendix B 


Comparison with other theories of condensation 


Introduction and summary 


We wish to compare our theory with other theories of condensation, in order to 
make clear the essential features of our theory. We have already compared our theory 
with Mayer’s theory of condensation [see §§ Al ‘and A4 of Appendix A]. In this ap- 
pendix we shall compare our theory with (i) F. London’s and Kahn-Uhlenbeck’s theories 


of Bose-Einstein condensation and (ii) the condensation theory based on the saddle-point 
method (or steepest descents method). 


First we show that the advantage of our theory over Mayer’s theory is somewhat analogous to that of 
F. London’s theory over Kahn-Uhlenbeck’s theory, and second we show (from another point of view) that 
our theory is, in a sense, equivalent to Schubert-Dingle’s theory criticizing the saddle-point method. 


* Or a “small” number of--+s. 
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§ Bl. F. London’s and Kahn-Uhlenbeck’s theories of 
Bose-Einstein condensation 


There are two theories attempting to treat the perfect Bose-Einstein gas: one is due 
to Kahn and Uhlenbeck” and the other is due to F. London.” 

By a method analogous to Mayer’s cluster theory, Kahn and Uhlenbeck” have 
derived the following equations for the perfect Bose-Einstein gas (consisting of N mole- 
cules each of mass m) in a volume V(=Nv) and at a temperature T : 


1/y= Sb, (B1-1)* 
ci 
p=kT S3b,2', (B1-2) 
é=1 
where 
b= RY /PP, (B1-3) 
where 
A=h/\/ 20mKkT. (B1-4) 


On the other hand, F. London” starts from the well-known formula for the Bose- 
Einstein distribution 


N,=9;/(eP8+*—1) (4=1, 2, 3, +), (B1-5) 
where S=1/kT, and a{=a(T)| is determined by eq. (B1-7), and g; is the degree 
of degenerary of the 7th energy level €¢,, 

C= En, ny ng (etm? +n,2) (6/8mL?) (B1-6) 

WPA E Ss: 

(n,, ny, and n, being positive integers, and V=L’*). Then 


NSN = Serre 1): (B1-7) 


If one replaces the sum (B1-7) by the integration over p from 0 to co [where €,— €, 
=p /2m, 9,>9(p)dp=(47V/h*) p’dp|, then one reaches the equation (B1-1)** 
obtained by Kahn and Uhlenbeck. Eg. (B1-1) is valid for v= v,, but it has no meaning 
for v<v, [where OST b,z/)~', and here z,(==4~*) is the first singularity (on the 
(hs ‘ 
real positive zaxis) of the series (B1-1)], since 1/v, is the largest value which the 
right-hand side of eq. (B1-1) can reach. This difficulty is analogous to that of the 
result (A4-1) obtained by Mayer’s method for the imperfect gas. In order to avoid 
this difficulty and obtain a better result, however, F. London divides the sum (B1-7) 


into two parts: 


* z=a/J3= (1/J3) exp (u/kT) ; a=absolute activity, 4=chemical potential. 
** Here z=e7 4/23. 
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=) 
Ne) 
oO 


N= 3S19;,/(eb&t+e—1) + Slgi/(ePere—1) (B1-8) 
tSi® t>t% 


[where i* is a suitable small positive integer’ which may make the following approxima- 
tion as good as possible]; the former part contains the lowest energy levels {for which 
i=1 (lowest) or i is comparable with 1] and the latter contains the other levels. The 
approximation in which the sum is replaced by the integration is suitable only for the 
latter part, while the former part must be treated in a different way. Thus London 
obtains 

N=9,/ (Pore _4) ean V /b*) \ aol (ee i) 


phs2L 
= NAV S'b,z', (B1-9) 
1 


[where €,= (3/40) (¢?h?/mV°"), g.= (2/6) 9°, z=e*//#, and p is the value of (n,'+ 
ny +ne)'” for i=i*|. By this he has established the well-known theory of Bose-Einstein 
condensation ; that is, he has deduced that, if ~<v,, the N, particles [given by the first 
term in (B1-9)] are condensed into the lowest enetgy level (i.e. the two-phase separation 
in the momentum space) and that the isothermal p—v curve is horizontal for uv < 1%. 

This theory due to F. London is analogous to our theory of condensing systems, 
in that the whole sum is divided into two parts, which are then treated in the respective 
suitable ways. London’s first term [in (B1-9)]| or N, is somewhat analogous to the last 
term In>)@ [in (5-43) ], Ind} ? {in (7-6) ], Indy, [in (A3-10) ], Inds, [in (A3-18) ], 
or. N, [in (A3-16) or (7-5) ] (i.e. the liquid phase) in our theory. 

The Kahn-Uhlenbeck theory"? of condensation (which covers both cases of the perfect 
Bose-Einstein gas and the imperfect gas) does not deduce the two-phase separation in the 
momentum space (for the case of the perfect Bose-Einstein gas) or in the usual space 
(for the case of the imperfect gas), i.e., the appearance of the part condensed into the 
lowest enery level (i.e. the so-called “ superfluid” part) [which is deduced by F. London” 
or the appearance of the liquid phase [which is deduced by our theory]. 


§ B2. Condensation theory based oa the saddle-point method 


Besides the maximum-term method (§ Al), there is the saddle-point method (or 
the steepest descents method) for treating the Ursell expansion for the imperfect gas 
and discussing the condensation. The saddle-point method was applied to the case of 
the imperfect gas by Born and Fuchs.” But, as was shown by Schubert" and Dingle,'? 
the saddle-point method, when it is applied to the perfect Bose-Einstein gas, is invalid 
for that range in which the Bose-Einstein condensation may occur. It may be shown 
that this criticism of Schubert and Dingle on the saddle-point method for the Bose- 


Einstein condensation is also true for the condensation of the imperfect gas (treated in 


} It is shown that the final result is practically independent of i* (if i* is small), so one may put 
ioe 
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this paper). Thus the saddle- “point method, when it is applied to the imperfect gas, is 
valid for v>v,, but invalid for vSv,; for, when v<v,, the saddle- -point and the 
singular point coincide with each other in position and the method breaks down. Hence 
the maximum-term method discussed in § Al and the saddle- -point method just discussed 
have the same range of validity. This is also consistent with the fact that (as was 
shown by Born and Fuchs”) these two methods give the same result. Thus, in short, 
we may say that the saddle-point method is essentially equivalent to the maximum-term 
method discussed in § Al. It should be remarked that our theory of condensing systems 
is quite free from the above-mentioned faults contained in the older methods,’ i. e., the 
maximum-term method and the saddle-point method. 


One should not confuse the argument in this section with that in § B1. 

In § B1 we assumed the Bose-Einstein distribution function (B1-5) to be valid for the =i ah range, 
and showed an analogy between our theory of condensation of the imperfect gas and F. London’s theory 
[which started from (B1-5) and reached the Bose-Einstein condensation]. 

However, as is stated in this section, Schubert and Dingle showed that the aed Le of (B1- 5 itself 
from the partition function of the perfect Bose-Einstein gas by means of the saddle- -point method is invalid 
for the condensation range, and thus criticized London’s theory which started from (B1-5). Hence we can 
also show the mathematical equivalence (in a sense) between this criticism or theory of Schubert-Dingle (for 
the case of the perfect Bose-Einstein gas) and our criticism or theory (for the case of the imperfect gas). 

In short, from the two different standpoints we can compare our theory with both London’s and Schubert- 
Dingle’s theories. 
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Hard-Sphere Interaction 
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Theory of the surface charge pseudopotential for the hard-sphere potential is developed. It is 
shown that the formulas known to be exact are obtained by the present method. The excitation 
energy spectrum of the Bose system is calculated, and is shown to have the nonmonotonic behaviour 
similar to the roton spectrum in liquid He‘. The dispersion formula for the sound velocity is calcu- 
lated and compared with that derived by Landau and Khalatonikoy. 


§ 1. Introduction 


In the previous paper’? we have suggested that the “ surface charge pseudopotential ” 
method for the hard-sphere potential is more suitable for the investigations of the excita- 
tions in the short-wave regions than the “‘ point charge pseudopotential”? method. The 
purpose of this paper is to construct the surface charge pseudopotential in a systematic 
way. 

Before entering into the main subject, it may be helpful first to give a simple example 
as an illustration of our method, the spherically symmetric wave function of a system of 
two particles with hard-sphere interaction. The wave function in the center-of-mass 


coordinate system then satisfies the equations 
(d?/dr?+k)¢=0 (r>a) (i =D) 
$0 Shea) 


where a is the hard-sphere diameter, r=|x|, with x the relative position vector, and ¢ 
the wave function multiplied by r. We replace the above equations by 


(d?/d? +k) b= Ad (r—a) (1-2) 


without any condition in the region r<a, and see how the solution of (1-2) reproduces 
the vanishing of ¢ for r<a, Here A is an arbitrary constant which is not zero. To 


settle the problem we impose the boundary conditions 
g=0, for r=R and r=0, (R>a). (Tes) 
A complete set of eigenfunctions in the region 0<r<R satisfying the condition 
(1-3) vate 
y=V 2/R sinw,7, (n= 1, 2; -*-), (1-4) 
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with eigenvalues k,=imn/R. Expanding ¢, a solution of (1-2), in terms of the above 
set, under the assumption that & is equal to none of K,, we obtain 


R 


$0) = Sy Ag [OO ad ta dr Hu 


2 
n=1 k —Ky A 


eal ya ob - |cos (ra) —cos 7 (r+a)}, 


9 


2 on a —7 


with @=kR/z, By using the equations 


>) cosnf/ (a? —n’) = (7/2) cosa (x—0) /a sinaz—1/2a°, (0<¢<27) 


i = (1/2) cosa(m+0) /a sinaz—1/2a®, (—2™<AN0), 
we have 
(h(t) = — (AR/Za sinaz) sin{az(1—r/R)} sin(aza/R), (r=a) (1 -5a) 
= — (AR/ta@ sina) sin {az (1—a/R)} sin(azr/R), (ra). (1-5b) 


From (1-5b) it follows that ¢(r) identically vanishes for ra once it vanishes at r=a, 
We have then 


an {1— (a/R)} =n, or P=7'n'/(R—a)’, 


whichoere just the exact eigenvalues for the present problem. It is easily verified that 
the same considerations can also be applied to the higher partial waves. 

We conclude from this argument that the wave function vanishes inside the hard- 
sphere if the additional term A0(r—a), which corresponds to the surface charge on the 
sphere, is added to the Schrédinger wave equation and once the solution vanishes on the 
surface of the hard-sphere. In other words, the hard-sphere potential can be replaced 
effectively by the term Ad(r—a) in this case. On the other hand, in the point charge 
pseudopotential method the hard-sphere potential is replaced by the differential operator 
which includes the term 0(r) ; in addition, the solution is extended to the region O<r<a 
and does not vanish inside the hard-sphere though it does on the surface of the hard- 
sphere. These points are the essential differences between the two methods. 

It should be pointed out here that (1-2) includes another type of solution by the 
requirement (a) =O alone. This is the case when aza/R=nz, (n=1,2,-+::). Then 
(i(r). vanishes for ra but does not vanish for r<a. Of course, the solution of this 
type should be excluded from the solutions of (1-2). We shall return to this point 
later in the next section (see also the footnote in § 3). 


§2. Generalized two-body system 


In the previous section we have demonstrated a simple example as an_ illustration 
of our method. In this section we proceed to a more general case in which the in- 


homogeneous term appears in the two-body Schrédinger equation and find an effective 
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operator which is equivalent to the hard-sphere potential. Once such an operator is 
found in this case, generalization to a many-body system is straightforward. 


In accordance with the above statements, we consider the equation 
(Pata ek)! (Xi. Af x; 5) (2-1) 
with the boundary condition 
P=0 for |x,—x,| <a. (22) 


Here 6°x*/2m corresponds to the energy eigenvalue per particle. 
We assume here: 

(a) f(%,, 2) does not include the singularity O(r,,—a) and 

(b) f(x,, x.) vanishes for |x,—x, 
As we have done in § 1, we replace (2-1) and (2-2) by the equation including 


Sa, with relevant conditions at infinity. 


the surface charge at |x,—x,|=a. Thus, we consider the equation 
(PP+P 2+ 20°) 0 (x, X) =f (a, X2) +20(r—a) SiexpGK-X)Vin(4, 9) Aa 
(2-3) 


where K and X are the wave vector and the coordinate of the center of mass, respec- 
tively, Y,,, the normalized spherical harmonic, r, 4, ¢ the polar coordinates of the relative 
position vector x (=x,—¥x,), and A, a constant to be determined later on. a stands 
for K, [ and m. In the following we denote the unit vector with z-direction as 2 
and write Y;,(0, 9) as Yim(x-). 

Expanding Y and f in terms of exp(iK-X) as 


Pe, %2) = Diexp (1K -X) G(X), (2-4) 
Pie he) =2 diexp (KX) fix (25 e5) 
we have 
(P?+k) 9 (x) =f(x) + 319 (1a) Yim (% 2) 4a (2-6) 
where k is the magnitude of the wave vector for the relative motion defined by 
P= — (K’/4), (2-7) 


and the suffix K is not written down explicitly. 
In solving (2-6), we impose on 9(x) the periodic boundary condition in a cubical 


box of volume V and expand v(x) in terms of exp(iq-x), where q is defined by 
j= (27/L) (n,, No, ns), | Gt aad “ My, No» N= ob integers. 
Then the solution of (2-6) is given by 


v(x) = |e, x!) (fla!) + 330 (0a) Vin(x!-2) Aah de’ (2-8) 


where G(x, x’) is the Green function defined by 
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NI 


G(x, x) = ye expliq- (x—#’)]. (2-9) 
oa Te ee! i 
Using the equation 
exp(ig-x) = S1 (21+ 1) j: (Q) P:(q-) (2-10) 
7=0 


and replacing >} by an integral, we have 
q 


G(x, x!) = (1/42) 33 QI+1) Pi(x-#!) Ginka (2-11) 
where 
jsonariax (rica we a. (or! 
Gilr, =| pe eh) nr). (2-12) 


0 


This integral is evaluated by means of the theory of residues (taking the principal values) 


to give 
Gi(r, 1’) =i (kr) m (kr), (rS1’) 
=kn, (kr) j, (kr), (r=1’). (2-13) 
Now, if we expand f(«) in the spherical harmonics, 


F(8) = Sfim (1) Yin (8-2), (2-14) 


we have 


ao 


(8) = D1 Gir, HDL fin) +208 (r!—a) || Yin (8-5), (2-15) 


l,m 
0 


with the aid of the theorem, 


P,(x-x') = (47/2141) he (%-2) Yin ™* (x! +). 


From (2-15) the solution for r<a becomes 


e(x) =>) {kn (br’) fin (1") 1!2dr! + hay an, (ka) j(kr) Ym (%-2), (216) 


a 


if we use the assumption (b) mentioned previously. We see from (2:16) that (x) 


=0 for r<a once it vanishes at r=a, that is, if 2, is determined by 
Jn (hr’) fim (1) 1? dr! +. A, a? n, (ka) =0. (2-17) 


On the other hand, the solution outside the hard-sphere is given by, with the aid 
of (2-13). (2-15). and) (2-17), 
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o(x)=S) {ha °[ n, (kr) j, (ka) —j, (hr) n; (ka) ] 


| [om (hr) jy (Rr!) — jy (kr) my (Rr!) ] 12 f ye (11) ar'| Vio@ene GC ae 


which is shown to be the solution of (2-6) by a direct substitution. It is easily seen 
that the above solution does not identically vanish, since if g(x)==0 for r->a, then 
f(x) =0 for r>a, [see (2-6) ] or fim(r) ocd (r—a) [see (2-18)]. The latter case is 
forbidden by the assumption (a). Hence the appearance of the solution discussed at the 
end of §1 is rather exceptional and, in general, such a solution is automatically excluded 
from the solutions of (2-6). (See also the footnote in O13). 

In order to have an effective Hamiltonian which is equivalent to the boundary 
condition for r<a, it is necessary to eliminate the constants /,’s from the equation by 
using some operational procedure. This may be performed by a differential procedure in 
the pseudopotential method, but is not suitable here, for the wave function has the dis- 
continuous derivative at r=a. We shall therefore choose another way in which A,’s are 
eliminated by an integral procedure. It is not, however, convenient to use (2517, enor 
(2-18), since these equations do not take account of the periodic boundary condition 
which is to be imposed on the wave function. Thus we shall make use of the original 


form for the solution expressed in (2-8), 
y (x) <b PCT) | eal) exp(—iq-x/) dx’ + STA, Yin (x-2)G,(r, aa. 
qd fea Z,m 
(2-19) 

Multiplying both sides by Y,,,*(x-z) and integrating over the solid angles, and by using 

| Yn (ee) exp (iq-x) d0= 4a Yig* (q-2) CG), 
we have 

4n 


LEE Brer ee jn(qa) V~ | exp(—iq-x’) fle) dx’ (2-20) 
a’G;(a, a) @ og 


from the condition that g(x) should vanish at r=a. This equation together with (2-3) 
and (2-5) leads to 


Vel Sn)? (x,, Xo) =f(x,, X,y) +0 (r2—a) Kis}, (2-21) 
as an equation which replaces the boundary condition for r<a. Here K,, is an integral 
operator defined by 
RE GK aX) SpE, (9a) V-* | exp(—iK-X’—iq-x!) dX’ de 
Kt a’G,(a, a) PUA < anf 
(2722) 
We have so far implicitly assumed that k’ is equal to none of q’. Since we have 


shown in § 1 that exact eigenvalues are obtained under this assumption in the two-body 
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problem, we may take it for granted that this still remains to hold in the many-body 
problem. A more complete discussion on this problem will be given in the following 


paper” from a general point of view. 


§ 3. Many-body system (Fermi particles) 


In this section we will try to find a many-body operator equivalent to the hard- 
sphere potential, using the results obtained in § 2. For a while, we neglect quantum 
statistics ; this will be taken into account after the hard-sphere potential is replaced by 
an equivalent operator. In this section we shall discuss the Fermi system and in the 
next section the Bose system. In our theory, the equivalent operator is independent of 
quantum statistics, just as the pseudopotential obtained by Huang and Yang” is. 

It is clear that the product v/ (v: hard-sphere potential) is a delta function at 
|x;,—x,|=a, which we shall write O(7,,—4)t,;0 with t,; some operator to be determined 
later on. The Schrodinger equation then becomes 


ean Macias Aa See 2) tT. (3-1) 
Writing this equation as 
Van oice Qi) = Pe 6-2) PF +- 21 Ota—4) ty F +0 (1r4.—a) to¥, 
(3-1)! 


we consider the first and second terms on the right-hand side as corresponding to f(x,, 
X) in (2-21) (4%, X4, ---, My are considered as parameters). Here the prime on >} 
means that the pair (12) is excluded from the summation. Then it is easily seen that 
the function f(x,, x.) defined in this way satisfies the assumptions (a) and (b) mentioned 
at the beginning of § 2, and hence the results obtained in § 2 can be applied. 

Substituting f(x,, x,) defined above in (2-21) and equating K,,f to t,.% in (3-1)! 
(see also the following paper), we have 


to P = Kole ein) en Sy O (yy —4) ty |E 


from the condition that the wave function should vanish for r,,<a. If we use (4.4)% 
and drop ¥,* we have 


to=K,.| VP +024 2x?) —0(%j9>54) Eels. (372) 
Or, if we write 
Up=KyV P+V 2+ 2k?) (3-3) 


the equation for the t-operator becomes 


tip = Uy — Ky 0 (1p —) typ. (3-4) 


sk 
As a matter of fact any operator Py defined by Py ¥=0 may be added to ty. and thus ty) is not 


uniquely defined. For our purpose, however, it is sufficient to find one Operator equivalent to the hard- 
sphere potential. 
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In this way, the effective operator which is mathematically equivalent to the boundary 
conditions imposed on the wave function is found.* To carry out the further calcula- 
tions, it is convenient to make use of the second-quantization formalism ; we consider a 
system of Fermi particles with spin 1/2, and introduce the field operator (1) which 
can be expanded in a Fourier series : 


$1) =V~'" Sia, exp (ike +%1) 9 (54, 01) (3-5) 


where o is the spin coordinate and a,, 4,*, respectively, denote the annihilation and 
creation operator for the single particle state of momentum k, and spin s,. The total 


Hamiltonian can be written as 
IG = (B/2m) | Py -P fede + (68/4) | $1) (2)P (ra) ta (2) $A) dee, 


(3-6) 
where dz means the integration over the coordinates together with the summation over 


the spin coordinates. Introducing (3-5) into (3-6), we have 
He + (6°/2m) Dy k,? a,* dy zis (b°/4mV) Dadet a;* EASED 0 Ge: 5.) 0 (55, 9) t(af, iy) ? 
a apyr 


(3:7) 
where t(@f, A7) is defined by 


t(a@B, Ay) =(1/V) | | exp (idea 32, —ihe- 5) 9 (Fea) ty exp (ik, -x,+ik,- x.) dx,dx,. 


(3-8) 
The matrix element t(@, 47) should be determined by the linear integral equation 
(3-4). Let us first calculate the matrix elements of the inhomogeneous part and the 
kernel of the integral equation. If we define K(a@, 47) with ¢ replaced by K in (3-8), 
we have 


! be es. (2I-F 1)" plea g(a 
K(ap, 37) =—420(a8, tn) 3)-P ED BORD ETO Pieg ke) 3-9) 
i! ed) a8 


where 


G,(a, a) =kj; (ka) m, (ka), (3-10) 
Tega = (Ikg— kk) /2, Keay = (hy — ey) /2. and B= 1? — (ky +h,)?/4. (3-11) 


In (3-9) d(af, Ay) expresses the conservation of total momentum, i.e. 0(a@f, 47) = 


O (kg + hk, —k,—ky). 


* The solution of the eigenvalue problem (3-1) with t;; given by (3-4) may include the wave function 
of the following type: \Y=0 for r;j >a and Wo for rij;<a, since in this case agi (r<a) and the 
discussion in § 2 can equally be applied; therefore Kj, does not exclude such a solution. This may be 
excluded, however, as long as the perturbation procedure starting from the free particles is used, for if 
energy eigenvalue corresponding to such a solution becomes co as a—>0 in order that ¥ may stay normalized 


and is not connected to the counterpart for a system of free particles. 
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If we further define u(a, 47) analogously to (3-8), we have from (3-3) 


u(aB, Ay) =—870 (af, Ay) S1 (214 1)Gz1(a, 4) jr (hon) ju (har 4) Po Kean * Bax) 
7=0 
(3-12) 
Finally, from (3-4) it follows that the integral equation for the toperator becomes 


in the momentum representation, 


t(ap, Ap) =u(a@syAy)— A/V) DK (af, ot) t(o7,-A7) (3-13) 
with the aid of the equation 
O (ty — 4) tip exp (th, -X,+ik,-x,) = (1/V) > exp (ik, -%,+1h,-%_) t(o7, Ay). 


Before discussing the solution of (3-13), we wish to compare the w-matrix with the 
corresponding matrix obtained by the point charge pseudopotential method. The latter 


can be written as 


214-1) P { tand;jrChost) OFF" - gas 
L¢ a an Oe felCest) ‘Ort! by iar) Ih 


X P, (keag * ken) (3-14) 


u,(aB, Ay) =—870(a8, 27) >) 


where { },-9 means that the substitution r=O is carried out after the operation of a,’s 
and the summation over a, 3, 4, 7 are performed.” For the wave function which is 


regular at 7,,=0, we may put r=O in (3-14) and are led to 


u,(@B, 47) =—870 (af, A7) 2 (21+-1) tan 0, kg kik” PB, (Keg Key). (3-15) 


If the phase shifts are expanded in powers of ka and the lowest order term is retained, 
(3-15) is reduced to 


up(aB, Ay) = 8740 (a8, Ay) Sh { (20-1) Na kash Pi htop“). (3-16) 


On the other hand, under the same approximation, that is, if G,(a, @) is expanded 


in terms of ka and the lowest order term is retained, (3-12) is reduced to 
u(af, 247) =8ra0(aP, Av) D> (21+ 1)? j. (Rap 4) jz (Ray) P; (ees kyz)- (3-17) 


If jo(kus@) and j,(k,,a) in the above expression are expanded in terms of a, the lowest 
order term turns out to be identical with u,(af, 47) given by (3-16). The essential 
difference between (3-16) and (3-17) lies in the behaviours of the umatrix. for large 
momentum transfers, that is, it is oscillatory in (3-17), while monotonic in (316): 
Such behaviours of u,(@, 27) indicate that the point charge pseudopotential method 
cannot treat correctly the problems in which the large momentum transfers are important, 
e.g. the roton spectrum in liquid He‘, as we have discussed previously.” 


Returning now to the integral equation (3-13), we try to solve the equation by an 
iteration procedure. The first iterated term is. 
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t, (ap, Ay) = — (1/V) SiK(a8, oz) u(or, ay). (3-18) 


By substituting (3-9) and (3-12) in this and replacing the summation over kg: by 
integration, we have 
t,(aB, 47) =u(ap, 47). 
If we formally carry out further iterations, t(@, 27) becomes 
t(a@f, Av) =u(a8, Av) +u(aB, Ay) +u(aB, Ar) +, 

which is obviously divergent. This indicates that there is no solution of the integral 
equation (3-13). 

In order to clarify the reason why such situations are present, we shall retain the 
term of the order a in K(af, Ay) and in u(af, 47), and see how the iterated term 
contributes to the energy. We have then 


u(ap, 27) =87a0 (af, 47), 
K(aB, Ay) =47a0 (ap, 27) / (Rk). 
Hence t(af, 47) becomes 
t(aB, Ay) =87ad (af, 47) — (327° a°/V) O(a8, AOS NAC ae (3-19) 


up to the order of a. Now, let us calculate the perturbed energy of the order of a’. 
It consists of the second-order energy resulting from the first term in (3-19) and the 
first-order one from the second term. They are, respectively, given by 


(167° ah? /mV?) SY 8(aB, Ay)ny* ng (1—na* ng) / (Rix — hes) (3-20) 
— (167° 2 /mV?) >) nyt no S1/R—-F), (3-21) 


k ze k.. qd 


where SY in (3-20) means that k,Ak,Ak,A~k,, n,’s are the occupation numbers and 
+ or — denotes the spin direction. It is to be noted that both expressions are diver- 


gent. However, when added together, the result is no longer divergent and is given by 


E,= (16 22a bY /mV2) Sy oat hs Be Ba) gn = (mgt ng). (322) 


kag — Rh 


In deriving this equation, we have used 


ET seeped tT a 
Blane R—@ qunigh(hiesg), Tang (9) 
which can be easily proved by evaluating Cauchy’s principal value of the integral. 
The energy of the order of a given by (3-22) is just the same as obtained by 
the pseudopotential method and is exact as long as the order of @° is concerned. For 


the ground state, after rather lengthy calculations, we obtain 


E,/N=66 pkp(11—2 log 2) a°/35 m (3423) 
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where p is the average density N/V (N: particle number) and k, the Fermi momentum 
defined by kp=(3770)'”. The above expression 1s identical with that given by Lee and 
Yang.” 

Now, it is easy to see how the iterated solutions of (3-13) contribute to the energy. 
We have noticed above that the terms given by (3-20) and (3-21) are, respectively, 
divergent. However, the sum of both terms leads to a correct result. In other words, 
the iterated terms lead to subtractions which yield a correct finite result. Such situations 
may hold to any higher orders of a, for we have so far made no approximations. In 
general, all the iterated terms which give rise to the energy of a specified order should 
be added before integration, and then the integration over the momentum space is performed. 
It is interesting to note that we have encountered with the similar situation in the 
pseudopotential method. There the operation 0/Or [see (3-14) | must not be carried 
out before the summation over the momentum space is done. Contrary to the pseudo- 
potential method, many-body collision terms may be automatically included by the present 
method, if one performs formally the perturbation calculation of the u-matrix and of the 
iterated terms, with the remark given above in mind. 


$4. Many-body system (Bose particles) 


It is evident that the Hamiltonian for the Bose system is given by (3-7), with 
O (54, 5,)O(s,, 5,) omitted and a,, 4,* the annihilation and creation operators obeying 
the commutation rules for the Bose statistics. The perturbational procedure discussed in 
§ 3 for the Fermi system is, however, no longer valid for the Bose system, because such 
a procedure leads to the divergence of energy owing to the contributions arising from 
particle excitations with small momentum transfers. These points were fully discussed 
by Brueckner and Sawada” ; they have proposed another way in which the multiple ex- 
citation of one or more pairs to the state with opposite momenta and their interaction 
with the unexcited particles are taken into account from the beginning, then the particle 
Hamiltonian is transformed into the phonon Hamiltonian by a transformation similar to 


that used by Bogolyubov.” 


The result is written, using the notations in the present 


paper, as 
WO (6° /2m) (B?—at N2)12, (4 z 1) 
Ke =F-£(00,00) + | [(# a8 N*)'®—B gtd, (4-2) 
2 47° 0 


0 


where bw is the excitation energy corresponding to a single phonon or roton state, °«*/2m 


the ground state energy per particle, and @N and f are defined by 
aN = (0/2) {t(00, q—q) +£(00, —qq)} (4-3) 
P= +p {t(Og, 0g) +#(0q, q0) —#(00, 00)}. (4-4) 


Before calculating (4-1) or (4-2), we wish to make some remarks about the 


contributions to the energy from phonon-phonon interactions. The lowest order term of 
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these contributions was given by Bogolyubov and Zubarev,®) and was shown to be ex- 
e 
pressed as the multiple integrals over the momentum space, i.e., |\dq,dq.(---). If we 


take account of multiple excitations of phonons, there should be similar terms such as 


\\\4ada.da,, \\\ dq,¢q.¢q;4q;, etc. 


ow we consider to solve the equation (3-13) by an iteration procedure. As we 
mentioned in the previous section, the iterated terms must not be integrated at once, 
but should remain in the original form of the integration over the momentum space. 
Substituting the iterated terms in (4-2) and expanding the integrand of the last term 
in (4-2) in powers of such terms, we have 


atk | | 
oe 00, 00 K(00, q— —q, 00)d dq,dq,+-:: 
s u ( ) (an)? (00, q—q) u(q— q, 00) bias 14Q2 + 


co 


1 " 
+ ogge, \U=leg 4% | dada. a 
0 


where [tu] indicates that ¢ is replaced by u in (4:3) and (4-4). As a matter of 
fact, the contributions from phonon-phonon interactions should be added to the above 
equation. Those terms are written in a form of the multiple integrals as we have 
mentioned above, and are combined with the corresponding terms arising from the iteration ; 


thus an exact energy is expanded as 


=F u(00, 00) + | dq, (--) +; fdqda.(--) +r \dqdq.da,() pas 
which is the well-defined series, though extremely complicated one. 
The same consideration can be applied to the excitation energy spectrum. Under 


the assumption that the phonon-phonon interaction may be neglected, we have 


e = [u(00, 00) ~ | K(00, qa) «(qa 00)4g] 


+= [eens lara, ee 


Amp } 
with #s replaced by us in (4:1), (4-3) and (4-4). From (3-9), (3-12), (4:3) 
and (4-4), it follows 


aN= — 87 pj (qa) /Gy (a, a) ’ (4 . 6) 
_ (2/+1) .» 1 
cea denearg Gy Seer 2) +82 ———_ As! ) 
i a pak Penh a) eee G, (a, a) \ 
and 
4m ( Jo (94) 7 1 i 2 a2 N2) 1/2 | 2 
2 — — 8 peseadg=- = —a’? N*)'?— dq. 
patter 5 ol Gita ) Bgl anip JL? )'?—8 | qtdg 


(4-8) 
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It is noted that equations (4-6) and (4-7) are quite similar to eatin’ obtained by 
Brueckner and Sawada,” the only difference being that G,(a, a)’s are given is ald) 
in the present method while the ground state energy is proportional to Gy’ (a, 4) in 
Brueckner and Sawada’s theory. 

To see how the formula (4-8) leads to an exact result obtained by Lee and Yang” 
and how the iterated term contributes to the energy, we shall confine ourselves only to 


the S-wave scattering, approximating j,(qa) by 1; then we have 
aN=—8z7pGi'(a, 4), B=q?—87pG,'(a, 4). 


Furthermore, if we expand Gjy'(a, a) in powers of ka and retain the lowest order term, 


we have 
aN=k,, BP=d+kh. (4-9) 
where k,” is given by 
ky = 87 ap. (4-10) 
From (4:8) and (4:9), we obtain 


4 


Ome 1 ( 7 a Ob a= gee be “| 2d. 
K = 4740+ an p Jo Got 2h dad, sake Oe 729 


=4rap {1+ oe (va) *h, (4-11) 
I5y z 


which is just the exact formula obtained by Lee and Yang” or by Lee, Huang and 
Yang.” 

In these calculations, the iterated term plays a role such that it leads to subtrac- 
tions which yield a finite result, in the same manner as in the Fermi system. This 


makes the energy higher than that calculated without subtractions, since, neglecting the 
iterated term, K° is given by 


ao 


[a2 Ne)" —B] gta, 


1 

2 —470 G, — Sas 
K | vi o(4, a) fe 47° 0 
which is smaller than —47p/G,(a, a), for the second term is always negative. However, 
when the iterated term is added, the negative contribution from the second is cancelled 
by the added term and x’ becomes larger than —47/G,(a, a). 
tions can also be applied to the Fermi system. 


The same considera- 


In general, one may attribute such a 
behaviour of the iterated term to the non-hermitic property of the foperator, since, if 


it were possible to find an operator of the order of a, which is hermitian and equivalent 
to the hard-sphere potential, then the second-order perturbation energy for the ground 
state, E,, should naturally be negative as usual, which is, however, contradictory to the 


exact positive value given by (3-23). In order to save this, a positive contribution should 
be added by the addition of the iterated term. 
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Formula (4-11) forms an expansion of the energy in powers of (a*)"”, appropriate 
for the low density limit. On the other hand, at high densities such an expansion is 
no longer valid and another procedure should be taken. 

As the density approaches the close-packed density, it is expected that the energy 
becomes very large; this suggests that ka is assumed to be large compared with 1. Then 
the asymptotic expansions for the spherical Bessel or Neumann function may be applied. 
It is easily verified in this case that 


Gr" (a, 4) =(—1)'Gr"(a, a). (4-12) 
By using (4-12), we have from (4-6) and (4-7), 


aN= —8rpG, 2, S—¢ —8zpG, = (4-13) 


? 


qa qa 


where use is made of the equation 
>) (2l+1)j? (®) = (1/2) +sin2x/4x. 
Z(even) 


From (4-1) and (4-13), the excitation energy spectrum becomes 


o(q) Bute Pe Temper ee (4-14) 
2m — qa 


or, if we eliminate Gj" by the relation w(q) =aqq (at small q, cy: sound velocity), we 
have 


0(@) =4y/ of 288 (FLY, (4-15) 
qa 2m 


which is of the form suggested in the previous paper.” 


Also, this expression is formally 
identical with that given by Brueckner and Sawada.” The excitation spectrum given by 
(4-15) has a characteristic nonmonotonic behaviour similar to the roton spectrum in 
liquid He’. 

It is interesting here to calculate the dispersion formula for the sound velocity from 


(4-15). A simple computation yields 
60g) oh nl / 2 att dom (4-16) 


where 7 is given by 
p=a/6— (6/2ma)* (4-17) 
Substituting a=2.210~*cm and values appropriate for liquid He‘, we have 7=6.9X 


10-""cm?, which agrees fairly with the value 6.2107" cm’ deduced by Landau and 
Khalatonikov."” 


§5. Concluding remarks 


A method which makes it possible to treat the hard-sphere potential by the perturba- 
tional procedure has been developed. The essential point of the method lies in the 
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transformation of the original potential function into an equivalent integral operator. Such 
a method is not only restricted to the hard-sphere potential, but can be generalized to 
arbitrary singular potentials. In the following paper” we shall discuss the generalization 
of the method, with an application to the Lennard-Jones potential. 

We must mention here some ambiguous feature of the toperator defined in this 
paper. As shown in § 3, O(r—a)ty» is equivalent to the hard-sphere potential 0». 
However, the defining equation for t, (3-2), is valid for an arbitrary value of «* not 
necessarily proportional to the energy eigenvalue per particle. Hence k* defined by (3-11) 
may be assumed to be arbitrary and yet the subsequent discussion is valid. As we have 
shown in (3-17), when the u-matrix is expanded in powers of k*, the lowest order term 
is independent of & and free from such an arbitrariness. Though it is not yet clear how 
the arbitrariness of & plays a role in the determination of the energy eigenvalue, we 
hope that the results may be independent of the value of & if the perturbation calcula- 
tion using the u-matrix is carried out up to infinite order. 

Now the question is how to remove the ambiguity for k* when the perturbation 
series is terminated in the finite terms, (this series is dependent on k* owing to the 
dependence of the u-matrix on k). We have not yet a definite answer to this question ; 
however, we consider that the following procedure will be useful. We assume that R is 
given by (3-11) with h°?x*?/2m the energy eigenvalue per particle and consider that «° 
is an unknown quantity, then the perturbation series is some function of «°. This series 
in turn is equal to «° and we obtain an equation to determine «. The approximate 


nature of this procedure is not clarified yet, but we expect that it is a good approxima- 
tion for a system at low density. 


In conclusion the author wishes to express his sincere thanks to Prof. N. Fukuda 
and Mr. M. Kawai for valuable discussions on this work. 


References 
1) R- Abe, Prog. Theor. Phys. 19 (1958), 1. 
2) R. Abe, Prog. Theor. Phys. 19 (1958), 713. 
3) K. Huaug and C. N. Yang, Phys. Rev. 105 (1957), 767. 
4) K. Huang, C. N. Yang and J. M. Luttinger, Phys. Rev. 105 (1957), 776. 
5) T. D. Lee and C. N. Yang, Phys. Rev. 105 (1957), 1119. 
6) K. A. Brueckner and K. Sawada, Phys. Rev. 106 (1957), 1117, 1128. 
7) N. Bogolyubov, J. Phys. U.S.S.R. 11 (1947), 23. 
8) N. Bogolyubov and N. Zubarev, J. Exp. Theor. Phys. 28 (1955), 129. 
9) TT. D. Lee, K. Huang and C. N. Yang, Phys. Rev. 106 (1957), 1135. 
LO) sels 


D. Landau and I. M. Khalatonikov, J. Exp. Theor. Phys. 19 (1949), 637. 


713 


Progress of Theoretical Physics, Vol. 19, No. 6, June 1958 


Quantum Mechanics of Strongly Interacting Particles with an Application 
to Lennard-Jones Potential 


Ryuzo ABE 


Department of Physics, Tokyo Institute of Technology, Ob-okayama, 
Meguro, Tokyo 


(Received January 27, 1958) 


The perturbation theoretic procedure is developed for a system of strongly interacting particles, 
by replacing the singular potential with an equivalent operator. As an application of the method, 
an expression for the ground state energy of a Bose system, which corresponds to Lenz’s formula for 
the hard-sphere system, is obtained for the Lennard-Jones potential. The cohesive energy of liquid 
He! is calculated and is shown to be about twice as large as the experimentally observed one. Some 
difficulties arising from the negative value of the scattering length are discussed, and it is suggested 
that the assumption, usually taken for Bose system, that nearly all the particles are in the single 
particle state with momentum 0 should be altered for the actual liquid He’. 


§ 1. Introduction 


Recently the quantum-mechanical treatment of many-body systems with strong inter- 
actions has made considerable progress in connexion with the problems in the low-tempera- 


EY) 5—7) 


ture properties of liquid He”, the correlation energy of electron gas” ”, and the nuclear 


matter® '. 


As one method for dealing with the hard-sphere system, there is the pseudo- 
potential method developed by Huang and Yang”. The great merit of this method 
consists in being able to replace the hard-sphere potential by the equivalent potential 
operator to which the usual perturbation calculation may be applied. However, this 
method is only applicable to the hard-sphere potential and its generalization to more 
general potential functions seems to be difficult in its original form developed by Huang 
and Yang. In this paper we will generalize the pseudopotential method from a different 
point of view which enables us to treat such a singular potential. This is essentially a 
generalization of the method developed in the previous paper’? (to be referred to as I). 

The main difficulty in quantum-mechanical many-body problem with strong inter- 
action is that the usual method appropriate for the weakly interacting system is not 
applicable owing to the divergence of the Fourier components of the potential function. 
For example, if one calculates the energy levels of the hard-sphere system by the usual 
perturbation method, taking an assembly of free particles as the unperturbed system, then 
the results diverge to infinity. In order to save such a difficulty Huang and Yang” 
have introduced the concept of pseudopotential, replacing the hard-sphere potential V (i, ;) 


by 
V (i, j) = (Arab? /m) 0 (0, —%;) (0/8r) 719 +O (@) 
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where a is the hard-sphere diameter. The perturbation theoretic procedure is not 
applicable to V(i, 7), but may work on the operator on the right-hand side in the above 
expression. 

Now the generalization of the pseudopotential method to arbitrary potentials can be 
carried out if one finds an appropriate potential operator which is equivalent to the 
original one in the sense mentioned above. To be more precise, let us consider the 
Fourier component of the potential, »(q). This is divergent for the singular potential 


under consideration, but we assume that ¥(q) may be expanded in some way as 


¥(q) =av,(q) +a°v,(q) + eit 


where a is an expansion parameter which depends on the particular choice of the potential 
function, for instance, hard-sphere diameter for hard-sphere potential. This power series 
diverges when the sum is carried out up to infinite orders. However, if one retains the 
finite terms and applies the usual perturbation method for these terms, an expression for 
the energy levels will be obtained which is exact up to a specified order, For example, 
if the first term is retained, the lowest term of the order of a is obtained, just as the 
corresponding term for hard-sphere system is calculated by making use of the pseudo- 
potential mentioned above. Thus, the problem is reduced to finding an exact expression 
for ¥(q) as in eq. (1:1). In short, the essence of the present method is to replace 
the original singular potential by an equivalent operator of which the Fourier component 
does exist, and then to apply the usual methods in quantum mechanics or quantum 
statistical mechanics appropriate for the system with weak interaction. 

In § 2 we show that ¥(q) is in fact written in the form of eq. (1:1), in terms 
of the solution of the two-body problem. It is clarified that the present formulation 
corresponds to summing up the divergent terms of the conventional perturbation series 
to give a convergent result. The method is applied to the Bose system with Lennard- 
Jones potential in § 3, and an expression for the lowest order term of the ground state 
energy, which corresponds to Lenz’s formula” for the hard-sphere potential, is obtained. 
Substituting the values appropriate for liquid He* in this expression, the cohesive energy 
is calculated and is shown to be about twice as large as the experimentally observed one. 
In § 4 some difficulties which arise from the negative value of the two-body scattering 
length are discussed, and it is suggested that some of the features of the actual liquid 


He* are likely to be markedly different from those of the systems with purely repulsive 
forces. 


§2. General theory 


As we have remarked in § 1, the perturbation method may still be applicable for 


a system interacting through singular potentials if the expression like eq. (1-1) is found 


for the Fourier components of the potential. It is obvious that the correlations between 


particles should be taken into account for the system under consideration, since the 


divergence difficulty associated with the singular potentials is due to the neglect of the 


‘ 
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correlations between particles. This consideration suggests that the required expression 
will be obtained in terms of the solution of the two-body problem. This is the main 
content of this section. First, we neglect quantum statistics, which will be taken into 


account after the potential function is replaced by an operator of which the Fourier 
components exist. 


We consider N particles in a cubical box of volume V. Let the potential function 
between i-th and j-th particles be V (i,j). Then the Schrédinger equation is 


SACS EL DILL. tee VG7)¢=EF (2-1) 
If we define v(i, j) and € by 
vi, 7) = (2m/h) VG, 7), (2-2) 
E=2mE/#N, (2-3) 
eq. (2-1) is reduced to 
eat) a pe. (2-4) 


z 
If we consider the coordinates of particles 3, 4,:--, N as parameters and define the 


function f(1, 2) by 
FO, 2)=— SCOT + ols jy", (2-5) 


where SY means that the pair (12) is excluded from the summation, then eq. (2-4) 


takes the form* 
[(72+-Vit 26 —0(1, 2) =f (13/2). (2-6) 


This equation may be interpreted as follows: the particles 3, 4,---, N are at rest 
and considered as the medium ; the particles 1 and 2 move in this medium, exerting the 
force each other through the two-body potential v(1, 2) and being influenced by the 
medium through the function f(1, 2). We shall show below that the potential v(1, 2) 
can be expressed in terms of an integral operator if we investigate the solution of this 


equation. 
In solving the equation (2-6) we impose on WY the periodic boundary condition. 


Furthermore, Y should approach zero as 1,0, owing to the rapid increase of the 
potential. Let a complete set of eigenfunctions for the two-body problem satisfying the 


above conditions be ¢, and the corresponding eigenvalue be €,, i.e., 
[F240 2+2E,—v(1, 2) |Pn=0. 


If we assume that the ~,’s are orthonormal in the volume V, iLe., 


| fix @! 2) 5.(1; 2) dx,dx.=On,m > 


* Though the following discussions are valid for an arbitrary value of €, we define € by eq. (2.3), 


i.e. € is proportional to the energy value per particle. Hence the t-operator with which we shall deal below 


is dependent on the energy value. See also the notice given in @5 of I. 
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then the solution of eq. (2-6) is given by 
v =| G,(12, Woh Gadd a (2-7) 


where G,(12, 1/2’) is Green’s function defined by 
Gy= D3 pn (Ly 2) 9% (1/21) 27 (E—-En)™ 


As is well known, if € is equal to one of the eigenvalues E,,’s, either eq. (2-6) 
has no solution, or the solution of the corresponding homogeneous equation may be 


added to eq.(2:7) to get a general solution. However, we may safely exclude such 


a case without loss of generality. 
If we consider Green’s function G, as an integral operator, eq. (2-7) is formally 


written as 
v =G,f. (2-8) 
Multiplying both sides by v, we have 
uP =vG,f. (2-9) 
Substituting eq. (2-6) in the right-hand side of eq. (2-9), we have 
oP =vG | 02472742) —v]P. (2-10) 
If we define the operator u,. by 
Uj 9=vG,V24+V7+26E), (2-11) 
and drop Y in eq. (2:10) (see the footnote in § 3 of I), we have 
V=uj.—UGyw. (2-10)’ 
This equation implies that the potential v may be expressed in terms of integral operator, 
since U is expanded as 
U=tyy— UG Uy 9+ UV G,UGu49—UG,VG,vG uot, 


where u,, and wG, are integral operators. In order to emphasize that v is equivalent to 
an integral operator, we shall use the notation ¢,, instead of v. Then we have an 


equation for t,, as follows : 
to=Uyg—UG typ. C24 2) 
If we assume that u,. has finite Fourier components (that this is true will be proved 
later) and neglect the higher order terms, t,. is given by t,.=w,, and the usual perturba- 


tion method may be applied. In this way, the concept of pseudopotential is generalized 
to an arbitrary singular potential. 


Before entering into discussion on the u-operator, we want to express eq. (2-12) 


in the momentum representation. Introducing the matrix elements of ¢ and u as, 


tag, ay) = a/r)| exp (— ik, - x, —iks - X2) ty exp (ik -x, +k, -x,)dx,dx,, (2-13) 
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u(aB, Av) = a/v) | exp( — ik, -%,—iks -X,) uj, exp (th, -x,+ik,-x,)dx,dx,, (2-14) 


we have from eqs. (2:11) and (2-12), 


ibe BL, 1 u(ap, or) 
t(aB, Ar) =u(aB, Av) —- a PAs), 25 
(a8, 47) =u(a, 77) ee Bak. t(or, Ay) ( ) 
where 
P=€—(k,+k,)?/4 and k,.=(k,—k,) /2. (2-16) 


This is an equation to determine ¢(a@/?, 47) and corresponds to eq. (3-13) of I. If 
eq. (2-15) is solved by an iteration procedure and u(af, 47) is assumed to be of the 
order of a, the solution takes the form of the power series of eq. (1-1). In the © 
following, we shall show that u(a@f, 47) does exist even if v is singular and that it is 
an hermitian matrix. 

From eqs. (2-11) and (2-14), it follows that 


u(ap, 47) =2(R—k,) (A/V) | exp (—ik,-x,—ik, +x)v(1, 2)P),(1, 2) dx,dx,, 


(2277) 
where 
0, @, 2) =G, exp(tk,-x,+#k, +x»). (2-18) 
From eqs. (2:6) and (2-8), %,,(1, 2) satisfies the equation 
[PF 247 2+2E—v(1, 2) |®,,(1, 2) =exp (th, -, + ik, -X-). (2-19) 


Introducing the center-of-mass coordinate X, the relative coordinate x, [x,=X-+ (x/2), 


x,=X— (x/2) |, and the function ¢,,(*) defined by 


2. (—Kir) Pp =erpli (onthe) KX] (x) (2-20) 
moshive 
(a, iy) =0 (a8, 27) | exp(— ian) 0(8) fae (=) dv (2-21) 
dad 
[ree 22) | aCe eee ex Ghiakl, (2-22) 


where O(a, 77) represents the conservation of total momentum. 

When v(x) is singular at r=|x|=0, $,,;(%) approaches zero rapidly as r—>0, and 
v(x) Q),,(*) remains finite at r=0. Therefore, as is seen from eq. (2-21), there is no 
divergence difficulty in calculating u(a@f, 47). On the other hand, if Y,,(%) is replaced 
by exp(ik,,°%), u(aP, Av) is reduced to the Fourier component of v(x) and diverges 
to infinity, owing to the rapid increase of v(x) as r>0. 

It can be proved that the relation 


uk (a@B, ay) =u(4y, a8) | (2-23) 


holds for the wmatrix. This implies that u(@f, 77) is an Hermitian matrix. The proof 


. . * 
is as follows: from the defining equations for 9, and 9%,, we have 


(BK) | exp Gh ®) v3,(x)dx= (PE) | exp (—ikus-®) Qay(x)dx, (2-24a) 


\ Bek ase) rete 2 20) | oi (x) des (PE) V8 igs, Teg 2B 2ab) 
2 
and 


| eat) [Pee 2) | oh) dai Sl Neg) Mehltags Tape (2-24c) 


Subtracting eq. (2-24c) from eq. (2:24b) and using Green’s theorem and eq. (2-24a), 
we immediately have eq. (2-23). 

We have shown above that the u-matrix is finite even if v is singular atr=0O. In 
order to see the structure of the u-matrix, it may be helpful to consider the system with 
weak interaction for which the Fourier components of v exist. Then eq. (2-22) can 
be solved by the usual perturbation method. The substitution of the solution in (2-21) 
leads to 


’ , 1 ; kas /y fees F =} 
u(aP, ay) =8(a8, 37) |» lias Hens) + pr ee 2 feo 


q ke —q’? 
+— ¥ (Kos — 4')¥ (q’ — 9") ¥ (QF) | (2-25) 
22V2 ai.qn ( —q’) (B— gq!) 


where ¥(q) is the Fourier component of v(x) defined by 


»(q) =| exp(—iq-) n(x) dx. 
From eq. (2-25) it follows that the solution of eq. (2-15) is given by 
t(af, 4) =0 (a), Ay) ¥ Kea — key) - 


This equation is expected to hold from the defining equation for the tmatrix, (2513), 
if one notes that this matrix is equivalent to w(x) though the letter “+t” is used to 
indicate explictly that it is an integral operator. We see that ¢(a/), 47) is independent 
of the value of k* though u(a@, 77) depends on F. (See also the note given in § 5 
of I). 

On the other hand, for the system with strong interaction ¥(q) diverges to infinity, 


and each term of the series of eq. (2-25) diverges. However, when the summation is 


carried out to infinite orders, u(a@, 47) is no longer divergent. Therefore, if one 
performs the first-order perturbation calculation by using the u-matrix, it is expected that 
such a calculation picks up all the divergent terms of the conventional perturbation 
series which lead to the convergent term of the order of a (u is assumed to be of the 


order of a). 


Summarizing the results, the perturbation method for the singular potential will be 
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as follows. First, solve the differential equation (2-22) under the periodic boundary 
condition and by the requirement that Q),(%) is zero at r=0, Then, calculate the 
matrix element u(a@P, 47) by eq. (2-21). If one confines oneself to the first-order 
energy, apply the conventional perturbation method, replacing the martrix element of v 
by u(af, Av). If one wishes to proceed to the second-order energy, replace t(o7, 47) 
in eq. (2-15) by u(or, Ay) and apply the conventional method. The similar procedure 
may be applied to the higher order terms of the energy. One example of this procedure 
has been discussed in I for the hard-sphere potential. In applying the usual perturbation 
formulas some care must be taken as we remarked in § 3, § 4 and $5 of I: 

It should be noted here that the u-matrix depends on k? which may be assumed to 
take arbitrary values. One way to remove such an arbitrariness may be as follows (see 
also §5 of I). We expand the u-matrix in powers of # as 


u=u,+ku,+huy+ oon 


It is expected that uv, is of higher order, e.g. u,~a®, while u,~a for the hard-sphere 
system. Hence the lowest order term of the energy can be calculated without any 
ambiguities associated with the arbitrariness of k*. Therefore, if we expand € in powers 
of a4 as 


€=€,+a€,+a°E,4+---, 


€, is calculated exactly. Next, the factor (k?—kj;)~* in eq. (2-15) is expanded in 
powers of a with the aid of eq. (2-16). In such an expansion the term of the order 
of a is known from the argument given above. If we further carry out the similar 
procedure, the energy eigenvalue may be expanded as a power series of a, which corresponds 
to the perturbation series for the system with weak interactions. 

In an actual calculation of the u-matrix, it is difficult to solve eq. (2-22) under 
the periodic boundary condition, so we will follow the method of partial waves, which 


is apparently valid for the limit V->0o. If we expand 9,(%) as 
Pax (%) =Di(2L+ DER) Pi eae 8) (2-26) 
l= 


R,(r) satisfies the equation 


2 at <)- ac +B 2 Ry (r) = (BB) job?) (2-27) 


and the u-matrix is given by 
u (af, 17) = 470 (af, 7) 53 (Zi 1) P, (kas ’ k,,) {ii (ky :7) Uv (r) R, (r) rdr, (2 < 28) 
Z7=0 


In solving eq. (2-27), R,(r) should be zero at r=0 as a boundary condition. 
On the other hand, the asymptotic form of R,(r) for r—> co becomes 
R,(r) >jr (kag) + Akm (hr), (7 > 0), (2-29) 


corresponding to the periodic boundary condition imposed on @,(x). Here A, is some 
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function of k and &,,, independent of r. Proof of eq. (2-29) is as follows: we write 
eq. (2:22) in the following form, 

(P24B) Gx, (2) = (CB) exp (ihag®) +0 (8) Pax (8) /2- 
The solution of this equation subject to the periodic boundary condition is given by 


Crt (0) = | G(x, x’)[ (P—R,) exp (ikea, *’) +0 (x) Gr, (*’) /2\dx., (2-30) 


where G(x, x’) is defined by eq. (2-9) of I. From eq. (2-9) of I and eq. (2-30), 


we have 
oye ee ex CWE LZ) | G (x, x!) 0 (x!) Gx (a!) dx! 


Substituting eq. (2:11) of I and eq. (2-26) in the second term, and using eq. (2-10) 


of I, we have 

Ra (0) = je baat) + (1/2) | Gals, #000) Ru) 
With the aid of eq. (2-13) of I, R,(r) becomes, for large r, 

Ry (0) = ja Eagr) + (bo) (1/2) | ju (br) 00) Rie!) 
which is the asymptotic form expressed in eq. (2-29).* 


§ 3. Application to Lennard-Jones potential 


As an application of the method developed in § 2, we will calculate in this section 
the lowest order term of the ground state energy for a Bose system with the Lennard- 


Jones potential. This term is given by 
E/N= (6'0/4m) u(00, 00), (3-1) 


where ( is the average density N/V. The energy given by eq. (3-1) corresponds to 
the first order energy arising from the u-matrix. 

In calculating u(00, 00), k& is assumed to be zero, since € is zero in the unperturbed 
system and hence k*=0, as is seen from eq. (2-16). Furthermore, from eq. (2728), 
it follows that the contribution from the terms />0 vanishes, since k,;=0 and hence 
ju (Rast) =O for 1>0; only the contribution from the S-state does not vanish. From 
these considerations, it follows that 


u (00, 00) =4n\v (1) R(r) dr, (3-2) 
ant eae Gas (3-3) 


* It should be noted that for £20 another form of the asymptotic behaviour of R(r) should be 
employed. This is the case when the system has the positive binding (e<0). 
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and 
R(r)> 1, (r> 0). (3 - 3b) 
The asymptotic form for R(r), eq. (3-3b), is derived from eq. (2:29) putting k=0. 
Combining eqs. (3-1), (3-2) and (3-3a), we have 
E/N=2n6?0/m:- (7? -dR/dr) 2.0. (3-4) 
This is an exact expression for the lowest order term of the ground state energy. 
The function R(r) is the solution of differential equation (3-3a), subject to the condition 
that it is zero at r=O in addition to eq. (3-3b). For the hard-sphere potential, R(r) 
is given by R(r) =1—(a/r), (ra), and we have 
E/N=2z6°pa/m, 
which is just Lenz’s” formula. 


In applying eq. (3-4) to the Lennard-Jones potential, it is convenient to employ 
the form 


V (r) =Vi (o/r) am (o/r) ak (325) 


which was used by Green’ to calculate the second virial coefficient of liquid helium at 
low temperatures. For this type of potential, it is easily verified that R(r) is given by 


where 
A=mV 0° /0’, (3-7) 
n=V mV 0 /8b, (3-8) 
IT’ and W are the gamma function and Whittaker’s function, respectively. In these 
expressions, 7 1s proportional to the reciprocal of de Boer’s’®) quantum mechanical parameter 
and is the non-dimensional number characteristic of the Lennard-Jones potential. 
By using the properties of Whittaker’s function, we have for r— co 
I'(—1/4)'(6/8—7) eee ne eg (3-9) 
P/4)P 3/8—7) 2 ft r 
Making use of the relation P’(—1/4) =—4I'(3/4), we have from eqs. (3:4) and 
(407) 


R(r) =1+ 


ae 24T (3/4) 1 (5/8—4) mB sq 5/4pF 4g, (3-10) 
P(1/4) (3/84) 

which corresponds to Lenz’s formula for the hard-sphere potential. The appearance of 

Vi'8 is interesting, since it clearly shows the non-validity of the conventional perturbation 

method in which E/N is expanded in powers of V’,. 


In order to clarify the meaning of eq. (3-10), we will discuss the meaning of 
As we have noted in I, an exact expression of E/N for the hard-sphere 


Lenz’s formula. 
system in the low density limit, is given by 
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N m 

From this, it follows that Lenz’s formula gives the value of O(E/N) /dp at o=0 exactly. 

In other words, Lenz’s formula corresponds to approximating the energy versus density 
curve by a straight line which is tangent to the exact curve at ~=0, (Fig. 1). 

Correspondingly, it is expected that eq. (3-10) gives 

an exact value of 0(E/N) /0¢ at ~=0 for the Bose system 

with the Lennard-Jones potential (3-5). From the properties 


of the gamma function, it follows that 


(OE/Op) 


E = 2nh'pa {1 Le =. = (pa') : 
Ly 


E 


2 0) ore, 0 7, 373, 


p =0 


while 


(QE/Op) ,.0.<0 for 3/8<y<5/8, (see Fig. 2). 


(a): exact curve. 

The physical interpretation of these results may be (6): Lenz’s formula. 
given in the following manner. If one neglects the attrac- Fig. 1. 
tive force in eq. (3-5), one can easily verify that E/N is 
given by eq. (3-10) with 7=0. In other words, 7=0 
corresponds to the purely repulsive force. In this case, it 
is physically obvious that the energy is an increasing func- 
tion of density, and hence (JE/0p),-,>0. As 7 becomes 
larger than 0, the attractive force comes into play and 
(QE/Op),-0 decreases until it becomes negative for 7 > 3/8. 

To apply the above results to liquid He’, we take the 
values (in C.G.S. units), 


VS 10 0S VIO 


C= 272 10g) = 6.64 TOn 
and E 
2 Salas 


where the values of V, and o are taken from Green’s text 
1 
book’. From these values, we have 7=0.543, which is 


intermediate between 3/8 and 5/8. Hence, the energy is 


a decreasing function of density at low densities. At N 0 
sufficiently high densities, however, the effect of attractive nS 

force will be small compared with that of repulsive one N 

and the energy will increase as the density becomes larger } 

(Fig. 3). Therefore, there should occur the energy minimum Fig. 3. 


at an appropriate density. It is obvious that the minimum energy is negative, which 
accounts for the positive binding of liquid He‘. More quantitatively, substituting the 
numerical values mentioned above in eq. (3-10), we have 


E/N=—17.6 X 107 erg/atom, 
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which is about twice as large as the experimentally observed cohesive energy E/N 
= —9.7X107-" erg/atom. 


In closing this section, we wish to mention some remarks about the more conventional 
form of the Lennard-Jones potential, 


YY en) aor y |e 


Analytical treatment of the differential equation (3-3a) is difficult in this case, but 


by a simple dimensional argument, the dependence of E/N on the physical quantities 
is shown to be 


—9/10 1/10 6/5 #9/5 
E/N~m- 7H 5555 0, 


corresponding to eq. (3-10). 


§ 4. Discussion 


Although the formula, eq. (3-10), accounts for the cohesion of liquid He’, it 
should be noted that in this case there are some difficulties which cannot be overcome 
by the methods appropriate for the purely repulsive interactions, as Brueckner and 
Sawada® have pointed out. Such a difficulty arises if one applies eq. (4-1) of I to 
this case, in order to calculate the excitation energy spectrum; for u(00, 00) is negative 
and hence the sound velocity becomes imaginary, corresponding to the fact that the two- 
body scattering length is negative. This feature, however, is to be expected physically, 
since at low densities the system can find states of much lower energy by contracting to 
a smaller volume in the configuration space and hence the sound cannot propagate 
through the medium. 

Now, the contraction of system in the configuration space in turn implies the ex- 
tension in the momentum space. It seems, therefore, that the assumption, usually taken 
for the Bose system in transforming the particle Hamiltonian to the phonon Hamiltonian®”™, 
that nearly all the particles are in the single particle state with momentum 0 cannot be 
applied to the actual liquid He*. It seems in this case that the above mentioned assump- 
tion should be altered so as to take into account the spreading out in the momentum 
space in some way. 

The situation is quite different for the Fermi system. In this case the difficulty 
mentioned above does not occur. The essential difference coming from quantum statistics 
may be seen from the fact that the expansion parameter for the Bose system is (pa*) 1” 
while (0a*)'* for the Fermi system, where a is the scattering length. If one changes 
the sign of a, (pa*)'” becomes imaginary while (va*)'” merely changes its sign. Hence 
the difficulty associated with the negative scattering length does not occur for the Fermi 


system. 


In conclusion the author wishes to express his sincere thanks to Professor. N. 


Fukuda for valuable discussions. 


/ 
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The Bethe-Salpeter equation is solved for general values of the angular momentum, using only 
the ladder approximation and the instantaneous interaction approximation. It is first reduced to a 
set of coupled equations for the singlet and triplet amplitudes, and these are further reduced to the 
corresponding Schrédinger equations. The non-relativistic potentials are deduced and are found to 
contain automatically a “core” singularity and spin orbit coupling terms, which are necessary to 
account for experimental data. The coupling constant, which is the only adjustable parameter, is 
fitted to the deuteron binding energy, and the potentials are compared with phenomenological potentials. 
Satisfactory agreement is obtained. 


$1. Introduction 


In an earlier paper’ a fully covariant solution of the Bethe-Salpeter (B-S) two-nucleon 
problem was obtained. The “ladder” approximation was adopted, but pair creation and 
nucleonic recoil were exactly accounted for. The B-S equation was reduced to a pair 
of coupled differential equations in which the Dirac matrices appear only in the coupling. 
Solutions were obtained with varying degrees of explicitness, for instantaneous and delayed 
interaction. 

A feature of the solutions obtained there is that consideration was restricted to 
solutions corresponding to states of angular momentum J=0 but we indicated a possible 
method of obtaining solutions corresponding to higher angular momentum states from 
those with J=0, making use of the Lorentz transformation. 

In this paper we investigate the solutions of the B-S equation corresponding to states 
of higher angular momentum than J=0. However, the instantaneous interaction approxima- 
tion has been adopted. As explained in the earlier paper’, previous work” has been 
based on three distinct approximations, as well as the “ ladder ” approximation, of which 
it is now proposed to retain only one. That is the instantaneous interaction approxima- 
tion. 

It is found that the B-S equation, with this approximation can be reduced to an 
equivalent Schrodinger equation even to the extent of predicting a nuclear potential with 


3) 


a repulsive core similar to that of Levy” and Jastrow.” A singlet even parity potential 


* This paper forms a part of the author’s thesis for the Ph. D. degree of the Adelaide University 
(1958). 
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ui 


for the proton-proton system has been separated from the triplet even parity potential 
for the neutron-proton system, and these are compared with the phenomenological potential 
function of Gammel.” Another interesting fact, that the nuclear potential contains a 


spin-orbit coupling term, has also been confirmed. 
Numerical calculations with the instantaneous interaction potential obtained here, 


have been performed to fit the binding energy of the deuteron and other n-p scattering 


data. 
§2. Reduction of the B-S equation 


We recall that the B-S equation (See eq. (2-1) of reference 1), hereafter referred 
to as GBI) can be reduced to a system of differential equations given below, in which 


Dirac matrices appear only in the coupling : 
{0+ M?—p+f(x)}o'=2p Vo 
{O+M?—pt+f(x)} e=i{ Cf) (wtiv’) — (o—io’) FF)} ,2e4) 
{1+M?—p'—f(x)}o=—2p-Vo' +h tp, go} +34F, 9] 


where the meaning of the variables are the same as in GBI. As an ansatz we table the 


following form of w, w! and © occurring in (2-1): 


O= OF 595 OLD 1,54 OsE 555254 FOZE 541 (2*2) 
= 04 F yg OF yg WF 355-14 Os F agar (2-3) 
C= OF oat GE iat PoE 195-17 gt Os? 4417 (2-4) 


/ / / i * 
where Wy, W1, Wg, Wz, Oy, O1', Ws', Ws, Oy Yr Go and @ are all functions of r and x,, 
and 


x, 
Vs =P,( x, (2-5) 
LE. Loe Ese ly 

y= (Art “Pi ) rr (2-6) 
ite een cae de [kits x Hee 

toj—t jtePp al : ,] ( alee 55 72)Pia(**) (2.7) 
| ee (j+ WD 7Ppal “) +( a jaa * Pd) (2 -8) 

\ Yr i i TT 


where the P,’s are the Legendre polynomials of order j and argument (x,/r). Let M 
represent the vector formed from the components M,,, M,, and M,, of the angular 
momentum operator, M,,, given by 


‘ fe) ) 
M =~ i(x j =1,:--4 
Ap Xd Ax, x, A, L 1 3 
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Also, let S be total spin operator for the two particles, given by 
$=} (6-9!) 


when 6 and —o” are the usual spin matrices for the two particles respectively. Then 
the functions ¥,,;, V7, 51, V1,;.1 are the eigenfunctions of the operator M-S We have 
from (M+S)*=M?*+S°+2M-S the relation 2M-S=j(j+1) —/(/+1) —s(s+1) where 
j, 4, s are the eigenvalues of the total angular momentum, orbital angular momentum 
and the spin momentum respectively. It is easily seen that ¥,,, is the eigenfunction of 
M-S for the singlet state with eigenvalue 0, corresponding to S’=0 and M?=j(j+1); 
Y,, is for M-S=—1, S=2, [=j, M-S=—1, M’=j(j+1); Py is for S=2, | 
=j—l, M-S=I, M*’=j(j—1) and Yy5,1 for S=2, l=j+1, M-S=—(l+1), M’ 
=(j+1)(j+2). ™M,+S; is a constant of the motion. It should be pointed out that 
the M-S operator does not commute with the B-S operator as mentioned in § 8 of 
GBI. Thus Y’s are not proper solutions of the B-S equation, and the general solution 
of the B-S equation must be taken as linear combination of them with coefficients which 
are as yet unknown functions of r and time variable. One obtains in this way only 
solutions for magnetic quantum number m=0. To obtain solutions corresponding to the 
magnetic quantum number m=-+1 or m=—1, we multiply the above solution by 
(M.4+5,) and (M_+S_) where M,=M,,+iM,, and S.=(S,+iS,) and for higher 
values of m=-+n we multiply the solutions by (Mi+5,)”. 

Another solution of the B-S equation can be obtained by changing the parity of 
the functions w, w’, and yg. This is achieved by multiplying 7, on the right, in the 
right-hand side of the expressions for w, w! and ¢ given in (2-2), (2-3) and (2-4): 

Using the recurrence relation for the Legendre functions, we get 


“x . 
silt Pe 12 ager t © aga) (2y7-1) 
r 
and similar results with %,,,, etc., can also be easily deduced. Again, noticing that for 
two matrices f and g the Dirac conjugate satisfies : 


(F929) *=9'f*s TL =Ta= Ta r*7s) 
we have 
PF =F 0.5 PF = — P93 PF iF gat. 
Also the following relation holds, 


rapes 


J 
0 it 


and similar results hold for other ¥’s. 

Using these results and introducing the expressions given in (2:2), (2-3) and 
(2-4) in (2-1) we have the following 12 differential equations after equating the 
coefficients of the Y,,’s, etc., from both sides of (2-1). This system of equations 


completely determines the unknown functions @), etc.. Thus we write ; 
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| Oo? es O? aay jut Dy — EF? A IME + ft! —2E ae (2-9) 
Ox er SOT %4 
Cua h OS es Oe E+ M4 flol= 2B (2-10) 
Axe or Or ce Ox, 
| ome a reel Be +M?+flol=2 2E ces (2-11) 
OX et Or i 4 
Beas UO vee Se NGS 2 Pe +M?+ fe Yiie ag hese Jw, (2-12) 
Ox amr tor ee Ox, 
| fea & 1 o2 re jGt+ il) —E*+M?+fl ey=2if (i,!) + 2irf - 
OX emote Ta 
{—ijw,—i(j+1) a3} (2-13) 
| Dear tels Die, at iiss!) —E*+M? +1 ¢,=2if lio) + 2itf(@,—o,) 
2 2 
Ox, tanor, r one 
hes sexi oninile? Fem) _ RE? + M+ ft ge — 2ifio, + 2irf 
Ox peer wr a 2j+1 
{o—i(j+1)a/} (2-15) 
oe alae TEDL. —B4 MP4 fhoy= —aifin t= =e ine 
OLDE ae sa Boke a +1 
{wy +ia,'} (2-16) 
Oe ls jGirkl) spe M2 | ee dw! E th 
Oc TnOy= ve ie oe fhe OX, ees 
jo G2 —i(j+1) (I+?) ¢,-+785| (2*17) 
r r 
ht } 
a re iE? EMM fh 26 + By, | (2-18) 
Be, Tare i me 
Ogle: 16) ae bons a5; Da! Og, 
Ox, ator ior a 2 f < Ox, 
aii} ies +r,} (2-19) 
, 2j+1 Gre; 


| 02 = 1 @& he ed) U2 E14 —flo Fey: Bus! OQ, = J : 
Ox2 or Or r , Ox, Ox,  2y-44 


|L¢,-rg\| (2-20) 
7 / 


where we have made use of the fact that p=(O,\E) ; f denotes sf f and re denotes 
Xq 


sf and similarly g= = 9. 
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§ 3. Solutions of the equations 


Noticing that 32 — 7 G+1) il Qa. sea AW j ) 
Or? r Or r oe es 
ef Sg iF '\ 2 _j+t) 
( Or 7 r Or r 


where D; =(< +1), Again it is interesting to note that if f(D} D;) is any operator 
e fits 


we may write D; Dj =Dj.,, 


function of the product operators D;D;, we have 


Dif (D; Dj) =f D-AD}») Dp. 


Similarly we can write 


Zap 22 4 ao 
rp, +17 ¢,= —D;r¢, 
r r 
BS +2 i 
1G, +147 9, = —D}rgs 
r r 
= i—] T eyes 
rp, —! Yo— ee TP, 


1, — L¢,= eae 
r r 

Defining T*= (M?—D;D;) and S°=(M°—E’—D;D;), we now proceed to write down 
the solutions of the differential equations (2-9) — (2-19). In the instantaneous interaction 
we set f(x) =2iV(r) O(p-x/E), so that 2V(r) is an analogue of Yukawa’s classical 
potential energy. From here on the centre of mass frame is adopted, so that p=O, 
psa=E and 0(p-x/E) =0 (x). 

Because f vanishes when x,5=0, equations (2-9) — (2-20) can be easily solved, since 
then most of the inhomogeneous terms drop out. The general formal solutions of (2-13) 
— (2-16) are 


ry, = exp (iS |x,4|) up (3-1) 
rp, =exp (iS |x,|) u, Sgn x, (3-2) 
r= D} exp (iS|x,|) up (3-3) 
79, = Dj, exp (iS |x4|) us 4) 


where wy %, uy: and u; are functions of r only, and S is the integral operator, 
(M?2—E?—D;D})'”. It should be noticed that terms like exp(—15|x,|)u, etc., te 
excluded from the solutions by the boundary conditions ¢, etc.,>0 as %,—>+ 00, since 
M is supposed to have a small positive imaginary part. Using (3-1) —(3-4), the 
equations (2-9) — (2-12) and (2-16) — (2-19) are readily solved for x,40. We have 
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ro =e" | (a, cos Ex,— PB, sin Ex, Sgn x,) (3-5) 
ro =e" 4! (a, sin Ex, +, Sgn a, cos Ex,) —i(2S) ~te*S"!u Sgnx, 

— jD; Dj (2ES) ~*e8'*4'uSgnx,— (j +1) Dy Dj (2ES) 6° ai, (3-6) 
ro, =e?" (a, cos Ex, Sgnx,— 3, sin E x4) (3-7) 
ro, =e "4 (a, sin Ex,Sgnx,+/3, cos Ex,) —i(25) ee. (3-8) 
r= Dj e *4| (ay cos Ex, Sgnx,— PB, sin EX,) (3-9) 


r@,! = Dj e? "4 (a, sin Ex, Sgn x,+ . cos Ex,) 
PDE )a et, — ae. DAES), 2. ay (3-10) 
Ph eh 


10, = Dyaye" "4 (ay cos EX, Sgnx,— B., sin Ex,) (3-11) 


rw! =D;,,e' 4! (a, sin Ex, Sgn x,+ 8; cos EX.) 


d 


= 1D 2B) —1iShedy, J DES) ey (3-12) 
24-4 


where T is the integral operator (M*?—D;D;)'?; and a, 2, @,, 81, 2 Po, %3 and f, 
are all functions of r only. We notice from the above solutions that Q, G2, 3, Wo; 
W,,' @s! and w,/ are even functions of x, while ¢,, w,,; W,, Wy, @3 ate odd functions of 
x, which vanish on the space-like surface x,=0. 

To continue the solutions (3-1) — (3-12) at x,=0, we substitute them back into 
the equation (2-9) — (2-19) and then integrate with respect to x, over a small range 
containing x,=0. The validity of the solutions (3-1) — (3-12) at x,=0 requires 


28, = 2i (2S) ~'u,+jD; Dj (2ES) -'2u,+ (j+1) D; Dj 2(2ES) “4, 
2iT 8, +28 (28) -'u,+2iV (7) {8, —i(28) ~1u,} =0 


Dj {2iT By+2E a, +5(2E)—!uy— itt (25) (2ES) tu | 
Ea 
4 F ee BN —1 Her il + email 
+2iV (r) 1D; .—iDj (2E) u,s— +——D# (2ES) uh == () 
Bit d 

Dj.142iTB,+ 28 (2E)~ tv, Fid io (25) (28S) “a «| 

4-2iV (r) eemeuss (2E) -44-+—4 De, (2ES) a} ss 

2y-- 1 


2i(S+V)u)=4iV (r) [iT B+ Ea, +S (28) ~'u,— jD; Dj (iS) (2ES) ~u, 
— (j+ 1) iD; Dj (2ES) ug] + 4irV (v) [jD} B. 


— iD} (2B) “4 —IG*D p; (2ES)—4u, + (j +1) Dp (2E) "x, 
j 
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+ 1G) (ap5)~'u,| 
2 jr 
=u, =2iV (1) {8,1 (25) q} 


Dj (2iSu,) + 21V () p= +40) Dj ER, — SEED. fa1,—i(j-+1) (8,128) “m) } 
Woe! 


Dj... (2iSv,) +2 (1) v5 =4V (1) Din ER— FO (ay ij (Be i(28) a} 
4 ape 


2i(7 —V) a, =2EB, : a,=a,=—a,=0. 


From the above set of conditions we at once conclude without loss of generality that 


B;=4,=0, 
Upon eliminating 1, us, v3, we get the following equations 


i(T —V) a,=Ef, (3213) 
EDT), 22 2 fa 
jg +2 2j +4 0 G3 14) 
= a ae 
ED AT Ba= ee (3-15) 


i(S-+VT) By+VEa,=j(T+V)D;DjB.+ (j+1) (T+V) DDR. (3-16) 


The terms in u, u,, 2, v3, contribute nothing to the solution for g and hence for ¥ 
when x,40, but are nevertheless required to neutralise the discontinuity in w’ at x,=0. 
Further elimination of f,, ., 9; gives the single equation for the determination of a). 
We get from (3-13) — (3-16). 


(S24 VT) (T—V) a,—EVai,= (T+V)T7(jDz + (j+ 1) Dy) ae 
Putting back the values of D; and Dj.;, we can write the above equation as 


(ST -VIV4VT?-TV)a,=(1 +¥T-)(2 (Fa) ) (3-17) 
if if 


This result is exact, within the limits of the ladder-approximation and the instantaneous 
interaction approximation. It will be shown subsequently that the equation (3-17) 
corresponds to the spin singlet system of the nucleon-nucleon system; the corresponding 
solutions for the spin-triplet states of the nucleon-nucleon system could be easily determined 
from the solution of the B-S equation with the form of w, w’, g given in (2:2) — (2-4) 
but with the right-hand sides multiplied by 75. 

Proceeding as before we can obtain® a different set of differential equations to 


determine the functions w,, 1, Ws etc.. These differential equations are then solved for 


* See Ref. 8. 
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x,7£0; the continuity conditions for the validity of these solutions near x,=0 will lead 


to the following simultaneous differential equations, 


= 5, -i( gi VY ) t= EV aT lg wee ee 


4! 7-1 (ja, 47F 1a) = (JF) FHV) Dee —Djre} 
2p eal 

ee UT 1 Gare pa} (3-18) 
2j4+1 

Sry ljat Vo — Ey av aD 

TET duce ia) Ti!) Diag ee 

pi 

_._ Pixs si Vee ; ) (3-19) 

{VT 41) (ja, + (J+) 2}. 

2ped 


The equations (3-18) and (3-19) are coupled, denoting the fact that for j=1, @, 
and a_ stand for the S-state and D-state radial wave functions corresponding to the 
deuteron problem. 

Further S,,, and T,,, stand for the same operators S and T, but with the modifica- 
tion that the operator Dj D} in S and T should be changed to Dji.,D/x:. 

The emergence of the simultaneous equations (3-18) and (3-19) representing the 
triplet state of the nucleon-nucleon system is quite important and implies that the 
resulting Schrodinger equation contains a tensor-force term in the potential energy. This 
is essential in explaining the quadrupole moment of deuteron. Also the occurrence of 
J-dependent terms implies the existence of spin-orbit energy in the potential. This has 
been found necessary to explain the polarization effect in proton-proton scattering. It is 
not possible to obtain a single equation explaining all the facts directly. 

It now remains to show that the solutions of equations (2-2)—(2-4) and the 
other set of solutions obtained from (2-2)—(2-4) but differing by a factor of 7, do 
correspond to the singlet and triplet states of the nucleon-nucleon system respectively. 

To verify this we notice that since parity is conserved in strong interactions, we 
need only to analyse the B-S wave function operator which may project the definite 
parity-state from the incident isotropic mixture of both spin-states. Now the incident 


wave for nucleon-nucleon interactions is represented by” 
f= (Ey, = ky; mi M) ®) Gey, = kj, os M) glee: 3 


where (X) means the direct product and k=(0,0,k). For %, satisfies the B-S wave 
equation for non-interacting particles, and it contains both spin-states. We now need to 
know the projection operators / for which the expression (E7,—ky,+M) A(E7,+h,+M) 
represents either singlet or triplet states of the system. The possible values of A are 
easily found by substituting in turn each of the 16 Dirac 7-matrices. It is found that 
the simplest form of A is I for the singlet state with S,=0; A=j, for the triplet state 
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with 5;=0; and A=;,. for the triplet states with S,= +1. lv¥2=71:4i7,). The bispinor 
parts of the corresponding wave functions have the following values of w=2EMy, for 
the singlet and —2kMy,y,, 2k(Eysy74—hyz) for the triplet states respectively. 

The fact that they do represent singlet or triplet states may be easily verified by 
applying the spin operator, S* to the respective functions. Noting SY =i (o¢—¢dc) 
where o is the spin vector, it is easily seen that 


Sii4 =Sij'4 = Sey 4 =0 


whence Sj',=0. This shows that S? has the eigenvalue 0 on the wave function 2MEY, ; 
it is therefore a singlet state with S,=0. 

Again applying the operator S°=S,°+S,+5, (where S,=i4(7,73;—77'2), etc.) to 
2kM.7, we see that S7,7,= 27,7, thus S? has the eigenvalue 2 showing that 2kM7.y, is 
the triplet state wave function. Also S,737,=0, ensuring that the wave function 2kMy,) 


3 3/5 
is for the triplet state with 5,=0. Similarly the other two states of the spin triplet 
are obtained from the projection operator, A=7, with S,;+1. One concludes that w, w’, 
and ¢ given in (2-2)—(2-4) stand for the singlet state while the other set of w, w! 
and © obtained from (2-2)—(2-4) by multiplying the operator 7, from the left 
corresponding to the triplet state of the system. 

A further examination of the functions w,, «', , etc., shows that to characterize 
the nucleonic-nucleonic interactions with A=1, the part of the solution WY is 2MEYV,; 
this suggests that for the singlet state of the nucleonic-nucleonic interaction, w, of equa- 
tion (2-2) should be different from zero, and be an even function of x, Again for 
A=7; corresponding to the triplet state, the part of Y% has the non-vanishing value 
2kMy,7,; hence w, and w, of (2-2) should be different from zero, and be even func- 
tions of x, The odd or even character in x, of the rest of the functions can be determined 
from the consistency of the differential equations for w,, etc., as given in (2-9) — (2-19). 

In the next section we will discuss the effective nuclear potential predicted by the 
equations (3-17) and (3-19). 


§ 4. Determination of the effective nuclear potential 


In this Section we will predict the effective nuclear potential from equations (3-17), 
(3-18) and (3-19) which are obtained from the original B-S equation in the instantaneous 
interaction approximation. 

We now eliminate velocity-dependent terms exactly from the equation (3-17) and 
then obtain the effective potential of the nucleon system in the spin singlet state. 

Replacing a, by &=ra,'(r) and multiplying the whole equation by a factor 1/r 
with this modification the equation (3-17) now reads 

(828 —VIV=VTC— Lhe = VES) (AVA AAV) ay (4-1) 
the S’ and T’ operators being S”=M*—E*—4d, and T”=M?—A, where J is the usual 
“ Laplacian operator. At non-relativistic energies we have T/~M— (4/2M), E~M+3W, 


where W is the negative binding energy. S’ has no good non-relativistic approximation, 
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since M2 and E? are of the same order and their difference is of the same order as the 


square of the relative momentum (—4). But fortunately, at the end of our calculation 
S’ appears only as the square and does not need to be approximated. Neglecting squares 


and products of 4 and W, we have from (4-1) 
is ) a) ea / ; 
ee ie M+V2\a,! (1) =1 IV -Pa (r (4-2) 
(1-0 a+ WM+ Va) @) = PV Pay) 
To eliminate the velocity-dependent term from the righthand side of (4-2) we set 
a/=fV)¥ (r); with f(V) satisfying 


2(1- Yap ge a 
2M?) f M 


This leads to the following Schrodinger equation : 


ve ) uv ol — 
1——— )44+WM++4V7}¥=0 (4-3) 
i( 2M? 4 a 2M? fe } 
where we have dropped terms of order °V*/M?* compared to V*. This is the equation 


for the singlet nucleon-nucleon system showing the equivalent classical potential 
—(14W/M) (V-/M+ a 4p (1—V2/2M2), (4-4) 


At large separation of the particles, where the V* terms are small compared to V not- 
withstanding the coefficients °/M*, it reduces to the usual Yukawa potential with the 
right coeficient showing that the recoil effect is negligible. In fact our second-order 
potential “°V/2M*, corresponds exactly with what Levy has found (apart from the tensor- 
term). However, the V* term is important at short distances and one can see that the 
nucleonic-recoil has considerable effect on pair creations. For the equation differs radically 
from equations derived by Levy” and Klein”, treating pair effects by a perturbation 
procedure, and also differs somewhat from that deduced by Arnowitt and Gasiorowicz” 
who neglected nucleon recoil. But so far as the V* term is concerned we are in agree- 
ment with Arnowitt and Gasiorowicz in predicting a singularity of the potential at 
V(r) =\/2M. At distances shorter than these the forces are repulsive, simulating the 
“core” postulated by Jastrow” and Levy.) If one tries to improve the non-relativistic 
approximation by taking terms of order ?/M*, compared with those retained, into account, 
a difficulty arises; one finds among other terms, the additional term 


sams Agen Dike 
2M?—V? 


e+ 7444} 
r r 


in the effective potential. This extra potential has a peculiar feature. The core, d=t2rmined 
at V(r) =\/2M, comes out to be strongly attractive. 

But it is easy to see that this difficulty is due to a break-down of the method of 
approximation rather than a defect of equation (4-3). From the physical point of view, 


a particle moving into an attractive potential with a singularity like (r—a)~? attains 
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momenta inconsistent with the approximation, T/~M— 4 /2M. If one wishes to investigate 
relativistic corrections one ought not therefore to try to amend the Schrodinger equation 
(4-3): it is essential to return to the exact equation (3-17) which can be written as 
an integral equation in momentum space thus, 


{E— (p?+ M*)*?} PL (p) ae | U(p—p", Pp”) we (p”’) d*p’=0 


where 


(Pp) = (pe + MP) {E+ ( pom} ay (ry e?"d'r (4-5) 
and U(p—p”, p’) is given by 
U(p—p”, p”) = (p'’? + M?) UTE. (p!? + M2) 12} sab (p—p”) -p'V (p—p") 


M? + p'-p" : 
V(p—p’)- V (p'—p")d 6 
+| (P—P’) (p+ M2 (p’— p"’) dp’ (4-6) 


Sheree (pep) =a V(r) e?d*r. 

The equation (4-5) is the equivalent relativistic Schrodinger equation in momentum 
space with U(p—p”, p”) as the resulting potential including the velocity-dependent 
term in momentum space. 

It will now be verified that the kernel of the integral equation given in equation 
(4-6) is not too badly singular to make the eigenvalue problem indeterminate. For 
the integral over p’ in the square bracket of (4-6) is absolutely convergent as 
V(p—p”) behaves ~pv-{(p—p’)*+?}"". We now investigate the behaviour of the 
function U(p—p”, p’’) near the larger values of p” which is the region corresponding 
to small values of r in the coordinate space. We see that the second term in the 
potential given by 


9 9, —1/9 2 9 9 ( M? +p’: p”’ 
112 Me 1/2 E 24 Ny2 1/2 V es eG a 
(PREM) ONES (REMY VPP) ar nein 


Moreover the term 


V (p! —p'!) dp’ 


tends to zero for large momenta, p”. 


(p’?+ MM?) “UP SE + (p’? + M*)?" —* (p—p”) -p” V (p—p”) 
does not tend to zero as strongly as the other term for large p”. 
Writting this expression as 
{1 — PBI AMEE@™A MD" yey py 
p?+M?+E (p’?+M’)'? 
we notice that the first term is just the Yukawa type potential in the coordinate space. 


The term p-p’V(p—p")/{p'P+M?+E(p'?+M’)'"} in the curly bracket is less 
singular than that of the Yukawa term. The remainder is non-singular. Thus the 


singularity in the resulting potential cannot be worse than a 1/r singularity. 
We now consider the coupled equations (3-18) and (3-19) denoting the S and 


D state wave functions. Since it is well known that the percentage of D state contribu- 
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2 eglect 
tion in the deuteron is very small (only 4%) we may for our pres2nt purposes neg 


the @_-component. The equation (3- 18), with the re-definition a, =ra,(r) reduces for 


the state j=1, to the following 


cage! ie lysF ye 
($1 -VT'V 472-10) a,=(1— LV at { +t |e, 
where now Se, 

T?=M?— J. 


At non-relativistic energies we assume the same approximation for T and E as is made 
in equation (4-2). Eliminating the velocity-dependent terms by introducing the trans- 


formation 
a,=fV)? (7) where 


tte VEDY ef (ENS — A POPT. 
Je Te = 3M / M”’ 


we have the following equivalent Schrodinger equation 


(a-— /)4+WM— ca tite =o (4-7) 


dropping terms of order °V?/M*? compared with V*. This equation is exact within our 
limits of approximation and denotes the spin triplet states of the deuteron. At large 
distance of separation when V* can be neglected compared to V, the equation predicts 
the usual Yukawa potential °V/6M°. This is in exact agreement with the result of 
Levy” apart from the tensor term, in the charge singlet and spin-triplet state. Again 
the equation (4-7) predicts the existance of the singularity of the potential at V(r) 
= // 2M simulating the “core” as mentioned earlier. At distances of r shorter than 
this the forces change sign and become completely repulsive. However, if one takes into 
consideration higher order terms in V? one faces a similar situation as in the case of 
equation (4-3) and one must go back to the integral equation formalism as discussed 
before. 

It should be mentioned, however, that if one can obtain a single Schrodinger equa- 
tion from (3-18) and (3-19), the resulting nuclear potential would then predict the 


existence of a tensor force and spin orbit coupling force along with the central force as 
determined above. 


§5. Numerical calculations and discussion 


In this Section we shall discuss some low- “energy properties of the neutron-proton 
system together with some high energy nucleon-nucleon scattering data from the nuclear 
potential determined in the earlier Section. The main feature of our potential derived 
above is that it is singular and simulates a “ repulsive core” of radius a when a is given 


by #=2M?aexp (2a), 4 is the coupling constant, M=nucleon mass and 4=meson mass. 
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A similar potential with same qualitative features as our potential was used by Levy” 
(Levy’s potential is infinite for values r<r,, ie. it has a hard core, where as in our 
case the potential changes sign for such values of r and is infinite at r=r, i.e. -it has 
a hard shell rather than a core) to discuss the n-p system at low-energy limit. How- 
ever, Gammel” et al., have attempted to find a phenomenological nucleon-nucleon potential 
with central and tensor parts of Yukawa shape having a hard core. The depths, ranges 
and core-radii of such potentials with general spin and parity dependence are adjusted to 
fit the experimental data. 

Here we will first determine the deuteron binding energy with the aid of the triplet 
even-parity potential of equation (4-7). The core-radius, a=0.319X107'%cm and the 
coupling constant /=2.89 satisfy 


P=2M?aeCr | 


These values will give us the right binding energy of deuteron observed in experiment. 
For the comparison of our results with some other experimental findings we, at present, 
compare our potentials with those of Gammel’. It is found that Gammel’s phenomeno- 
logical triplet even-parity central potential can be almost predicted by our theory. How- 
ever, the singlet even parity central potential for the p-p system does not correspond 
exactly with ours, because near the core our potential is very sharp due to the presence 
of the factor(1—V*/2M*)~*. It may be pointed out this potential shape may be obtained 
as well as Gammel’s by fitting ‘S, and 'D, p—p phase-shifts for different values of the 
core-radius and range of Gammel’s phenomenological potential. 

The analytical calculations for the determination of the binding energy of the deuteron 
can be performed by means of the usual variational techniques. For this purpose we 
treat the V’?-term exactly while the V-term can be treated as perturbation. Assuming a 
trial wave-function of the form Y,=(r—a)e” for r>a, and =0 for r<a, where a 
is fixed from the fact, 


f ie) =|| Ee fe a age re dr|/| eG 


to be minimum. In this calculation we have not used the D-state contribution simply 


because we have not the computational facilitizs for treating the simultaneous equations 
(3-8) and (3-9) exactly. The value a=5.93 gives I a minimum value. With this 


a ; 1 ey V? 
choice of @ we have calculated the contribution from the potential matt a 1——_— 


and also assuming the percentage of D-state in deuteron as 4% only a value —(L?/r’). 
The binding energy thus obtained fits the observed value, 2.228 Mev of deuteron. 
With these values of the coupling constant and the core-radius, the other low-energy 
data, namely the electric quadrupole moment of deuteron and zero energy yee triplet 
scattering length should be predicted with these nuclear potential. However, it must be 
pointed out that for an accurate determination of these data one should solve the 


simultaneous equations (3-8) and (3-9), which is not feasible at the moment. Then 
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et al., in which all the 
we propose to compare our potentials with those of Gammel ; 


experimental data have been fairly well described. 


The potential suggested by Gammel is of the form 


V(r) =00 for r<r,, (r,=core-radius) 


=V, (2) lr) SiforenSr; 


where S,. is the tensor-force ; V,(r) =—V,exp(—r/r,) /(r/r-) and V(r) = —Viexp(—r/n) 
/(r/r,). The parameters V,, V,, 1. 7, depend on spin and parity while r, is independent 
/ t) 


of parity and isotopic-spin. Using 
7,=0.3X10-%cem, V.=595.7Mev 
1==.5714X10 “cm. V,=26Mev, 
r,=1.633X10-“cm and _ taking 
a D-state admixture of 3.45%, 
Gammel et al. obtained a good fit 
for the triplet even parity data. 
It is clear that the tensor force 
term is small compared to the 
central part. In this respect we 
find an almost exact coincidence 
of Gammel’s potential with ours. 
The potentials are compared in 
Figaail. 

For high energy proton-proton 
scattering (at 310 Mev), Gammel 
et al. with three parameters, 
mamelyey,—= 0, 1pqlO = cm (== 10 
==.97)<-10. ems wand 9) ==77a24 
Mev (there is no tensor force in 
the singlet even parity potential) 
have been able to fit the 'S, and 
"D, p-p phase shift at 310 Mev. 
The singlet even-parity charge- 
triplet potential responsible for the 
proton-proton interaction can be 
obtained from the potential con- 
tribution of the equation (4-3) 
with A=.963 and the correspond- 
ing core-radius a#=.079. It is 
evident from the curves drawn in 
the fig. 2 that our potential is 
sharper than that of Gammel’s. 


OTe ese OS ee 12 1.8 2.4 2.8 


li eapale 

Dotted Curve: Gammel’s triplet even parity potentials which 
fit the binding energy of deuteron, the quadrupole of 
moment of deuteron and the zero-energy n-p triplet scattering 
length. 

Solid Curve: Triplet even-parity-instantaneons interaction 
potencial predicted by the present calculation eq (4.7). The 
core-radius ay:=.23 is the same for both the potentials. 
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However the difference between the two curves is not so great that both might not be 
consistent with experimental data. 


01 07 2 8 1.4 54 
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Curve 1: Gammel’s Singlet even parity potential which fits the zero- 
energy n-p and p-p scattering length and effective range as well as 
high energy proton-proton scattering 1S) and 1D: phase shifts. 

Curve II: Singlet even-parity potential predicted by the present in- 
stantaneous interaction approximation of the B-S equation from eq. 
(4.3.) describing the proton-proton system. The core-radius app=.07 


is the same for both the cases. 
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A theory of lepton which is invariant 
under space inversion and, at the same 
time, consistent with the recent asymmetry 
and polarization experiments is proposed.” 
To account for this experimental evidence, 
the two component neutrino theory” seems 
to be not necessary and we need not 
abandon the law of the conservation of 
parity. 

The theory is formulated as follows : 
I. Equation of free lepton 


[P. (op) +h (3m i ts 


| ¢=By. (a) 


II. Interaction Hamiltonian for /9-decay 

H= (9, 2bn) (G2(C—C'p,) 0.) +h.e. 
(2) 

where C and C’ are real constants. 

Ill. P*==3(1+,) are the projection 


operators which pick up the electron and 


the neutrino state respectively, and w, are 


the operators that give the transition between 
these two kinds of leptons. 
IV. Under space inversion and 4 are 


to be transformed as 


dp (es t) 039 (—%, t), 
ob (x, t) > fi (—x, t) (3. 


V. ’s and w’s are to be represented by 


the following matrices : 


=(° ee 2 
Oo 07 aan oy 
1 0 
o,= 
HONS) 
0 (@) 
o,=(4! 
Pr 0 
Ny a , C+ CP, p C= CC® 


VOR (VEae 
k= 200 


where 1 is the 2X2 identity and the 
underlined /’s are the well-known 2X2 
Pauli matrices. 
From the above, two consequences follow 
immediately : 
A) ¢2(C—C’'p,)o,¢ 
=, 2(C—C’'P,) y,. 
Accordingly, the whole Hamiltonian (2) 
can be brought into the form 
H= (g or) (Ch, 2g, 
+0! Fi, Qysgh) +h. . 
from which, as is well known, we can 


derive the asymmetry of angular distribu- 


tion and the 


polarization of emitted 


electron. 
)s (C+ 6) Ox P2= (C+ C’¢) Ox 


from which we can conclude that H is 
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invariant under space inversion. 

Similarly, it can be shown that the 
present theory is invariant under time 
reversal and therefore also under charge 
conjugation. 

It is easy to verify the fact that the 
above ¢’s and w’s as 4X4 matrices satisfy 


the Pauli relations : 


Pr =1, Px = 


Se : 
OO, =1, O,0,= — 0, 0;,=10,,- 


ry Ci Pk = 1Om ’ 


And, multiplying (1) by P*, we can 
write the free equations of electron and of 
neutrino separately : 


[e:(op) +P3m\$,=E.¢., 

A1(Gp) f=E, fy 
which are exactly the same as the conven- 
tional one. 

In the present theory both the electron 
and the neutrino wave functions have, 
including the spin freedom, four components 
as usual, neither eight nor two. Free 
fields, as far as treated separately, are 
completely the same as in the usual theory. 
Only the interaction between two fields 
is changed in a sense, which is characterised 
by the non-commutativity of w, with /; 
(k=2, 3). 

The parity operator of electron is 
and that of neutrino is 


which are different from each other as far 
as the 2X2 matrix representation is con- 
cerned, and cannot be diagonalized at the 
same time. But these two are unified into 
one (, in the 4X4 matrix form. The 
difference between the electron and the 
neutrino parity operators, or you may say 
the shift in phase of representation for /, 
is carried away as relative parity by the 


transition operators + which are now non- 


commutative with /,. 
Although the 


restricted only to the (-interaction, other 


above discussions are 
lepton processes (7—/t decay, /4—e decay, 
K,» etc.) can be treated in a similar way. 
Details will be discussed in a later issue 


of this journal. 


1) C. S. Wu et al., Phys. Rev. 105 (1957), 1413. 
R. L. Garwin et al., Phys. Rev. 105 (1957), 
1415. 


2) T.D. Lee and C.N. Yang, Phys. Rev. 105 
(1957), 1671. 
L. Landau, Nuclear Phys. 3 (1957), 127. 
A. Salam, Nuovo Cimento 5 (1957), 299. 


On the Hydrodynamical Theory in 
Multiple Particle Production 


Minoru Hamaguchi 


Department of Physics, Kyoto University, 
Kyoto 


March 7, 1958 


The strong viscosity effects in hydro- 
dynamic description of the multiple produc- 
tion of the particles are discussed. For 
introducing these effects, we employ the 
covariant form used in the preceding 
papers.” Consequently, the meson cloud 
produced by nucleon-nucleon collisions will 
behave as if the fluid were expanding under 
the influence of strong viscosity. From 
the conservation law of total energy- 
momentum tensor, 0,7"”=0, we have a 
system of equations of the one-dimensional 
motion parallel to x-axis which. _ indicates 


the direction of the incident nucleon, 
; OE 
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(1) 


where =t—x. In the derivation of the 
above expression, we have imposed the 


following conditions upon the four velocity, 


v—v'=1/(2v), (2) 


relations 


W~v =v, 


but these may be 
destroyed*” because the difference of the 


partially 


above two velocity components becomes 
large due to the strong viscosity. 

We shall now assume v=F- (t**'/s*) 
for the velocity in eq. (1) and determine 
the function F to be independent of ¢ and ¢. 
Substituting v into eqs. (1) and then 
eliminating F, we have the differential 
equation of € with respect to ¢ and ¢ 
under the condition, t>¢>4 (4 is the 
longitudinal width of the meson cloud.), 
k#0, —1 and y>€&)/&/t, 


16 8 0€ 
Dy Sie RN Rap ee ay cag ig, *(- —) 2 
: ( ) ; (k+1) er t 


pe 2 CW icle wee Oe a 
se i( At ( se) +(e) ef. 


(3) 


In the case of a strong interaction, it is 


very convenient to use the expansion in 


inverse powers of the viscosity, though the 


* These very considerations should lead some 
restriction for the applicable region of the solution 
obtained, 


the Editor 


strong viscosity does not always correspond 
exactly to the strong interaction of the 


elementary particles. 
&=6,F 1/7 EFF aaah = 


Consequently, we obtain the following 
solutions using the relation | SR 
+1/7?- ery eras where 7 is a numerti- 
cal parameter 7% >1 which signifies the 
inverse of the Reynolds number, 

Ee= (ey r 1/7 FE ;*) ; (t/€)?, 
a (4) 

a(S) 

&* and €,* are the initial values of & 
and & in t~é~J, respectively. 

In the extreme point of the one-dimen- 
sional motion, the energy distribution 
evaluated by using the quantities (4) shows 
a great decrease compared with that of the 
perfect fluid” and, on the contrary, the 
entropy distribution increases excessively. 
Since the positiveness of the energy distri- 
bution is to hold in any stage of the 
expanding process, we obtain 7, <4#*/t35° + 
which, as is easily seen from (2) and (4), 
means the applicable region of our calcula- 
tions. When this is not the case, we 
shall have non-physical results. 

From the condition t-@ <a (a: rhe range 
of nuclear force), the limit of the one- 
dimensiynal motion and the scattering angle 


are given by the expressions 
£~ (@/8) - (4/meF) -[1+ (°/2) 
-('/#a')], 
O~ ny" (S°/da) — (49°/2) (5"/ da) 
-exp[ — 7 @"/d'a')]. 


(5) 


{ This is nothing but the purport stressed in 


reference”, 
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From the facts that the sotal sum of 
the energy and the heat flow in a given 
cone in the conical scattering process is 
constantly conserved, that is, the changes 
of these quantities with the development 
of time cancel each other, we shall have 
the relations €0c1/t*, voct (see eq. (40) 
inh}. 

Moreover, considering the maximum 
point 4 of the particle distribution, we 
get the scattering angle of a large number 


of created particles from the expression 
(5), 
0~ 3 (M/E!) — 7/2 (M/E")', 


in which E’ and M are respectively the 
energy and the mass of the nucleon in the 
c—m system. 

Finally, the following should be remarked. 
Although the last 
different from the expression of the angle 
for a perfect fluid 4,~(M/E')''"?, the 
quantitative values of both expressions are 
of the same order of magnitude in the 
energy range E=10°~10' Gev. Neverth- 
less, the limit ¢, is of the order of (107° 
~107*) Xt, (t,: the limit of perfect fluid), 
when 7° has an allowable value ~10. 

Recently, Blokhintsev” has pointed out 
that the hydrodynamic description at the 
initial stage of expansion is not valid, but 
his proposal will be tight so far as the 
meson cloud can be regarded as the “‘real” 
fluid in relativistic hydrodynamics. There- 
fore, the theory constructed in a heuristic 
meaning that the hydrodynamical quantities 
are reinterpreted from a certain new point 
of view should be outside the pale of his 
discussion. We may rather wish to grasp 
a highly advanced new point of view 


transcending the limits of such a hydro- 


expression is quite 


dynamics. 


I wish to thank Professor T. Inoue for 
his kind interest to my work. I am also 
indebted to the ‘‘ Yukawa Yomiuri Fellow- 


ship” for its finantial aid. 


1) M. Hamaguchi, Nuovo Cimento 4 (1956), 1242; 
5 (1957), 1622, hereafter-referred to as I, II, 
respectively. 

2) L. D. Landau, IZV. Akad. Nauk USSR 17 
(1953), 51. 

3) D. I. Blokhintsev, JETP 5 (1957), 286. 


Note on Heavy Ion Induced 
Nuclear Reactions 


Ryuzo Nakasima 


Research Institute for Atomic Energy, 
Osaka City University, Osaka 


April 3, 1958 


Recently many experiments on heavy ion 
induced nuclear reactions have been reported. 
These experiments are classified into two 
categories according to the type of nuclear 
reaction i.e., the multiple evaporation type 
of nuclear reaction and the nucleon transfer 
type of nuclear process. We have analysed 
in a previous paper” the multiple evapora- 
tion process, which leads to the residual 
nuclei a few mass units lighter than the 
compound nucleus, and concluded that the 
gross feature of the excitation cross sections 
is fairly well reproduced by the compound 
nucleus picture. 

In this note, the experimental results” 
of °Na(“4N ; ap)®P and %Na(“N ; @2p) 
81Si reactions are analysed by means of the 
compound nucleus model. For the calcula- 


tion, all decay processes energetically possible 
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must be taken into account as the competi- 
tive processes. The cross section of the 


nuclear reaction (/; i, j,k) is expressed as 
o a; 1, pk) =o (E,) . | ee Bers 
m.,p 
Eo (E,) > Oe 


o(E,) is the cross section for the forma- 
tion of a compound nucleus by the imping- 
ing particle / with an incident energy E, 
and Sf, is the decay probability for having 
emission 7, j and k from the compound 
nucleus. In the calculation of ,,, the 
constant a appeared in the level density 
formula W (E) =c-exp(2V/ aE) is chosen 
as 0.42 for *P according to the previously 
proposed relationship.” This value of a is 
not so much different from that of Blatt 
and Weisskopf. 

The calculated B,,, for the reactions 
‘NatNg ap) ?P and “Na(“N; @2p) si 
with the incident nitrogen ion energy of 


26 Mev are as follows ; 


Se 2.505 102, a eee l- 22 1 Ome 


Then we have the ratio of the cross sec- 


tions in both reactions as 
OE) Gol) = ant) Paps, = 20.0, 


and this is in fair agreement with the ex- 
perimental ratio? 22+5. 

Using the experimental values o (*P) = 
91418 mb, o(*Si) =4.1+0.8 mb and the 
calculated decay probabilities {,,, and JB,,,,, 
we find the value of about 3 barns for the 
compound nucleus formation cross section 
for incident 26 Mev nitrogen ions on sodium 
target. This value of o{” (26 Mev) seems 
to be unexpectedly large. The estimated 
value of (26 Mev) of about 400 mb, 
derived from the conventional theory, de- 


pends sensitively on the choice of the 


nuclear radius, but the discrepancy of about 
one-order of magnitude might remain un- 
explained by a modification of the nuclear 
radius only. In the light of experience 
obtained in the previous work” on the 
emission probabitities of 2p or 2a, the 
present results of 3,,, and 4%,,p, seem to 
be the right order of magnitude. Thus 
we are obliged to seek the reason of the 
unexpected result in the estimation of the 
probability of the formation of the com- 
pound nucleus. 

Breit et al.” have suggested the distor- 
tion effects in nuclei involved in the 
reaction and estimated the effect by means 
of the liquid drop model. As the con- 
sequence of this effect, the Coulomb barrier 
height is diminished so that the cross 
section for compound nucleus formation 
becomes larger. Applying the formulae 
derived by them to the present case, we 
find the ratio of the effective Coulomb 


barrier height to the usual one to be 
Big /B, = 41/44. 


In the estimation of this value, many 
parameters are chosen appropriately accord- 
This effect, how- 


ever, is not so effective for the purpose of 


ing to their discussions. 


the present investigation. 

As another approach to the present 
problem, the effect of the diffused boun- 
dary of the nuclei is considered. Analysing 
the reaction “AI (n; @)**Na, Kikuchi? has 
shown that the diffuseness of nuclear surface 
makes the penetration of the potential 
barrier easier. According to his analysis it 
will be found to be 


Bug] Brey 3: 


and this value results in the ratio of the 


transmission coefficient of about 10. There- 
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fore the effect of the diffused surface of 
nuclei seems to explain the anomalously 
large cross section for the compound nucleus 
(WY) 
aD 


Although some modification of the com- 


formation o 


pound nucleus model may explain the 
behavior of the cross section for heavy ion 
induced nuclear reactions, the recent ex- 
perimental result” of the angular distribu- 
tion seems to be difficult to explain by the 
compound nucleus model. The experimental 
result, which shows a definite forward peak 
in the angular distribution of the emitted 
alpha particles in nitrogen ion induced 
nuclear reaction, suggests us the existence 
of a buckshot type of nuclear reactions. 
More complete analysis and consideration, 
in which the excitation cross sections shall 
be also calculated, are now in progress. 
The author would like to express his 
gratitude to Professor K. Husimi for his 
guidance and encouragement. He is also 
indebted to Messrs. S. Yamasaki and T. 


Kammuri for valuable discussions. 


1) R. Nakasima, Y. Tanaka and K. Kikuchi, 
Prog. Theor. Phys. 15 (1956), 574. 

2) M. L. Halbert, T. H. Handley and A. Zucker, 
Phys. Rev. 104 (1956), 115. 

3) G Breit, M. H. Hull, Jr. and R. L. Gluckstern, 
Phys. Rev. 87 (1952), 74. 

4) K. Kikuchi, Prog. Theor. Phys. 17 (1957), 643. 

5) A. Zucker, Bull. Am. Phys. Soc. Ser. I], 3 
(1958), 38. 


Elastic Scattering in High Energy 
aad Impulse Approximation 


Y. Sakamoto and T. Sasakawa 


Department of Physics, Kyoto University 
Kyoto 


April 9, 1958 


In 1950, Chew” first presented the 
impulse approximation as an useful method 
to treat high energy nucleon-nucleus scatter- 
ings. However, in those days, our know- 
ledge on elementary scatterings was limited 
to the cross sections and decisive informa- 
tion on the phase shifts was hardly given. 
So from elementary scatterings we could 
not get any information on the interference 
terms in nucleon-nucleus scatterings. This 
made it difficult to put the impulse ap- 
proximation to practical use. 

Recently, the increasing knowledge on 
n—p and p—p scatterings made it possible 
to get an insight into elementary scatter- 
ings in the energy region up to 310 Mev 
phenomenologically and up to about 150 
Mev theoretically. As a result, we can 
choose a few sets of phase shifts concern- 
ing elementary scatterings. 

On the other hand, Wolfenstein et al.” 
analysed the spin matrix of elementary 
scatterings between particles of spin 1/2, 
and Wright” related it to phase shifts. 

We can make use of these results in 
applying 
estimate high energy scatterings. Especially, 


the impulse approximation to 


as Chew pointed out, one can expect to 
get satisfactory results applying the ap- 
proximation to high energy n—d or p—d 
scatterings. 

Along this line, we calculate the cross 
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Fig. 1. Angular distribution of n—d elastic scattering at 90 Mev. 
The experimental result is due to Stern et al.®) This experiment was done 
ui on the elastic scatterings of 190 Mev deuterons by protons. This is equivalent 


to 95 Mev in the c. m. system. , 
The curves are the calculated results upon the impulse approximation, using 


to Gammel and Thaler’) 


phase shifts of elementary scattering due to Otsuki et al.5) (curve I), and due 


(curve II), and using cross-sections of elementary 


scatterings with an assumption that the interference term is some constant times 
; 1 
of the sticking factor at all angles (curve III). Curve III is due to Chew. 


1 —t 


or esee 
o 


30° 60 90° 120 


section of the elastic scattering of 90 Mev 
As the deuteron 
ground state we use the wave function of 
the Hulthén type with a= éM/# = 
0.232-10'%cm™' and P=7a, for S-state. 
In this paper we neglect the contributions 
For the phase shifts of 
elementary scattering, we use those due to 
Gammel and Thaler? which are determined 
phenomenologically and are characterized 
by a strong L—S force, and those due to 
Otsuki, Tamagaki and Watari which are 
suggested theoretically from meson theory 
and are characterized by the strong tensor 
potentials. 

Experimental result of 190 Mev deuterons 
scattered by protons due to Stern et al.” 


is compared with our calculated results. 


neutrons by deuterons. 


from D-state. 


150° 180° 


This energy is equivalent to 95 Mev in the 
c.m. system. At such high energies as 
90 Mev, we can disregard the difference 
between n—d and p—d scatterings except 
for very small angles. Also we may neglect 
the difference between 90 Mev and 95 
Mev. 


for the scatterings of 90 Mev neutron by 


Hence we calculate the cross section 


deuteron and compare to the experimental 
result cited above. 


The agreement between experimental and 
calculated results is satisfactory for both 
sets of phase shifts.” (See curve I and 


curve II in Fig. 1.) 

which decreases 
monotonically with increasing magnitude 
of momentum transfer implies that the 
forward scattering is favored. This result 


The sticking factor 
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was shown by Chew. 
Eig. lo 


ference terms between n—n and n— p 


(See curve III in 
Besides, the destructive inter- 


scatterings play an important role, especially 
in large angles. Along with the nature 
of sticking factor this fact gives reasonable 
agreement with experimental values for 
angles of less than about 110°. 

Authors wish to express their sincere 
thanks to Professor M. Kobayasi for his 
interest in this work and to Messrs. S. 
Hataho and M. Yasuno for discussions. 
They are indebted to Mr. R. Tamagaki 
and others for showing the results of their 
calculations on the phase shifts in nucleon 
problems prior to publication. 

1) G. F. Chew, Phys. Rev. 80 (1950), 196; 84 
(1951), 710; 84 (1951), 1057. 
G. F. Chew and G. C. Wick, Phys. Rev. 85 
(1952), 686. 
G. F. Chew and M. L. Goldberger, Phys. Rev. 


87 (1952), 778. 
2) L. Wolfenstein and J. Ashkin, Phys. Rev. 85 


(1952), 947. 
R. H. Dalitz, Proc. Phys. Soc. A65 (1952), 
17>: 


3) S.C. Wright, Phys. Rev. 99 (1955), 996. 

4) J. L. Gammel and R. M. Thaler, Phys. Rev. 
107 (1957), 291; 1337. 

5) S. Otsuki, R. Tamagaki and W. Watari, private 
communication. 

6) O. Chamberlain and M. O. Stern, Phys. Rev. 
94 (1954), 666. 


On the |4I|=1/2 Rule for the 
Decay of ¥ 


Kiyomi Itabashi 


Department of Physics, Tohoku University, 
Sendai 


April 10, 1958 


Isotopic spin selection rules in the decays 


of the strange particles have been investigat- 
ed by several authors, and it has been 
strongly suggested that, in these decays, 
the interactions of the type of |4I|=1/2 
are dominant.” For example, the branching 
ratio between the two modes of ’-decay 
is fairly explained by the rule |4J|=1/2. 
Moreover, the experimental data for the 
ratio of the lifetimes of 2 and 2*, 
and the branching ratio between the two 
modes of .'*-decay are not inconsistent 
with this rule. However, this rule can 
never be the absolute one, since it cannot 
explain the data concerning the K-meson 
decays. Thus, as the first step to the 
future theory, it seems very useful to 
investigate to what extent this rule does 
hold. In this note, we shall suggest a 
possible method for the test of this rule 
for the case of the 2-decays. 

The selection rule |4I|=1/2 means the 
assumption that, in the isotopic spin space, 
the decay interaction Hamiltonian transforms 


Thus, 


the forms of the decay matrix elements 


like one component of a spinor. 


with respect to the isotopic spin space are 
easily written down by the calculation of 
the Clebsch-Gordan coefficients : 
a) S*—>p4+7°: 
(2/3) [4,-++4,/—4,—a,'] (1a) 
b) Ston4+7": 
(1/3) [a,;+4,/+24,+ 2a] (1b) 
c) 2-3n4+77: a,+4,! (1c) 
Here we have separately written the parity- 
conserving and reversing terms as 4 and a’. 
Suffix i of a; means that it refers to the 
isotopic spin state [=i/2 of the final (N 
+7) system. 
S’ being 1/2, the angular distribution of 


the (N+7) decay of the completely 
polarized » has the form 


If we assume the spin of 


SI 
ay 
0 


ando/dQ=o[1—acos#]. (2) 


o and a@ can be expressed in terms of a’s 
in (1). 
time-reversal invariance. 
relate the phases of a’s with the az —N 
scattering phase shifts 0’s, and finally 


In the following, we assume the 


Thus, we can 


obtain the following expressions for the 
branching ratio ¢ of a's the atic 7 OF 
the lifetimes of 3’ and 3, and the 
asymmetry parameters a’s of the above 


three types of decays : 


ll 


E G3 / Fa 
= (2+2x%°—4Ax)/(1+4¢+4Ax) (3) 
722) ED = +42") /3 (4) 
a= 2 (B+ Ce —Dx—Ex) /(1+x2—2Ax) 
(5) 
Q,=2(B+4Cx¥+ 2Dx 


42Ex)/(1442+4Ax) (6) 
abe (7) 


Here the suffices a, 6, and c mean the 
three processes of (1), and 


Az=sin 0 sin@ cos (0,—0,) 
+ cos 9 cosP cos (0; —9,;) 
B=sin 9 cos O cos (0; —03;) 
C=sin® cos@ cos (0,—0,,) 
D=sin 9 cos @ cos (0;—0,,) 
E=cos @™ sin @ cos (0,—03,) 
and finally” 


=| |a, 


+ fay’ |?\/[ a5]? + |! [7] 
tan O =" |4,|/)a,"| (8) 
tanD= + |a,|/|a,'|. 


It should be noted that all these physical 
quantities are expressed in terms of three 


unknown parameters x, © and Y. This 
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means that, if we use at least four inde- 
pendent experimental data, we can in 
principle ‘test the |4I|/=1/2 rule. For 
example, the data for the five quantities 


£, 7, and a’s provide the sufficient means 
for this test. 

Now the experimental data for — and 
7 are already known. The possibility of 
the direct measurements of a’s is recently 


suggested by Lee and Yang.” However, 
it seems rather difficult at thé present 
stage. What is measured directly is the 
product of a@ and P, P being degree of 
Thus, 


it would be convenient to proceed as 


polarization of the “ parent ey 


ce > 


follows: Let us observe the “‘ up-down’ 
asymmetry 9=aP in the decays a, 6, and 
c of 2*, which are produced by the 
reactions 7*+ p—>S*+K* and z~+n-> 
S'—+K°, respectively. If the energy of 
the incident pion beam and the production 
angle of 2* are same for both of two 
production processes, then the degrees of 
are also to be 


Thus, the ratio of the f’s for 
the decays of such 3* provide directly the 


olarization of ¥* and 3- 
P 


the same. 


ratio of three a’s. This gives two more 


independent restrictions in addition to the 
ones imposed by the values of € and 7, 
and these four conditions on the three 
parameters x, 0 and @ enable us to test 
the | 41, =1/2 tule for this case.” 


1) M. Kawaguchi, Phys. Rev. 107 (1957), 573. 
Also the list of the literatures on the strange 
particle decays is given there. 

2) The parameters @ and @ are same as those of 
ref. 1). However, x of the present note is 
(1/2) times of the Kewaguchi’s x. 


3) J. D. Lee and C. N. Yang, Phys. Rev. 108 
(1957), 1645. 


4) We have here illustrated the method only for 
the case of spin 1/2. However, it is easily seen 
that our method is applicable independently of 
the spin value of . 
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Au Example of Isentropic é 
Steady Flow in the 
Magnetohydrodynamics 


Tosiya Taniuti 


Department of Physics, Kobe 
University, Kobe 


April 15, 1958 


In this note, we deal with a 
problem of the hydromagnetic flow 
which is steady and isentropic, in 


which moreover the infinite conduc- 


tivity of the fluid is assumed. 


Under these conditions, the basic 


equations can be written as follows” : Fig. 


curl[v xX H|]=0, (1) 


(v grad) v+ )/p| HX curl | 


= —1/p grad p, (2) 
divpv=0, (3) 
divH=0. (4) 


In what follows, we consider the special 


solution of them given by 


H=+V« pv, (5) 


In which « is an arbitrary constant. It 
is the purpose of this paper to show that 
in this specialized case we have the condi- 
tions of the existence of discontinuity 
surface, one of which could not be found 
in the ordinary hydrodynamics and seems 
to be characteristic of the hydromagnetic 
flow. (We restrict ourselves to the two 
dimensional flow.) 

Under the assumptions introduced above, 


the equations (1) ~ (4) reduce to 


€=1/(1—) 


SS 


The dashed regions correspond to (A) and ial 
(v. s + vy a Ue flo Vy lee (Py) 
SE) eras, 
(v5 +45 Vy 
+ fo Ue ( oe - (evy) + ie (9v,) ) 
SoS 
(btu) 
+ (2 yet (8) 


in which ff, is equal to [4yK. 

Applying the usual method, we have the 
following equations of the characteristics 
in the (x, y) plane (the C-characteristics) : 


A=V,¥o—Vy%q =, (9) 
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(y2—c¥) ¥42— 20, Vy Vo%o 
+ (vy—c**) x,?=0, Goy* 


where do is the line element of the 
characteristics, c* is defined by 

Peer vee 0 NG) 
and we use the abbreviations : 


= ‘ ‘ Miia 
E= fy), v=u,+U,, GM=V Pp (y). 


The equation (9) gives the stream line 
and the equation (10) is also the same 
as that in the ordinary hydrodynamics if 
the sound velocity c is replaced by c*. 
However, it should be noted that c** is 
not necessarily positive, but may be nega- 
tive. From (10), one obtains the hyper- 


bolicity condition : 
ch (a —c**) > 0, 


which is equivalent to the following two 


conditions : 

7 (AJES eau 

(By S201 =f"); 
(B=v/q). 


The former condition (A) is similar to 


Be: 


that of the ordinary sonic case, though it 
means that even in the extremely high 
speed flow any discontinuity surface does 
not appear if the magnetic field is sufficient- 
ly large. However, the latter, (B), is 
peculiar to the hydromagnetic flow, show- 


ing that the discontinuity surface can occur 


* These equations can be derived directly from 
the most general characteristic equation (2-3) in (1).)) 


in the slow subsonic flow if the magnetic 
field is of adequate strength. (c. f. Fig. 1). 

It seems to be worthwhile to investigate 
the equation of the characteristics in the 


hodograph plane (/ characteristics) . 
Along each stream line A=0, we have 
the characteristic relation : 
3 (2) or P,/p =0, 
or 


v/2+i=v/2, (12) 


where i is the enthalpy, v is constant 
The relation (12) 


indicates that Bernouli’s law for steady 


along a stream line. 
flow also holds in our case. However, this 
does not mean the existence of irrotational 
flow. 

In fact, if v is constant everywhere, the 


equation (2) reduces to 
curl (1— €) v=0, 
or 
curl (v= 4% « H) =0 (13) 


Combining (13), (12) and (3), one 

obtains the following /”-characteristic equa- 

tion, along the C-characteristics defined by 
(10), 

cP oe (dv? +du,/) =c¥(u,du,+v,dv,)* 

+ Eq? (vydv,—U,dUy)”. (14) 

The equations (14) and (10) may 

serve to decide the flow patterns under 


various boundary conditions. 


1) T. Taniuti, Prog. Theor. Phys. 19 (1958), 69. 
This paper is denoted as I. 
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